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ŷ = ρΦ · Ψ︸ ︷︷ ︸
A

·s + ν = A · s + ν

s R

R k x

kR
n s x

Ddirect ∝ − kR
n



k s

R = log (n
k)

k

Dadaptive ∝ − (R−R )

kR
m m

m

m

m R

m ≈ kR ln
R ln −

m

DCS ∝ − (R−R∗)

R∗ =
log ( eR ln )

Dadaptive DCS

Dadaptive

s

m



k

n k k k n

n

k

dmin n

cn× uk×



cn× = Gn×k · uk

GF ( )

wn×

rn× = cn× + wn×

H(n−k)×n k Gn×k GF ( )

H(n−k)×n · Gn×k = (n−k)×k

H(n−k)×n

s(n−k)× = H(n−k)×n · rn× = H(n−k)×n · wn×

s(n−k)×

s(n−k)× = H(n−k)×n · wn× wn×

H(n−k)× Gn×n

n n



k ≤ δ k k

k

"

!

!

!

δ k <
√

− k Am×n

! x∗
n× ym× = Am×nxn× xn×

xn× k x(k)
n× ym× = Am×nx∗

n×

‖x∗ − x‖# ≤
C√

k
‖x− x(k)‖#

x A C

A k xn×

!

δ k



≤ δ k <
√

− k Am×n

‖nm× ‖# ≤ ε ym× = Am×nxm× + nm× xn×

k x(k)
n× ‖Ax∗ − y‖# ≤ ε ! x∗

n×

xn×

‖x∗ − x‖# ≤
C√

k
‖x− x(k)‖# + C ε

C ,C

k !

‖Ax∗ − y‖# ≤ ε

!

!

x n

!

‖y −Ax‖# + λ‖x‖#

σn λ

λ = σn

√
log n

n



arg min
x

‖Ax− b‖# subjectto ‖x‖# ≤ τ

λ λ τ

λ

‖x‖#

n n ‖Ax− b‖#

ym× k x ym× = Am×nxn×

k Am×n k

!

Am×n

xn×

ym× Am×n



Am×n

ym×

x̂( )
n×

rm× = ym× −Am×nx̂( )
n×

x̂( )
n×

x̂( )
n×

x

Am×n

A i i

x

A A

A

k !



arg min
x
‖y −Ax‖# + λ‖x‖#

!

x(i+ ) = H
(
x(i) + AH(y −Ax(i))

)

√
λ H

H(xi) =





|xi| ≤

√
λ

xi |xi| >
√
λ

!

!

!

! !

!







Am×n

m σ

ym× = Am×nxn× xn×

≤ i ≤ m : yi =
n∑

j=

aijxj

yi





µy = E {yi} =

∑n
j= E {aij}xj =

σy = E {yi } =
∑n

j ,j = E {aij aij }xj xj =
‖xn× ‖!

m

√
m

‖x‖! yi yi yi

li = myi
‖x‖!






l =
∑m

i= li = m
‖y‖!
‖x‖!

µl = E {l} = m
‖x‖!

σy = m






P
(‖Ax‖!

‖x‖!
≤ + δ

)
= P

(
l ≤ m( + δ)

)
= − P

(
l > m( + δ)

)

P
(‖Ax‖!

‖x‖!
≥ − δ

)
= P

(
l ≥ m( − δ)

)
= − P

(
l < m( − δ)

)

⇒ P
(
− δ ≤

‖Ax‖#
‖x‖#

≤ + δ
)
≥ − P

(
l > m( + δ)

)
− P

(
l < m( − δ)

)

ν >

P
(
l > m( + δ)

)
< El

{
eν(l−m( +δ))

}
= E{li}i

{
eν

∑m
i= li−( +δ)

}

=
(

El

{
eν(l−( +δ))

})m

= e−νm( +δ)

(
El eνl

)m

ν <

El

{
eνl

}
= ( − ν)− = e− ln − ν



P
(
l > m( + δ)

)
< e−m(ν(!+δ)+ ln( − ν))

ν

ν = δ
( +δ)

P
(
l > m( + δ)

)
< e−

m (δ+ln( +δ))

P
(
l < m( − δ)

)
< e

m (δ+ln( −δ))





δ + ln( + δ) ≥ δ − δ

δ + ln( − δ) ≤ − δ

m x

n N Q

P
(
∀x ∈ Q : − δ ≤

‖Ax‖#
‖x‖#

≤ + δ
)

≥ −N
(
e−

m ( δ − δ ) + e−
mδ

)

≥ − Ne−
m ( δ − δ )

A

Q

n

xn×

k

k n XT { , , . . . , n} k T

k T



XT

xn×

k

δ 5
(
δ

)k6

δ

xn× ∈ XT XT δ XT

XT δu

qn× δu ≥

xn×

√
+ δu = ‖Am×nxn× ‖# ≤ ‖Am×nqn× ‖# + ‖Am×n(xn× − qn× )‖# ≤

√
+
δ

+
√

+ δu
δ

⇒ + δu ≤
+ δ

(
− δ

) ⇒ δu ≤
δ − δ
(
−

) < δ

qn× xn× ∈ XT

‖Am×nxn× ‖# ≥ ‖Am×nqn× ‖# − ‖Am×n(xn× − xn× )‖# ≥
√

− δ −
√

+ δ
δ

≥ − δ − ( + δ)
δ ≥ − δ

k XT δ

(
δ

)k
XT { , . . . , n} T

k δ

(
δ

)k(n
k

)
δ { , . . . , n}

δ

−
(

δ

)k
(

n

k

)
e−m( δ − δ )

k + n

(
n

k

)
= O

((n
k

)k( n

n− k

)n−k
√

n

k(n− k)

)
≤ eO(k ln n

k +k)



δ

− eO
(
k(ln n

k + +ln δ )−m( δ − δ )
)

m > O
(
k ln n

k

)

k m > O
(
k ln n

k

)

δ

Am×n

P

(∣∣∣‖Am×nxn× ‖# − E
{
‖Am×nxn× ‖#

}∣∣∣ ≥ εS D
{
‖Am×nxn× ‖#

})
≤ e−mf(ε)

S D{.} f

Rn N Q < δ <

un× ,vn× ∈ Q f : Rn → Rm m > m = O
(

ln N
δ

)

( − δ)‖u− v‖# ≤ ‖f(u)− f(v)‖# ≤ ( + δ)‖u− v‖#

Q

v u

m

k ln n
k



k ≤ δk < k Am×n

k ‖Ax‖ > xn×

A k k

‖Ax‖ > x k

{xi}n
i= A {ai}n

i=

{xi , . . . , xik} x

Am×nxn× =
k∑

j=

xijaij

A A(sub)
m×k = [ai . . . aik ]

∀xk× ∈ Rk : − δk ≤
‖A(sub)

m×kxk× ‖#
‖xk× ‖#

≤ + δk

‖A(sub)
m×kxk× ‖!
‖xk× ‖!

A

k

δk A k

m

δk m δk

± l ×
l(l+



ARM =
[
U U . . . U l(l− )

]

l × l Ui

δ l = ARM Ui

ARM

≤ β ≤ m ≤ α ≤ m− αm + β m m

aik Achirp m×m





≤ i ≤ m

≤ k = αm + β ≤ m
⇒ aik = ej π

m (αi +βi)

√
m

〈rowi , rowi 〉 =
m−∑

α=

m∑

β=

ej π
m (αi +βi −αi −βi ) =

m−∑

α=

ej π
m α(i −i )

m∑

β=

ej π
m β(i −i )

︸ ︷︷ ︸

=

√
m m×m

k ≤
√

m+ k

k− A



Fm×m Im×m

am× ,bm× Am× m =
[
Im×m Fm×m

]

Fm×m Im×m

am× Fm×m Im×m am×

√
m

bm×

∣∣〈am× ,bm× 〉
∣∣ = √

m

√
m

A

k = 7
√

m 8 A µA = √
m

√
m

D C {di}m
i= {ci}m

i= Dm×m Cm×m

C

= ‖di‖# = ‖Cdi‖# =
m∑

j=

|〈cj ,di〉|

√
m

|〈cj ,di〉| ≥ √
m

cj

Dm×m Cm×m

m× m

m



< α ≤ β < ∞ {ai} ⊂ Rm

x ∈ Rm

α‖x‖# ≤
∑

i

|〈ai,x〉| ≤ β‖x‖#

α = β

m

m

m

m ≤ n m n

√
n−m

m(n− )

n ≤ m(m+ )

n
m ≤

m n

k < p
r + p × pr+

n = pr+

m = p



Q(x) p GF (p) p

(
x,Q(x)

)
G(Q) GF (p)

B p G(Q) x ∈ GF (p)

B = {b , . . . , bp } p GF (p)×GF (p)

Q bi

vQ p

vQ = [v , . . . , vp ]T , vi =





bi /∈ G(Q)

bi ∈ G(Q)

Pr p(p− ) p vQ

r GF (p)[x]

Pr =
{
a + a x + · · · + arx

r
∣∣ ai ∈ GF (p)

}

pr+ Pr

Pr =
{
Q ,Q , . . . , Qpr+

}

x r Qi(x) = Qj(x) r

√
p vQi 〈vQi ,vQj 〉 ≤ r

k < p
r + r

p

m ≥ O(k )

m = O(k)

k m = k O(log log n)

|B| = k |A| = n B A G

Γ(X) X G dA = O(log log n) A



A k ε G X

∑

b∈B

∣∣∣
∣∣Γ(b) ∩X

∣∣
dA · |X| −

k

∣∣∣ ≤ ε

A k

ε > B

k

m = O(k log n
k )

! !

δk k

[ − δk, + δk] k

k

(k, δ, ε) Am×n

( − δ)‖x‖# ≤
∥∥∥√

m
Am×nxn×

∥∥∥
#
≤ ( + δ)‖x‖#



k k − ε

A

A

A A

η > m − η

Am×n m ≥
(
ck log n

δ

)
η

k < + (n− )η c

(k, δ, ε)

ε = e−
(δ− k−

n− ) nη

k



±



O(n )

µA Am×n

δk = (k − )µA k < µA
+ A

k k xn×

‖Ax‖ =
∥∥

n∑

i=

xiai

∥∥ =
n∑

i,j=

xix
∗
j 〈ai,aj〉 = ‖x‖ +

∑

i #=j

xix
∗
j 〈ai,aj〉

x i A i xi ai

∣∣
∑

i #=j

xix
∗
j 〈ai,aj〉

∣∣ ≤ µA

∑

i #=j

|xi| · |xj | = µA

( n∑

i=

|xi|
)
− µA‖x‖

(∑n
i= |xi|

)
≤ k‖x‖ k x

∣∣
∑

i #=j

xix
∗
j 〈ai,aj〉

∣∣ ≤ (k − )µA‖x‖

− (k − )µA ≤
‖Ax‖
‖x‖

≤ + (k − )µA

"



R(m,w, λ)

λ ∈ Z w m×

R(m,w, λ)

R(m,w, λ) ≤
⌊

m

w

⌊
m−
w −

⌊
. . .

⌊m− λ
w − λ

⌋
. . .

⌋⌋⌋

x 5x6

λc λa λ

λa

λc

λc λa (m,w, λa, λc)



(m,w, λ)

λa = λc = λ w m A

A

Am×n λ A

√
w

n A λ
w A

A

F α F = GF (q) a ∈ N q = a
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ñ× k̃− d̃min C(ñ, k̃; )
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ñ− l

ñ
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m̃ ∈ N ñ = m̃ −

g(x)|x m̃− + g(x) ∈ GF ( )[x]



x
m̃− + =

∏

r∈GF ( m̃)
r #=

(x− r)

GF ( m̃)[x]

g(x) αi α ∈ GF ( m̃)

g(x) GF ( ) αi g(x) ∈ GF ( )[x]

{αi j}m̃−
j=

αi = αi i ≡ i (mod m̃ − ) i , i α
m̃− =

d̃min

i , . . . , id g(x) αi , . . . , αid

d̃min ≥ d +

d̃min

h(x) ! x
m̃− +
g(x)

h(x) h(x) g(x)

l < m̃−

G(l)
m̃ = {α , α , . . . , α

m̃− + l− }

G(l)
m̃ H(l)

m̃ α G(l)
m̃

H(l)
m̃ ! {r ∈ G(l)

m̃

∣∣ ∀ j ∈ N : r
j

∈ G(l)
m̃ }

H(l)
m̃ r

j
r ∈ H(l)

m̃



h(x) =
∏

r∈H(l)
m̃

(x− r)

h(x) h(x) r

g(x) h(x) ∈ GF ( )[x]

= α ∈ G(l)
m̃ ⇒ ∈ H(l)

m̃ ⇒ ( + x)
∣∣h(x)

c = [ , . . . ,︸ ︷︷ ︸
m̃−

]T ⇒ c(x) = + x + · · · + x
m̃− =

x
m̃− +
x +

⇒ x
m̃− +

∣∣(x
m̃− + )

h(x)
+ x

= c(x)h(x)

g(x) = xñ+
h(x)

G(l)
m̃ h(x)

g(x) GF ( m̃)\G(l)
m̃

∀ m̃− + l ≤ j ≤ m̃ − : g(αj) =

g(x) α m̃− − l −

d̃min ≥ ( m̃− − l − ) + = m̃− − l

d̃min ñ, k̃

k̃ ñ d̃min

ñ = k̃ + deg
(
g(x)

)

⇒ k̃ = ñ− deg
(
g(x)

)
=
(
deg

(
g(x)

)
+ deg

(
h(x)

))
− deg

(
g(x)

)
= deg

(
h(x)

)
= |H(l)

m̃ |

|H(l)
m̃ |



m̃ |H(l)
m̃ |

m̃− l −

H(l)
m̃

β (bm̃− , . . . , b ) ∈ { , }m̃

β = (bm̃− . . . b ) =
m̃−∑

i=

bi
i

β βj αβ ∈ H(l)
m̃

j

β = (bm̃− . . . b )

β = (bm̃− . . . b bm̃− )

β = (bm̃− . . . b bm̃− bm̃− )

βm̃− = (b bm̃− . . . b )

βj = × (bm̃− −j . . . b bm̃− bm̃−j) = m̃bm̃− −j + (bm̃− −j . . . b bm̃− bm̃−j )

≡ βj+

(
mod m̃ −

)
⇒ βj ≡ jβ

(
mod m̃ −

)
⇒ αβj = α

jβ

αβ ∈ H(l)
m̃ αβ {αβj}j

≤ βj ≤ m̃− + l − G(l)
m̃

< βj

βj

bm̃− −j = ⇒ βj < m̃− < m̃− + l −



m̃− l − βj

bm̃− −j = ⇒ bm̃− −j = · · · = bl−j = ⇒ βj ≤ m̃− +
l−∑

j=

j

⇒ βj ≤ m̃− + l −

h(x) h(x)

β m̃

G(l)
m̃ αβ m̃− + l − βj

"

k̃

|H(l)
m̃ | $ O

(
(l+ ) ln m̃−l−

m̃−l−
)

k̃−

k̃−

ñ = m̃ −



m̃ ≥ i i = 7log (k)8 k

m = m̃ −

i m̃ Hseq

Hdec

α GF ( m̃)

H = {αr
∣∣ r ∈ Hdec}

h(x) =
∏

r∈H
(x− r)

g(x) =
x

m̃− +
h(x)

Ã( m̃− )×( deg(h)− )

√
m

− Ã

A( m̃− )× degh−

m̃ = i

Hdec = { , , , , . . . ,
i−

}

α x + h(x)

α h(x) g(x) (x + )g(x)

( i − )× ( i − ) Ã

i−



h(x) m̃

x + x + x +

x + x + x +

x + x + x + x + x + x + x +
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+x + x + x + x + x + x + x +

i = m̃
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i=5
i=4
i=3
i=2

i m̃ h(x)

k < i =

i m̃ h(x)

m̃

d̃min p

p

p



p p −

p GF (p) p C(ñ, k̃; p)

ñ× d̃min

ñ× , ñ× , . . . , (p− )ñ×

p ⊕ cñ× ! a⊕−b bñ× añ×

c = (p− )ñ× . . . c = ñ× c = ñ×

c /∈ { ñ× , ñ× , . . . , (p− )ñ× }





d(cñ× , ñ× ) ≥ d̃min

d(cñ× , ñ× ) ≥ d̃min

d(cñ× , (p− )ñ× ) ≥ d̃min

{ , , . . . , p− } ñ− d̃min cñ×

cñ× i Ni ≤ i ≤ p −

∑p−
i= Ni = Ñ Ni ≤ ñ− d̃min

Ni = ñ−
∑

j #=i

Nj ≥ ñ− (p− )(ñ− d̃min)

ñ− (p− )(ñ− d̃min)︸ ︷︷ ︸
Nmin

≤ Ni ≤ ñ− d̃min︸ ︷︷ ︸
Nmax

,

∣∣Ni −
Nmin + Nmax ∣∣ ≤ Nmax −Nmin



{a,a⊕ ñ× , . . . ,a⊕ (p− )ñ× }

⊕ { ñ× , . . . , (p− )ñ× }

d̃min GF (p) p C(ñ, k̃; p)

Ãñ×pk̃−

{a,a⊕ ñ× , . . . ,a⊕ (p− )ñ× }

Ã Añ×pk̃−

Ã = [ãαβ ]α,β ⇒ A = √
ñ

[
ej π

p ãαβ
]
α,β

p(p− )ñ−p d̃min

ñ A

A

‖aβ‖ =
∥∥∥∥√ñ

[ej π
p ã ,β . . . ej π

p ãñ,β ]T
∥∥∥∥ =

Ã ãα, ãβ A aα,aβ

c i Ni c = ãα ⊕−ãβ

≤ i ≤ p−

|〈aα,aβ〉| = |ãH
β .ãα| =

ñ

∣∣
ñ∑

i=

ej π
p (ãi,α−ãi,β)

∣∣ =
∣∣∑ñ

i= ej π
p ci

∣∣
ñ

=
∣∣∑p−

i= Nie
j π

p i
∣∣

ñ

γ + x + · · · + xp− ej π
p

∣∣
p−∑

i=

Nie
j π

p i
∣∣ =

∣∣
p−∑

i=

(Ni − γ)ej π
p i
∣∣ ≤

p−∑

i=

|Ni − γ|

γ = Nmin+Nmax

∣∣
p−∑

i=

Nie
j π

p i
∣∣ ≤ p

Nmax −Nmin =
p(p− )ñ− p d̃min



A

|〈aα,aβ〉| ≤
p(p− )ñ− p d̃min

ñ

"

Ni γ

γ

k

d̃min

ñ
>

p−
p

−
p (k − )

≥ p−
p

( −
kp

)

ñ d̃min p p−
p ñ d̃min

d̃min p

ñ = pm̃ − GF (p) p

GF (p)[x] g(x)

GF (pm̃) h(x) g(x)

∏

r∈GF (pm̃)
r #=

(x− r) = xpm̃− −

p

h(x) =
xpm̃− −

g(x)

g(x) {αi , . . . , αid} GF (pm̃) α



[c , . . . , cñ]T d̃min ≥ d + i , . . . , id

g(x)|
∑ñ

j= cjxj−





α ×i α ×i . . . α(ñ− )×i

α ×i α ×i . . . α(ñ− )×i

α ×id α ×id . . . α(ñ− )×id





︸ ︷︷ ︸
Hd×ñ





c

c

cñ




= d×

H d× d {i , . . . , id}

d + H d

[c , . . . , cñ]T

g(x)

g(x) l < m̃ {αpm̃− + pl−
p− + , αpm̃− + pl−

p− + , . . . , αpm̃− }

α

g(x)

d̃min ≥ pm̃ − pm̃− − pl −
p− − = (pm̃ − )

(
− pm̃−

pm̃ − − pl −
(pm̃ − )(p− )

)

= ñ

(
p−

p
− pl+ −

p(p− )(pm̃ − )

)

⇒ d̃min

ñ
≥ p−

p

(
− pl+ −

(p− ) (pm̃ − )

)

g(x)

G(l)
m̃ = {α , α , . . . , αpm̃− + pl−

p− }

H(l)
m̃ = {r ∈ G(l)

m̃

∣∣ ∀ j ∈ N : rpj

∈ G(l)
m̃ }

GF (p) G(l)
m̃ H(l)

m̃

x y x|y



h(x) !
∏

h∈H(l)
m̃

(x− αh) ∈ GF (p)[x]

h(x) g(x)

g(x), h(x)

h(x) = α ∈ H(l)
m̃

g(x)





g(x)
∣∣xñ − = (x− )( + x + · · · + xñ− )

gcd
(
g(x) , x−

)
=

⇒ g(x)
∣∣ + x + · · · + xñ−

d̃min ñ ñ×

h(x) H(l)
m̃ k̃

m̃
∣∣H(l)

m̃

∣∣

m̃− l −

" p

xm̃−l− − x − γ |H(l)
m̃ | = O

(
γl+

)

k m× n





m = pm̃ −

logp n = |H(l)
m̃ | = O

(
γl+

)

kmax ≥ p−
p pm̃−l− ≥ pm̃−l−

kmax

ln γ ≥ ln(m̃−l− )
m̃−l−

γ
logp kmax

logp logp kmax ≥ p

m ≤ O
(

kmax(logp n)
logp kmax

logp logp kmax

)



p (p l − )× p l p µBCH

µW B

p = p = p = p =

l =

l =

l =

m ≤ O
(
kmax logp n

)
m

m̃ = l µBCH

µW B

p (p l − ) × p l

p H(l)
l = { } ∪ {pi} l−

i= ∪ {pl+i + pi}l−
i=

{a,a⊕ ñ× , . . . ,a⊕ (p− )ñ× }

p =

x = p ñ p

{a,a⊕ ñ× , . . . ,a⊕ (p− )ñ× }



g(x) x = p

p

m = pm̃ − m̃

k < p−
p

pm̃−
pl+ − + ≤ l ≤ m̃−

m̃ H(m̃,l)
seq

H(l)
m̃ m̃− l −

H(m̃,l)
seq p

GF (pm̃) α

h(x) =
∏

r∈H(l)
m̃ −{ }

(
x− αr

)

n = p|H
(l)
m̃ |−

h(x)

Ãm×n g(x) = xpm̃− −
h(x)

Am×n = √
m

[
ej π

ãi,j
p

]

Ã ãi,j



p p p

wm µA ≤ k− A

Bwm×n

Cm×(n− n ) µB ≤ k−

B A µC ≤ k−

α ∈ { , , . . . , n − } αn + β l− C l

n l − β α β ∈ { , , . . . , n − }

l A α+ i , . . . , iwm






ci ,l = b ,β+

ci ,l = b ,β+

ciwm ,l = bwm,β+

cs,l = , s /∈ {i , . . . , iwm},



A B

B β + [b ,β+ , . . . , bwm,β+ ]T

uwm× ,vwm× C

l − = α · n + β l − = α · n + β C l l

B v u

A v u α <= α

wm
k− k− A

wk
k− v u

√
wm

v u

B

|〈u,v〉| =
∣∣

n∑

i=

uivi

∣∣ ≤
n∑

i=

|uivi| =
⌊ wm

k −
⌋(
√

wm

)
≤

k −

A v u α = α

β + β + B

|〈u,v〉| = |〈bβ + ,bβ + 〉| ≤
k −

" k− C









C = A⊗B

Bmb×nb Ama×na

Cmamb×nanb ! Ama×na ⊗Bmb×nb

⊗

cη,θ = aγ,τ bρ,ν ,

ma, na,mb, nb γ, τ, ρ, ν θ = (τ − )nb + ν η = (γ − )mb + ρ

C = A⊗B

C B A

µC = max
{
µA, µB

}

k C δk,A, δk,B k B A

δk,C ≤ δk,Aδk,B + δk,A + δk,B

B A

kA, kB µB < kB− µA < kA−

kC = min{kA, kB} C



B A

p pk

kx BX ! kx log nx

mx
Xmx×nx

BC =
min{ka, kb}

(
log na + log nb

)

mamb
≤

mb

ka log na

ma
+

ma

kb log nb

mb

=
mb

BA +
ma

BB

BC BB BA

k− Am×n

k sn× A

S = {i , . . . , ik} ⊂ { , . . . , n}

ym× = A · s =
k∑

j=

sijaij

A i ai

ŝn×

y rm× = A(s− ŝ) = y −Aŝ



A

s imax

s

s

k

t

δ = s − ŝ ŝ t s

δi |δi | ≥ |δi | ≥ · · · ≥ |δik | S

∣∣〈r,ai 〉
∣∣ =

∣∣〈
k∑

j=

δijaij ,ai

〉∣∣ ≥ |δi |〈ai ,ai 〉 −
k∑

j=

|δij ||〈aij ,ai 〉|

A

∣∣〈r,ai 〉
∣∣ > |δi | −

k −

k∑

j=

|δij | ≥ |δi | −
k −
k − |δi | =

k

k − |δi |

l /∈ S

∣∣〈r,al〉
∣∣ =

∣∣
k∑

j=

δij 〈aij ,al〉
∣∣ <

k −

k∑

j=

|δij | ≤
k

k − |δi |

∣∣〈r,al〉
∣∣ <

k

k − |δi | <
∣∣〈r,ai 〉

∣∣

aij ai

sn×

A rm×

m − m



a A

a(j) A j a(j) A

{a( ),a( ), . . . ,a(µ)} j 〈a(j), r〉 A

µ|m a

µ(m− ) µm r

a r

〈r,a(j)〉 =
(
r !m a

)∣∣
j

m !m

a r af rf

IDFT{rf = af} =
[(

r !m a
)∣∣ , . . . ,

(
r !m a

)∣∣
m−

]

rf vm× = um× ! [v u , . . . , vmum]T

m µ

µ µ a

µ r m a µ

µ7log µ8 µ

m − µ + µ7log µ8
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Ψ

Ψ

Φ

Φ

m ≥ n Φm×n



Φ m < n

n−m >

∃v ∈ Rn, ‖v‖# = : Φ · v =

n − V ⊥ Rn v V ⊥

V ⊥ {u , . . . ,un− }

Rn {v,u , . . . ,un− }

Ψ = [v u . . . un− ] ⇒ v = Ψ ·









Φ · v = Ψ v

Φ

f , . . . , fn






y = f (x) = f (x , . . . , xn)

ym = fm(x) = fm(x , . . . , xn)

R Rn

n g : Rn → R

n

n

ym× Rn x



k ≥ k

xn × (y , . . . , ym) k ≥ k =

(f , . . . , fm)

S =
{
z ∈ Rn

∣∣ ∀ ≤ i ≤ m : fi(z) = yi

}

S

xn× ∈ S S xn×

S xn× S <= ∅

xn×

∃v ∈ S, v <= xn×

v = x− 〈x,v 〉
〈v ,v 〉v

v v ṽ ṽ b a 〈a,b〉

{u , . . . ,un− } ṽ ṽ V ⊥

〈v ,v 〉 = 〈x,v 〉 − 〈x,v 〉
〈v ,v 〉 〈v ,v 〉 =

⇒ v ⊥ v ⇒ ṽ ⊥ ṽ

Ψ Rn {ṽ , ṽ ,u , . . . ,un− }

Ψ Ψ = [ṽ ṽ u . . . un− ]



v x

v = ‖v ‖# ṽ ⇒ Ψ ·





‖v ‖#



= v

x = v +
〈x,v 〉
〈v ,v 〉v = ‖v ‖# ṽ + 〈x,v 〉ṽ ⇒ Ψ ·





〈x,v 〉

‖v ‖#





= x

k ≥ v x

k =

k = k =

S ⊂ Rn

∀a <= b ∈ S : < |〈a,b〉| < ‖a‖# ‖b‖#

S

∀a <= b ∈ Rn : |〈a,b〉| ≤ ‖a‖# ‖b‖#

b a

|〈a,b〉| = ‖a‖# ‖b‖# ⇐⇒ ∃c ∈ R : a = cb

Ψ S S



a,b a,b ∈ S Ψ S

Ψ b a Ψ

Ψ Ψ

a,b b a

a,b Ψ Ψ

Ψ a,b

S





f (x) =

∑n
i=

i− sign(xi)

f (x) = ‖xn× ‖# =
∑n

i= |xi|

sign(a) =






a >

a =

− a <

xn× f

f n f

7n log 8 −
n− ,

n−

f (x) = f

xn× =

a.b f

b a f (a) = f (b) <=





a = [a . . . an]T

b = [b . . . bn]T
f (a) = f (b) ⇒ ∀ ≤ i ≤ n : sign(ai) = sign(bi)

⇒ aibi ≥ ⇒
n∑

i=

aibi ≥ ⇒ 〈a,b〉 ≥



aibi i

〈a,b〉 >

b a f (a) = f (b)

Ψ

f f

b a f f

∃c ∈ R : a = cb⇒ f (a) = ‖a‖# = |c| ‖b‖# = |c|f (b)

c = |c| = f (a) = f (b)

c = −

c = − ⇒ a = −b⇒ 〈a,b〉 = −‖b‖#

f (a) = f (b)

Ψ f f

f

f

f

Cn Rn






f (x) =
∑n

i=
(i− )sign

(
Axi

)
+ i− sign

(
Bxi

)

f (x) =
∑n

i= |xi|

f (x) =
∑

xi #=
msign(,xi)·-xi

|,xi|+|-xi|

msign(a) =





a ≥

− a <



Cn
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xn× k xn×

Ψ k −

a , . . . , an






y = a x + a x + · · · + anxn

y = a x + a x + · · · + anxn

y k− = a x k− + a x k− + · · · + anx k−
n

k

{y , . . . , y k− } xn×

{yi} k−
i= {xi , . . . , xik} xi k



k

∃c , . . . , ck ∈ R : yi +
k∑

j=

cjyi−j = (k ≤ i ≤ k − )

yi Z xi

k k ci yi xij

y =
∑n

i= ai





yk− yk− . . . y

yk yk− . . . y

y k− y k− . . . yk−




·





c

c

ck




=





−yk

−yk+

−y k−





ci

xij xn×

ci

q(z) = zk + c zk− + c zk− + · · · + ck

⇒ q(xi ) = q(xi ) = · · · = q(xik) =

xn× ci q(z)

xn×

xn×

y , . . . , yk− xij yi Z

dj

yl =
k∑

j=

djx
l
ij

, ≤ l ≤ k −



ai dj

ai dj

ai xn×

xj xi ai aj

k

det





yk− yk− . . . y

yk yk− . . . y

y k− y k− . . . yk−




=

k {yi}

k xn×

k
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



yi yi− . . . y

yi+ yi . . . y

y i y i− . . . yi




, ≤ i ≤ k −

i detAi <= i

xn× i xn×

dj dj y , . . . , yi

aj xn× aj

aj dj
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dj

aj

≤ j ≤ n : aj = j

k aj

f( ) = f

f f(xi) xi f(xi) xi

f( ) = xi

[f(x ), . . . , f(xn)] [x , . . . , xn]

xi f

k [x , . . . , xn] [− , ]

[− k− , k− ] k −

i f i(x) f(x) = e
jπ x

f xi

xi

[−M, M ]





y = a sin
(
πx
M

)
+ a sin

(πx
M

)
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(
πxn
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)

y = a sin
( πx
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+ a sin
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)
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+ · · · + an sin
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sinx = ejx−e−jx
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k {yl}∞l=
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q(z) k
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ciz
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(
z − ej

πxil
M
)(

z − e−j
πxil

M
)

=
k∏

l=

(
z − z cos

πxil

M
+

)



q(z) c = c k =

ci = c k−

∀l : =
k∑

i=

ciyl−i = ckyl−k +
k−∑

i=

ci(yl−i + yl− k+i)

ci





yk + y −k yk− + y −k . . . y + y y

yk+ + y −k yk + y −k . . . y + y y

y k− + y y k− + y . . . yk+ + yk− yk









c

c

ck




=





−(yk+ + y −k)

−(yk+ + y −k)

−(y k + y )





y−l = −yl y =

k y− , . . . , y −k y , . . . , yk−

q(z) c , . . . , ck yi

ai [x , . . . , xn]

{yl}l

k x k

k x
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k k



50 100 150 200
50

100

150

200

250

SNRinput (dB)

SN
R

re
c (d

B)

 

 

k=1
k=2
k=3
k=4
k=5
k=6

n = k

[− , ]
(

k

)

ai = i

ai

k = , . . . ,

k k

k

yi k



50 100 150 200
40

60

80

100

120

140

160

SNRinput (dB)

SN
R

re
c (d

B)

 

 

OSR=  4
OSR=  3
OSR=  2
OSR=1.5
OSR=  1

k =

k =

= k

k



k !p
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R > !p {xi}∞i= !p
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fx {xi}

{xi}

!

t

{ai}n
i=



k ≤ n p > |an | ≥ · · · ≥ |ann| {ani}n
i=

σp

(
k; {ai}n

i=

)
=
(
|an |p + · · · + |ank|p

)
p

k !p σp(k; {ai}n
i= )

< p ≤ r ≤ {ai}n
i=

κp

(
r; {ai}n

i=

)
= min

{
k
∣∣∣
σp

(
k; {ai}n

i=

)

σp

(
n; {ai}n

i=

) ≥ r

}

r κp(.)

!p {ai}i∈N

∀ ≤ r < : lim
n→∞

κp

(
r; {ai}n

i=

)

n
=

i ∈ N, ai = αi

k =
⌈
− ln( −rp)

p| ln |α||
⌉

≤ r < |α| <=

σp

(
k; {ai}n

i=

)

σp

(
n; {ai}n

i=

) =
(∑k

i= e−ip
∣∣ ln |α|

∣∣

∑n
i= e−ip

∣∣ ln |α|
∣∣

)
p

≥
(∑k

i= e−ip
∣∣ ln |α|

∣∣

∑∞
i= e−ip

∣∣ ln |α|
∣∣

)
p

=
(
− e−

∣∣ ln |α|
∣∣kp
)

p ≥ r

n r k κp

(
r; {ai}n

i=

)
≤ k

lim
n→∞

κp

(
r; {ai}n

i=

)

n
=

!p p > {ai}i∈N

!p !p

{ai} |α| >



!q q ≥ p !p

p
( σp(k;{ai}n

i= )
σp(n;{ai}n

i= )

)p
k < n {ai}

q ≥ p > ≤ i ≤ j ≤ n

|ani| ≥ |anj | ⇒ |ani|q−p ≥ |anj |q−p

⇒ |ani|q|anj |p ≥ |ani|p|anj |q

k + ≤ j ≤ n ≤ i ≤ k

k∑

i=

n∑

j=k+

|ani|q|anj |p ≥
k∑

i=

n∑

j=k+

|ani|p|anj |q

⇒
∑k

i= |ani|q∑n
i=k+ |ani|q

≥
∑k

i= |ani|p∑n
i=k+ |ani|p

⇒
∑k

i= |ani|q∑n
i= |ani|q

≥
∑k

i= |ani|p∑n
i= |ani|p

"

p κp(r p , {ai}n
i= )

q ≥ p p

!p p

p !p !p p



fx {xi}i∈N

p ≥ ≤ r, δ ≤

κ̃p

(
r, δ, n; fx

)
= min

{
k
∣∣∣ P

(σp

(
k; {xi}n

i=

)

σp

(
n; {xi}n

i=

) ≥ r
)
≥ δ

}

κp(.) κ̃p(.)

κ̃p δ

δ r

κ̃p

!p fx

∀ ≤ r, δ < , lim
n→∞

κ̃p

(
r, δ, n; fx

)

n
=

δ = , r =

k

!p !p fx

∀ p, ≤ δ < , lim
n→∞

κ̃p

(
, δ, n; fx

)

n
<

r =

x = fx P (x = ) = π >

n( − π ) n P (x = ) = π >



fx

π fx

!q !q q ≥ p !p !p

! !p

!p x

! y = |x|p

{yi} ! {xi} !p

!

!

E {eγ|x|} γ > fx

!

yi = |xi| fx {xi}

σy µy fy(y) =
(
fx(y) + fx(−y)

)
u(y) {yi}

σy µy Ex{eγ|x|} fy

γ Ey{eγy} < emγrµy ( m)− m < r <

E {eγy}








EV : σ (k; {yi}mk
i= ) ≥ r

∑mk
i= yi

EV :
∑mk

i= yi ≥ mkµy − (mk) σy

EV :
∑mk

i= yi < mkµy − (mk) σy

P (EV ) = P
(
EV

∣∣EV
)
P (EV ) + P

(
EV

∣∣EV
)
P (EV ) ≤ P

(
EV

∣∣EV
)

+ P (EV )

≤ P
(
σ (k; {yi}mk

i= ) ≥ r
(
mkµy − (mk) σy

))
+ P

( mk∑

i=

yi < mkµy − (mk) σy

)

yi





Ey

{∑mk
i= yi

}
= mkµy

Var
{∑mk

i= yi

}
= mkσy

P
( mk∑

i=

yi < mkµy − (mk) σy

)
≤ √

mk

mk k
(mk

k

)
σ (k; {yi}mk

i= )

P
(
σ (k; {yi}mk

i= ) ≥ r
(
mkµy − (mk) σy

))
≤
(

mk

k

)
P
( k∑

i=

yi ≥ r
(
mkµy − (mk) σy

))

∑k
i= yi ≥ r

(
mkµy − (mk) σy

)
E
{∑k

i= yi

}
= kµy

k

P
( k∑
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yi ≥ T
)

= P
(
eγ

∑k
i= yi ≥ eγT

)
≤

E
{
eγ

∑k
i= yi

}

eγT
=
(
E
{
eγy

}
e−γ

T
k
)k

<
(eγ(rmµy−T

k )

m

)k

(mk
k

)
< (em)k

P
(
σ (k; {yi}mk

i= ) ≥ r
(
mkµy − (mk) σy

))
<

(
e
eγrσym k−
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P (EV ) = P

(
σ (k; {xi}mk

i= )
σ (mk; {xi}mk

i= )
≥ r

)
< √

mk
+
(

e
eγrσym k−

)k

k →∞ m

δ P (EV ) P (EV )

mk k

lim
k→∞

κ̃p

(
r, δ, km; fx

)

km
≥

m

" ! fx k r m

!

µx {xi}i∈N

n− ∑n
i= (xi − µx) σx

σx

< α ≤ α

α = α =

α |t|−(α+ )

n−α

α

α



x < α <

x G(t) = P (y > t) y = |x|

α

t h(ct)
h(t) c > t →∞ h(t) = tαG(t)

limt→∞
P (x>t)

G(t)

α

{ηi}

{xi} Γi =
∑i

j= ηj

α

lim
n→∞

a−
n

(
yn , . . . , ynn, , , . . .

)
=d

(
Γ−α ,Γ−α , . . .

)

{|xi|}n
i= {yni}n

i= =d

an = lim
t→∞

G− (
ntα

)

t

α fx x

! fx α <



yi = |xi| σ
(
k; {xi}n

i=

)
= σ

(
k; {yi}n

i=

)

P

(
σ
(
k; {xi}n

i=

)

σ
(
n; {xi}n

i=

) ≥ r

)
= P

(
a−

n

(
yn(k+ ) + · · · + ynn

)

a−
n
(
yn + · · · + ynn

) ≤ − r

)

Γ−α
i a−

n yni

P

(
σ
(
k; {xi}n

i=

)

σ
(
n; {xi}n

i=

) ≥ r

)
∼ P

(Γ−α

k+ + · · · + Γ−α
n

Γ−α + · · · + Γ−α
n

≤ − r

)

Γ−α

k+ + · · · + Γ−α
n

Γ−α + · · · + Γ−α
n

=
k −α( Γ

Γk+

)
α

+
(Γ

Γ

)
α + · · · +

( Γ
Γn

)
α

×
+
(Γk+

Γk+

)
α + · · · +

(Γk+
Γn

)
α

k −α

≤ k −α( Γ
Γk+

)
α

︸ ︷︷ ︸
Ak

+
(Γk+

Γk+

)
α + · · · +

(Γk+
Γn

)
α

k −α
︸ ︷︷ ︸

Bk,n

P

(Γ−α

k+ + · · · + Γ−α
n

Γ−α + · · · + Γ−α
n

≤ − r

)
≥ − P

(
AkBk,n ≥ − r

)
≥ − P

(
Ak >

)
− P

(
Bk,n > − r

)

≥ − E {Ak} − − r
E {Bk,n}

E {Ak}

n > k + k →∞ E {Bk,n}

k →∞ E {Ak}

θ, β {ηi}i∈N

≤ E{ηi}i

{
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+ θ

∑k
i= ηi

)β

}
< k +

( θ

k

)β



θ ηi

Γk =
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i= ηi

E{ηi}

{
(

+ Γk
θ

)β
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=

∫ ∞

(
+ γ
θ
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∫ k
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+ γ
θ
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∫ ∞
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+ γ
θ
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∫ ∞
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k
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(√e)k
< k

"

E {Ak}

E {Ak} = k −αE{ηi}i

{( Γ
Γk+

)
α

}
= k −αEη

{
E{ηi}i>

{(
+
η

k+∑
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∑∞
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λ )−q(
+ |t|

λ

)−(q+ )

(q/λ)(t/λ)q−
(

+(t/λ)q
)

E {Bk,n} ≤ kα− EΓk+

{
+

α

− αΓk+

}
= kα−

(
+
α(k + )
− α

)

k → ∞ α <

E {Bk,n} = E {Ak} =

lim
k→∞

P

(Γ−α

k+ + · · · + Γ−α
n

Γ−α + · · · + Γ−α
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