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ABSTRACT. The fractional Laplacian (—A)Y/2 commutes with the primary
coordination transformations in the Euclidean space R?: dilation, translation
and rotation, and has tight link to splines, fractals and stable Levy processes.
For 0 < v < d, its inverse is the classical Riesz potential I, which is dilation-
invariant and translation-invariant. In this work, we investigate the functional
properties (continuity, decay and invertibility) of an extended class of differen-
tial operators that share those invariance properties. In particular, we extend
the definition of the classical Riesz potential I, to any non-integer number ~y
larger than d and show that it is the unique left-inverse of the fractional Lapla-
cian (—A)7/2 which is dilation-invariant and translation-invariant. We observe
that, for any 1 < p < oo and v > d(1 — 1/p), there exists a Schwartz function
f such that I, f is not p-integrable. We then introduce the new unique left-
inverse I, of the fractional Laplacian (—A)7/2 with the property that I, is
dilation-invariant (but not translation-invariant) and that I, f is p-integrable
for any Schwartz function f. We finally apply that linear operator I, , with
p = 1 to solve the stochastic partial differential equation (—A)W/2<I> = w with
white Poisson noise as its driving term w.

1. INTRODUCTION

Define the Fourier transform Ff (or f for brevity) of an integrable function f
on the d-dimensional Euclidean space R¢ by

(11) FHO = [ e fxyix,

R
and extend the above definition to all tempered distributions as usual. Here we
denote by (-,-) and | - || the standard inner product and norm on R? respectively.

Let S := S(R?) be the space of all Schwartz functions on R? and &' := S’(R?)
the space of all tempered distributions on R%. For v > 0, define the fractional
Laplacian (—A)7/? by

(1.2) F((=L)25) (&) = €l FfE), feS.

The fractional Laplacian has the remarkable property of being dilation-invariant.
It plays a crucial role in the definition of thin plate splines [4], is intimately tied to
fractal stochastic processes (e.g., fractional Brownian fields) [8, 12] and stable Levy
processes [3], and has been used in the study of singular obstacle problems [2, 10].

In this paper, we present a detailed mathematical investigation of the functional
properties of dilation-invariant differential operators together with a characteriza-
tion of their inverses. Our primary motivation is to provide a rigorous operator
framework for solving the stochastic partial differential equation

(1.3) (=A)2P = w
1
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with white noise w as its driving term. We will show that this is feasible via the
specification of a novel family of dilation-invariant left-inverses of the fractional
Laplacian (—A)V/ 2 which have appropriate LP-boundedness properties.

We say that a continuous linear operator I from S to 8’ is dilation-invariant if
there exists a real number v such that

(1.4) I1(6:f) =t"6,(If) forall fe S andt>D0,
and translation-invariant if
(1.5) I(7Two f) = Txo (If) for all f € S and xo € RY,

where the dilation operator d;,t > 0 and the translation operator 7x,,Xo € R¢ are
defined by (8:f)(x) = f(tx) and 7, f(x) = f(x — x¢), f € S, respectively. One
may verify that the fractional Laplacian (—A)7/2,y > 0, is dilation-invariant and
translation-invariant, a central property used in the definition of thin plate splines
[4].

Next, we define the Riesz potential L, ([9]) by

- I'((d—v)/2) —d

(1.6) Lfx)=nP2 7 o — 2= | x -y f(y)dy, f€S,

I'(v/2) R

where 0 < v < d. Here the Gamma function I" is given by I' fo t*~le~tdt

when the real part Re z is positive, and is extended analytlcally to a meromorphic

function on the complex plane. For any Schwartz function f, I, f is continuous and

satisfies

(L7) )< O sup F)I+ 2D (14 )7~ for all x € RY,
zeR4

where ¢ > 0 and C. is a positive constant, see also Theorem 2.1. Then the Riesz

potential I, is a continuous linear operator from S to &’. Moreover one may verify

that I, is dilation-invariant and translation-invariant, and also that I,,0 < v < d,

is the inverse of the fractional Laplacian (—A)Y/2; i.e.,

(1.8) L(=A)2f = (A2 f=f forall feS
because
(1.9) FUNE = EIITFfE), feS.

A natural question then is as follows:

Question 1: For any v > 0, is there a continuous linear operator I from S to
S’ that is translation-invariant and dilation-invariant, and that is an inverse of the
fractional Laplacian (—/\)Y/?2

In the first result of this paper (Theorem 1.1), we give an affirmative answer
to the above existence question for all positive non-integer numbers ~ with the
invertibility replaced by the left-invertibility, and further prove the uniqueness of
such a continuous linear operator.

To state that result, we recall some notation and definitions. Denote the dual pair
between a Schwartz function and a tempered distribution using angle bracket (-, ),
which is given by (f, g) fRd x)dx when f,g € S (we remark that the dual
pair between two complex—valued square integrable functions is different from their
standard inner product). A tempered distribution f is said to be homogeneous
of degree v if (f,8:g) = t=7~%(f,g) for all Schwartz functions g and all positive
numbers t. We notice that the multiplier ||£]|™7 in the Riesz potential I, see (1.9),
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is a homogenous function of degree —y € (—d,0). This observation inspires us
to follow the definition of homogeneous tempered distribution in [7] and then to
extend the definition of the Riesz potential I, to any non-integer number v > d as

follows:
(2m)~r(d - ) / / ok
I = 0o—y+d—1
’Yf(x) d 4 kO . gd—1

(1.10) <( - %) °(e Ve drdo(€). fes,

where S"71 = {¢/ € R?: ||¢/|| = 1} is the unit sphere in R?, do is the area element
on S"~1, and kg is a nonnegative integer larger than v — d. Integration by parts
shows that the above definition (1.10) of I, f is independent on the nonnegative
integer ko as long as it is larger than v — d, and also that it coincides with the
classical Riesz potential when 0 < v < d by letting kg = 0 and recalling that the
inverse Fourier transform F~!f of an integrable function f is given by

(1.11) FH(x) = (2w)*d/Rd X8 (&) de.

Because of the above consistency of definition, we call the continuous linear operator
I,y € (0,00)\(Z+ + d) in (1.10) the generalized Riesz potential, where Z. is the
set of all nonnegative integers.

Theorem 1.1. Let vy be a positive number with vy —d & Z., and let I, be the linear
operator defined by (1.10). Then I, is the unique continuous linear operator from
S to 8’ that is dilation-invariant and translation-invariant, and that is a left inverse
of the fractional Laplacian (—/\)/2.

Let LP := LP(R9),1 < p < oo, be the space of all p-integrable functions on R¢
with the standard norm |- ||,. The Hardy-Littlewood-Sobolev fractional integration
theorem ([11]) says that the Riesz potential I, is a bounded linear operator from
L7 to LP when 1 < p < 00,0 < v < d(1 —1/p) and ¢ = pd/(d + vp). Hence
I,f € L? for any Schwartz function f when 0 < v < d(1 — 1/p). We observe
that for any non-integer number ~ larger than or equal to d(1 — 1/p), there exists
a Schwartz function f such that I,f ¢ LP, see Corollary 2.16. An implication
of this negative result, which will become clearer in the sequel (cf. Section 4),
is that we cannot generally use the translation-invariant inverse I, to solve the
stochastic partial differential equation (1.3). What is required instead is a special
left-inverse of the fractional Laplacian that is dilation-invariant and p-integrable.
Square-integrability in particular (p = 2) is a strict requirement when the driving
noise is Gaussian and has been considered in prior work [12]; it leads to a fractional
Brownian field solution, which is the multi-dimensional extension of Mandelbrot’s
celebrated fractional Brownian motion [1, 8]. Our desire to extend this method of
solution for non-Gaussian brands of noise leads to the second question.

Question 2: Let 1 <p < oo and v > 0. Is there a continuous linear operator 1
from S to S’ that is dilation-invariant and a left-inverse of the fractional Laplacian
(=A)Y/2 such that If € LP for all Schwartz functions f?

In the second result of this paper (Theorem 1.2), we give an affirmative answer
to the above question when both v and v — d(1 — 1/p) are not integers, and show
the uniqueness of such a continuous linear operator.

To state that result, we introduce some additional multi-integer notation. For
x = (z1,...,24) € R" and j = (j1,...,ja) € ZL (the d-copies of the set Z.),
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we set |j| == || + -+ dal, §' == jal---ja! with Ol := 1, 3 = 2J' - 2% and

N f(x) =08 ---9i1 f(x). For 1 <p < oo and v > 0, we define the linear operator
I, , from S to &’ with the help of the Fourier transform:

MI(FF)(0
Z (F£)(0)

(112)  F(L,p ) = (FF(©) - )l fes,

[i|<y—d(1-1/p)

which is the natural LP extension of the fractional integral operator that was intro-
duced in [1, 12, 13] for p =2 and v ¢ Z/2.

We call I, the p-integrable Riesz potential of degree vy, or the integrable Riesz
potential for brevity. Indeed, when both v and v — d(1 — 1/p) are non-integers, the
linear operator I, is the unique left-inverse of the fractional Laplacian (fA)“’/ 2
that enjoys the following dilation-invariance and stability properties.

Theorem 1.2. Let 1 < p < oo, and 7y is a positive number such that both v and
v—d+d/p are not nonnegative integers. Then I, ,, in (1.12) is the unique dilation-
invariant left-inverse of the fractional Laplacian (—/\)Y/? such that its image of the
Schwartz space S is contained in LP.

One of the primary application of the p-integrable Riesz potentials is the con-
struction of generalized random processes by suitable functional integration of white
noise [12, 13, 14]. These processes are defined by the stochastic partial differential
equation (1.3), the motivation being that the solution should essentially display the
same invariance properties as the defining operator (fractional Laplacian). In par-
ticular, these processes will exhibit some level of self-similarity (fractality) because
L, , is dilation-invariant. However, they will in general not be stationary because
the requirement for a stable inverse excludes translation invariance. It is this last
aspect that deviates from the classical theory of stochastic processes and requires
the type of mathematical safeguards that are provided in this paper. While the
case of a white Gaussian noise excitation is fairly well understood [12], it is not yet
so when the driving term is impulse Poisson noise which leads to the specification
of sparse stochastic processes with a finite rate of innovation. The current status
has been to use the operator I, 2 to specify sparse processes with the restriction
that the impulse amplitude distribution must be symmetric [14, Theorem 2]. Our
present contribution is to show that one can lift this restriction by considering the
operator I, 1, which is the proper inverse to handle general impulsive Poisson noise.

To state our third result, we recall some concepts about generalized random
processes and Poisson noises. Let D be the space of all compactly supported C'*°
functions with standard topology. A generalized random process is a random func-
tional ® defined on D (i.e., a random variable ®(f) associated with every f € D)
which is linear, continuous and compatible [6].

The white Poisson noise

(1.13) w(x) = Zaké(x—xk)
kEZ

is a generalized random process such that the random variable associated with a
function f € D is given by

(1.14) w(f) =Y anf(xx),

keZ
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where the a’s are i.i.d. random variables with probability distribution P(a), and
where the x;’s are random point locations in R™ which are mutually independent
and follow a spatial Poisson distribution with Poisson parameter A > 0. The
random point locations x; in R™ follow a spatial Poisson distribution with Poisson
parameter A > 0 meaning that for any measurable set E with finite Lebesgue
measure |E|, the probability of observing n events in E (i.e., the cardinality of
the set {k| x; € E} is equal to n) is exp(—=A|E|)(A|E|)™/n!. Thus, the Poisson
parameter \ represents the average number of random impulses per unit.

As the white Poisson noise w is a generalized random process, the stochastic
partial differential equation (1.3) can be interpreted as the following:

(1.15) (®, (—A)2f) = (w, f) forall feD.

So if I is a left-inverse of the fractional Laplacian operator (—A)Y/2, then
(1.16) O =TI"w

is literally the solution of the stochastic partial differential equation (1.3) as
(1.17) (IFw, (A2 f) = (w, I(=A)2f) = (w, f) for all f €D,

where I* is the conjugate operator of the continuous linear operator I from S to
S’ defined by

(I'f,g) = (f,Ig) forall f,g € 8.

The above observation is usable only if we can specify a left-inverse (or equivalently
we can impose appropriate boundary condition) so that I*w defines a bona fide
generalized random process in the sense of Gelfand and Vilenkin; mathematically,
the latter is equivalent to providing its characteristic functional by the Minlos-
Bochner Theorem (cf. Section 4). The following result establishes that Pyw :=
I yw is a proper solution of the stochastic partial differential equation (1.3), where
w is the Poisson noise defined by (1.13).

Theorem 1.3. Let v be a positive non-integer number, \ be a positive number,
P(a) be a probability distribution with [ |a|dP(a) < oo, and L, be defined as in
(1.12). For any f € D, define the random variable Pyw associated with f by

(1.18) Pyw(f) =Y arly1(f)(x)
k

where the ay’s are i.i.d. random variables with probability distribution P(a), and the
Xy ’s are random point locations in R™ which are mutually independent and follow a
spatial Poisson distribution with Poisson parameter X. Then P,w is the generalized
random process associated with the characteristic functional

(1.19) Zp w(f) = exp ()\/ / (eﬂ'a(u,lf)(x) - l)dP(a)dx), fenD.
R JR

The organization of the paper is as follows. In Section 2, we first introduce a
linear operator Jg for any homogeneous function Q € C*(R%\{0}) of degree —7,
where v —d &€ Z, . The linear operator Jo becomes the generalized Riesz potential
I, in (1.10) when Q(§) = ||£]|~7; conversely, any derivative of the generalized Riesz
potential I, is a linear operator Jg associated with some homogeneous function €2:

L f = Jo,f forall feSandjeZl,
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where ;(€) = (i€)3[|€]|77. We then study various properties of the above linear
operator Jq, such as polynomial decay property, dilation-invariance, translation-
invariance, left-invertibility, and non-integrability in the spatial domain and in the
Fourier domain. The proof of Theorem 1.1 is given at the end of Section 2.

In Section 3, we introduce a linear operator Ug ) for any homogeneous function
Q € 0 (RN{0}) of degree —v, where 1 < p < co. The above linear operator
Uq,p becomes the operator I, in (1.12) when Q(§) = ||£||~7, and the operator
Jo in (2.1) when 0 < v < d(1 — 1/p). We show that the linear operator Uq , is
dilation-invariant, translation-variant and p-integrable, and is a left-inverse of the
fractional Laplacian (—A)?/2 when Q(¢) = ||€]|~7. The proof of Theorem 1.2 is
given at the end of Section 3.

In Section 4, we give the proof of Theorem 1.3 and show that the generalized
random process P,w can be evaluated pointwise in the sense that we can replace
the function f in (1.18) by the delta functional §.

In this paper, the capital letter C' denotes an absolute positive constant which
may vary depending on the occurrence.

2. GENERALIZED RIESZ POTENTIALS

Let v be a real number such that v —d ¢ Z,, and let Q € C>(R?\{0}) be
a homogeneous function of degree —v. Following the definition of homogenous
tempered distributions in [7], we define the linear operator Jg from S to S’ by

)=r(d
Jaf) = DT d+k0—7/5d1/ Q(&)rko—rHd-1

(2.1) x ( f d%)k” (e"<x’f >f(r§’)>drda(§’), fes,

where S"71 = {¢/ € R?: ||¢/|| = 1} is the unit sphere in R?, do is the area element
on S™~!, and kg is a nonnegative integer larger than v — d.

Note that the linear operator Jg in (2.1) becomes the generalized Riesz potential
I, in (1.10) when Q(&) = [|€]|7” and v > 0. Therefore we call the linear operator
Jo in (2.1) the generalized Riesz potential associated with the homogeneous function
Q of degree —v, or the generalized Riesz potential for brevity.

The above definition of the generalized Riesz potential Jq is independent on the
nonnegative integer kg as long as it satisfies kg > v — d, that can be shown by
integration by parts. Then, for v € (—oc0,d), we may take kg = 0 and reformulate
(2.1) as follows:

(2.2) Jof(x) = (27T)—d/ XQ&)f(€)de for all f € S,
R4
or equivalently

(2.3) Jaf(€) = Q& f(€) forall f e,

so that the role of the homogeneous function Q(€) in (2.1) is essentially that of the
Fourier symbol for a conventional translation-invariant operator.

Let S, be the space of all Schwartz functions f such that 9'f(0) = 0 for all
ie Zi, or equivalently that fRd I f(x)dx =0 for all j € Zi. Given a homogenous
function Q2 € C*°(R%\{0}), define the linear operator iq on S, by

(2.4) iaf(€) = QUOFE), [eSx
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Clearly iq is a continuous linear operator on the closed linear subspace Sy of S.

For any function f € S, applying the integration-by-parts technique k¢ times and
noticing that lim, .o e 7|0 f(e€’)| = 0 for all & € S9! and i € fo_, we obtain that

sost) = GO Dy [ [T g
x( DY (e fire ))drda(f)
) =4 lim /sd 1/ Q(gHrd—1 el x:€) Jg(Tgl)deU(f/)

e—0

(2. = @0 [ SO fEE = inf(x).

Hence the generalized Riesz potential Jg is the extension of the linear operator iq
from the closed subspace S, to the whole space S.

In the sequel, we will study further properties of the generalized Riesz potential
Ja, such as the polynomial decay property (Theorem 2.1), the continuity as a
linear operator from S to &’ (Corollary 2.3), the translation-invariance and dilation-
invariance (Theorem 2.7), the composition and left-inverse property (Theorem 2.8
and Corollary 2.9), the uniqueness of various extensions of the linear operator iq
from the closed subspace Sy to the whole space S (Theorems 2.11 and 2.14), the
non-integrability in the spatial domain (Theorem 2.15), and the non-integrability
in the Fourier domain (Theorem 2.17). Some of those properties will be used to
prove Theorem 1.1, which is included at the end of this section.

2.1. Polynomial decay property and continuity.

Theorem 2.1. Let v be a positive number with v —d &€ Z., ko be the smallest
nonnegative integer larger than v — d, and let Q € C>(R?\{0}) be a homogeneous
function of degree —v. If there exist positive constants € and C. such that

(2.6) |£(x)] < Ce(1 + ||x]))"*0~97¢ for all x € RY,

then there exists a positive constant C such that
D) WGl < O sup LF@IL+ al) ) (1 ), x e R
FAS
Proof. Noting that (%)Seiﬂx’&/) = 5!(Z|i\:s %:5”)61-7"(&5/) and (%)koisf(rg’) =

(ko — s)! Zm:ko—s Wji,f(rg/) for all 0 < s < kg, we obtain from the Leibniz rule
that

()" (e o) = S (kso> (L)oo { ()" fer)

= (X (e ).
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Substituting the above expression into (2.1) we get

7Tid —_
Jaf) = (-1 Y R BT 1)

et Lld+ko =)
< [ e (@ i0)of(e)as
_ I'(d—7) kﬁ _x)i N (x
28) ~ D(d+ko—7) i+|.]Z—ko i!j!( /oy () (),

where Q;1j(€) = (i€)™Q(€) and fj(x) = xI f(x). Denote the inverse Fourier trans-
form of Qy, |k| = ko, by Kx. Then Ky € C*°(R%\{0}) is a homogeneous function
of degree v — ko — d ([7, Theorems 7.1.16 and 7.1.18]), and hence there exists a
positive constant C' such that

(2.9) |Ki(x)] < C|x[""*=  for all x € RY\{0}.

For any € > 0 and 8 € (0,d), we have

/ Ix =yl + y)~<dy
]Rd

< Urcgmaens ™ i)
Iyll<Ci=l+1)/2  JdxI+1)/2<]ly [I<2(lI%[1+1) llyll=2(lIx[1+1)

Ix =yl 7?1+ |lyl) =4 <dy
(2.10) < C+|x|h~~°.

A

Combining (2.8), (2.9) and (2.10) yields

Jafeal < € 3 il [ Kisx- y)yi o)y
lil+1il=ko E
< [ -yl Iyl
Rd
<

O sup |£(@)] (1 + [zl <) (1 + ).
zER4

This proves the desired polynomial decay estimate (2.7). O
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For any f € S and j € Z4 with |j| = 1, it follows from (2.1) that
PJaf)(x) = Ja(@f)(x)

( dF d— 'Y / / pho+d—y—1
d + ko — gd—1
d .
v ir(x,£") / /
x( dr) (e f(rf )r) drdo (&)
( dF d—7) / / pRotd—y—1
d + ko — gd—1

B i)
ko~ DY e o)) Yardoe)

_ (d+ko—v 1 B

= (Fy g ) I 60 = TS0
where Q;(¢) = (i€)IQ(€). Applying the argument inductively leads to
(2.11) HF(Jaf) = Jo(Pf) = Jo,f forall fe€Sandjezs,

where (&) = (i€)IQ(€). This together with Theorem 2.1 shows that Jof is a
smooth function on R? for any Schwartz function f.

Corollary 2.2. Let vy, ko and § be as in Theorem 2.1. If [ satisfies (2.6) for some
positive constants € and C, then for any j € Zi with |j| < vy there exists a positive
constant Cj such that

(212) 180 (Ja ()| < G5 sup 7(2)](1+ 2]} (14 x4, x e R,
zER4
An easy consequence of the above smoothness result about Jg f is the continuity
of the generalized Riesz potential Jo from S to &'.

Corollary 2.3. Let~ be a positive number with y—d ¢ Z., and let 2 € C°°(R%\{0})
be a homogeneous function of degree —vy. Then the generalized Riesz potential Jg

associated with the homogeneous function Q is a continuous linear operator from S
to S'.

Now consider the generalized Riesz potential Jo when €2 is a homogeneous func-
tion of positive degree a. In this case,

Jof() = (200 [ d*OQQf(@)ds forall e S
Rd
by (2.2). Applying the integration-by-parts technique then gives
_ (x,€) k
Jaf(x) = (2r Y [ oo
J+k—
for any i € Zi. This, together with the identity

(Ta] =D/ i€ \Y, . .
1:Il—rzcﬂ:m I (||§||2) (=€), il < [al,
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leads to the following estimate of Jq f(x):

afGl < C(1+[x|)Te] 3 [ exoauogamfieas
i+ k<[l | =lal 15| &
< C1+ )T S oy, fisx)].

lil+Ik|<Tal,1+lj[=Te]

where [a] is the smallest integer larger than a, €5,(£) = #Q(€)(i€/|€]?)!, and
fl\k(f) = (—i€)19% f(£). Note that Q1 € C(R?\{0}) is a homogeneous function of
degree a— [a] < 0 when |j|+]1] = [a], and also that functions f x(x), |k|, 1] < [a]
are linear combinations of x'& f(x), |i|,|j| < [a]. We then apply Theorem 2.1 to
obtain the following polynomial decay estimate of Jqf when 2 is a homogeneous
function of positive degree:

Proposition 2.4. Let a be a positive non-integer number, and 2 € C>=(R¥\{0})
be a homogeneous function of degree «v. If there exist positive constants ¢ and C.
such that

S 10 )] < Ce(1 + [x]) =TT for all x € RY,
[i|<Te]

then there exists a positive constant C' such that

(213)  afl<C( 3 sup (071 + 2 ) (14 ]y

lil<[a] 2€R"
for all x € R?.

The estimates in (2.7) and (2.13) indicate that the generalized Riesz potential
Jaf has faster polynomial decay at infinity when the degree of the homogeneous
function ) becomes larger. Next, we show that the generalized Riesz potential Jq f
has faster polynomial decay at infinity when f has vanishing moments up to some
order; i.e.,

(2.14) /Rd x f(x)dx = 0, |i| < mo

where mg > 0. In this case, 8 f(0) = 0 for all |i| < mg, and hence

1
(2.15) fo= 3 T [ eakfugn - oo

|k|=mo+1

by the Taylor expansion to f at the origin. Now we assume that Q € C>(R4\{0})
is a homogeneous function of degree o € (—mgy — 1,00)\Z. Then

[T f(x)]

IN

a+mo+1 k wl s
‘ / / 5H<1'5' |05 f (t€)|dédt + C €11 £(€)|de

[k|=mo+1 1€1>1

(216) < © Y sup ((L+ gD (©)I)

li|<mo+16€R?
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for all x € R¢ with ||x|| < 1, and

X € i (Ilx k k
af] < C m+1/ | [ e = axloka(e) ok e ar
*Z(XE x k k
c 3 > [1]. I1E))€62e) 1€)de
+C| /R e (1 () 2E) (€]
< O+ x|yt >

[k|=mo+1,]j|<[a]+mo+d

/ 1 / 99 (@( Il 00 f(t6)) aeat |
0 Rd

HO(L+ el
[k|=mo+1,|j|<Ta]+mo+d+1
[ L[t~ ouxteneaeosie)acar)

+C(1 + ||x]||)~Tel=mo—d—1
S
il <lal+mo+d+1

1) <o X s+ )T L)1+ el

li|<[a]+2mo+d+2 EER

(1 - $()NAF(©))]ae}

for all x € R? with ||x|| > 1, where ¢ is a C* function such that ¢(¢) = 1 for
all £ in the unit ball B(0,1) centered at the origin, and ¢(£) = 0 for all £ not in
the ball B(0,2) with radius 2 and center at the origin. This proves the following
result about the generalized Riesz potential Jof when f has vanishing moments
upto some order.

Proposition 2.5. Let mg > 0,a € (—mg — 1,00)\Z, and Q € C=°(R?\{0}) be a
homogeneous function of degree . Then the following statements hold.

(i) If f satisfies (2.14) and

(219 Z sup (1 + ||§||)(a1+d|8if(§)| < 0,
li|<[a+2mo+d+2 EER?

then there exists a positive constant C such that

sl < (3 s (e THofE)])

li| < o] +2mo+d+2 $ER?
(2.19) X (14 ||x|)~ @ me=4=1  for all x € R,

(ii) If f satisfies (2.14) and

(2.20) Z sup (1+ ||z||)ra]+2m0+2d+2+6|8if(z)\) < 0o
li| <max([a]+d,0) ZER
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for some € > 0, then
[Jaf(x)] < C( > sup ((1+ IIZII)M”Zm"“d““lé’if(Z)l)
li| <max([a]+d,0) 2R
(2.21) x (14 ||x|)~* ™ =41 for all x € RY.

The conclusions in Proposition 2.5 do not apply to the generalized Riesz potential
Jaf where Q € C>(R?\{0}) is a homogeneous function of degree zero. In this case,
applying the argument used to establish (2.16) and (2.17), we have that

(2.22) [Jof(x)| < C Y sup (L +eD™e1atF )

li|<mo+1 ¢cre
for all x € R? with ||x|| < 1, and

JafG)l < OO+ [y

X{ > // |08 (a(]|x]|€) £ Q€)™ f( tf)\dgdt}

[k|=mo+1,jl<mo+d

FO(+ [l >
[k|=mo+1,[j|+1|<mo+d+1,|j|<mo+d
[ [ 10t ~ otixleneeae)]| o)) aear
FOQ [0 >
[k|=mo+1,|jl+1|<mo+d+2,[1]<1
1
|19 - stxione e >)y><|ak+1f<t5>)/dsdt}
O+ S (- sene©f©) e
il <mo+d+1
e <o Y swO+ et <>\)<1+||x||)*m0*d*1
li|<2mo+d+2 SER?

for all x € R? with ||x|| > 1, where € € (0,1). Therefore

Proposition 2.6. Let Q € C*°(R%\{0}) be a homogeneous function of degree zero.
Then the following statements hold.

(i) If f satisfies (2.14) for some mg > 0 and

Do sup (L4 €M) < o0
li|<2mo+d+2 EER?
for some € > 0, then there exists a positive constant C such that
Jafeol <o X sup (L) 0 FE)) (L) for allx € Y.
li|<2mo-+d-+2 R
(ii) If f satisfies (2.14) for some mg > 0 and

D sup ((1+[|z])*" 220 (2)]) < oo
li|<d+1 zER
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for some € > 0, then

JafGl < O 0 sup (L4 [l)? s i (2)])

li|<d412€R?
x(1+ ||X||)_m0_d_1 for all x € R4,

2.2. Translation-invariance and dilation-invariance. In this subsection, we
show that the generalized Riesz potential Jg from S to S’ is dilation-invariant and
translation-invariant, and that its restriction on the closed subspace Sy, of S is the
same as the linear operator ig on Se

Theorem 2.7. Let v € R with v —d ¢ Z, Q € C°(R¥N{0}) be a homogeneous
function of degree —v, and let Jq be defined by (2.1). Then
(i) Jq is dilation-invariant;
(ii) Jq s translation-invariant; and
(iii) Jaf(&) = Q&S (S) for any function f € S
Proof. (i) For any f € S and any t > 0,

27t) 9T (d — )
Ja(8:f)(x) = (I‘ A+ Fo—7 /Sd 1/ pho=+d-t

«(- % ) (emx,m f(rg/t))drda(g’) = t778,(Jaf)(x),

where the first equality follows from (Z} (€) = t~?f(¢/t) and the second equality
is obtained by change of variables. This leads to the dilation-invariance of the
generalized Riesz potential Jg.

(ii) For any f € S and a vector xg € R%, we obtain from (2.1) that

ar(d
Il ) = SO [ [T i)

(= Sy (e ) e )drdo(€) = o f (x — xo),

where k is a nonnegative integer larger than v —d. This shows that the generalized
Riesz potential Jq is translation-invariant.

(i%i) The third conclusion follows by taking Fourier transform of the equation
(2.5) on both sides. O

2.3. Composition and left-inverse. In this subsection, we consider the compo-
sition and left-inverse properties of generalized Riesz potentials.

Theorem 2.8. Let y1 and v2 € R satisfy v2 < d,y1+7v2 <d and y1 —d € Zy,
and let Q1,Qy € C®(R4\{0}) be homogeneous functions of degree —y1 and —o
respectively. Then

(2.24) JQI (JQQf) = Jng2f for all f € S.

As a consequence of Theorem 2.8, we have the following result about left-
invertibility of the generalized Riesz potential Jq,.

Corollary 2.9. Let v € (—d,o0) with v —d & Zy and Q € C®(R?\{0}) be
homogeneous of degree —y with Q(€) # 0 for all € € S4=1. Then JoJg-1 is an
identity operator on S. If we further assume that v € (—d,d), then both Jo-1Jg
and JoJao-1 are identity operators on S.
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Taking Q(&) = ||£]|~” in the above corollary yields that the linear operator I, in
(1.10) is a left-inverse of the fractional Laplacian (—A)7/2,

Corollary 2.10. Let v be a positive number with v —d ¢ Z4. Then I, is a
left-inverse of the fractional Laplacian (—/)7/2.

Proof of Theorem 2.8. Let kg be the smallest nonnegative integer such that kg —
m+d >0, and set (&) = Q1(£)Q2(§). If kg = 0, then the conclusion (2.24) follows
from (2.2). Now we assume that ko > 1. Then

(2m)?T(d — 1) / / protd—m—1
Ja, (J, X) = e
Q1< sz)( ) (d+k0 771 5—>0 gd—1

X{r( — %) (en-{x,& )f(Tf/)T_W_l)

ko~ YT (e"<>‘vf’>f<rs’>r—%—l) Vardo ()

_ ( )dr(d +1- ’71 1i / / Q ko—i-d y1—1
L(d+ ko — 71) €—>0 gd—1

d \ ko1
@ ir(x,£") Y2—1
et
_ (2m)~(d + ko — 71) i / / Pro+d—y1—1
F(d + ko — ’}/1 EHO gd—1

X (e”<x’§/>f(r§ Yro2T “)drda(f )

= Jo,0,f(x) forall x € RY,
where the second equality is obtained by applying the integration-by-parts tech-
nique and using the fact that eFotd—m (%)kofl (e”<x’5'>f(r§’)r*72*1)

to zero uniformly on ¢ € S9! under the assumption that v; + v, < d. The con-
clusion (2.24) then follows. dJ

‘ . converges

2.4. Translation-invariant and dilation-invariant extensions of the linear
operator ig. In this subsection, we show that the generalized Riesz potential Jq
in (2.1) is the only continuous linear operator from S to &’ that is translation-
invariant and dilation-invariant, and that is an extension of the linear operator iq
in (2.4) from the closed subspace S to the whole space S.

Theorem 2.11. Let y be a positive number with v —d &€ Z, Q € C°(R%\{0}) be
a nonzero homogeneous function of degree —v, and let Jq be defined by (2.1). Then
I is a continuous linear operator from S to S’ such that I is dilation-invariant and
translation-invariant, and that the restriction of I on S is the same as the linear
operator iq in (2.4) if and only if I = Jg.

To prove Theorem 2.11, we need two technical lemmas about extensions of the
linear operator ig on Se

Lemma 2.12. Let v be a positive number with v —d & Z,, Q € C>®(R¥\{0})
be a homogeneous function of degree —vy, and let Jo be defined by (2.1). Then a
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continuous linear operator I from S to 8’ is an extension of the linear operator ig
on Seo if and only if

9'f(0)
(2.25) If=Jof + Z T

lij<nN

for some integer N and tempered distributions Hi,i € Z4 with |i| < N.

Proof. The sufficiency follows from Theorem 2.7 and the assumption that H;, |i| <
N, in (2.25) are tempered distributions. Now the necessity. By Corollary 2.3 and
Theorem 2.7, I — Jq is a continuous linear operator from S to S’ that satisfies that
(I —Jaq)f =0 for all f € S. This implies that the inverse Fourier transform of
the tempered distribution (I — Jg)*g is supported on the origin for any Schwartz
function g. Hence there exist an integer N and tempered distribution Hj, [i| < N,
such that F~((I—Ja)*g) = X5 <n {9 H;)6W /il, where the tempered distributions
@i € Z4, are defined by (60, f) = 9'f(0) [7, Theorem 2.3.4]. Then ((I —
Jo)f,9) = (f, FHI — Jo)*g) = ZHKN(Hi,g)aif(O)/i! for all Schwartz functions
f and g, and hence (2.25) is established. O

Lemma 2.13. Let v be a positive number with v — d ¢ Z,, and consider the
continuous linear operator K from S to S':

(2.26) Kf=> aif(o)

il
lil<N

H; fes

where N € Zy and Hi,|i| < N, are tempered distributions, Then the following
statements hold.
(i) The equation
(2.27) K(uf) = 6K f)
holds for any f € S and t > 0 if and only if for every i € Z% with |i| < N,
H; is homogeneous of degree v — d — [i|.
(ii) The linear operator K is translation-invariant if and only if there exists a
polynomial P of degree at most N such that Hy = (—i0)'P for all i € Z4
with |i| < N.
(iii) The linear operator K is translation-invariant and satisfies (2.27) if and

only if H; =0 for alli € Zi with |i| < N.

Proof. (i) The sufficiency follows from the homogeneous assumption on Hj, |i| <
N, and the observation that
(2.28) 815, 1(0) = =191 f(0) forall f €S andicz?.

Now the necessity. Let ¢ be a C* function such that ¢(§) =1 for all £ € B(0,1)
and ¢(&) = 0 for all £ € B(0,2), where B(x,r) is the ball with center x € R? and
radius r > 0. Define ¢; € S,i € Z‘L with the help of the Fourier transform by

(©)-

(2.29) $i(§) =
One may verify that

il

i o ]. lf il = i,
(2-30) 0" 4:(0) = { 0 ifi#i.
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For any i € Zi with |i] < N, the homogeneous property of the tempered distribu-

tion H; follows by replacing f in (2.27) by v¢; and using (2.30).
(ii) (<=) Given f € S and % € R?,

Kroh = 3 3 & <°)< i9)'P(x)

|i|<N j+k=i
—iYif(0 Fkp(x
- ¥ <>J'f()( ) TU(_XO)k)
iI<N k| <N —j]
(2.31) = |-Z (Z)Jf!waip(xxo) = K f(x —Xo),

where the first equality follows from

[ — N\, s
(2.32) 0t (0) = Y (§) (ixa0f(0)
i<i ¥
and the third equality is deducted from the Taylor expression of the polynomial
X P of degree at most N — |j|.
(=) By (2.32) and the translation-invariance of the linear operator K,

(2.33) 3 Z ZXO ( )Hi =Y ajj.ci,(o)Tonj
ievies K RS

holds for any Schwartz function f and x¢ € R%. Replacing f in the above equation
by the function g in (2.29) and then using (2.30), we get

(2.34) TeoHo= Y @H
NP .

This implies that (Ho, g(- +x0)) = ZIiISN —F xo) (Hji, g) for any Schwartz function
g. By taking partial derivatives 0¥, |k| = N + 1, with respect to xq of both sides of
the above equation, using the fact that 9¥x! = 0 for all k € Z, with |k| = N + 1,
and then letting xo = 0, we obtain that (Hp,d¥g) = 0 holds for any g € S and
k € Z, with |k| = N + 1. Hence Hy = P for some polynomial P of degree at

most N. The desired conclusion about Hj, |i] < N, then follows from (2.34) and
TxoHo(X) = > j5<n (7;‘!")‘8iP(x) by the Taylor expansion of the polynomial P.
(ii) Clearly if H; = 0 for all |i| < N, then K f =0 for all f € S and hence K
is translation-invariant and satisfies (2.27). Conversely, if K is translation-invariant
and satisfies (2.27), it follow from the conclusions (i) and (ii) that for every i € Z4
with |[i] < N, H; is homogeneous of degree v —d — |i| € Z and also a polynomlal
of degree at most N — |i|. Then H; = 0 for all i € Z% with |i| < N because
the homogeneous degree of any nonzero polynomial is a nonnegative integer if it is
homogeneous. O

We now have all of ingredients to prove Theorem 2.11.

Proof of Theorem 2.11. The sufficiency follows from Corollary 2.3 and Theorem
2.7. Now the necessity. By Lemma 2.12, there exist an integer N and tempered
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distributions Hj, i < N, such that (2.25) holds. Define Kf =3 ; -y o {,(O)H for
any f € S. Then K f is a continuous linear operator from S to &’ and

(2.35) If=Jof +Kf, fe€S.

Moreover the linear operator K satisfies (2.27) and is translation-invariant by (2.35),
Theorem 2.7 and the assumption on I. Then K f = 0 for all f € S by Lemma 2.13.
This together with (2.35) proves the desired conclusion that I = Jq. O

2.5. Translation-invariant extensions of the linear operator ig with ad-

ditional localization in the Fourier domain. Given a nonzero homogeneous

function Q € C°(R%\{0}) of degree —v, we recall from (2.2) and Theorem 2.7 that

Jq is translation-invariant and the Fourier transform of Jo f belongs to K7 when
€ (0,d), where

(2.36) K, = {h : /Rd |R(E)|(1+ |€])Ndé < 0o for some N > 1}.

In fact, the generalized Riesz potential Jg is the only extension of the linear oper-
ator ig on Sy, to the whole space & with the above two properties.

Theorem 2.14. Let v > 0 with v —d & Z,, Q € C®(RY\{0}) be a nonzero
homogeneous function of degree —vy, and the continuous linear operator I from S to
S’ be an extension of the linear operator iq on Su such that the Fourier transform
of If belongs to Ky for all f € §. Then I is translation-invariant if and only if
I=Jg and~ € (0,d).

Proof. The sufficiency follows from (2.2) and Theorem 2.7. Now we prove the
necessity. By the assumption on the linear operator I, applying an argument similar
to the proof of Lemma 2.12, we can find a family of functions ¢; € K7, |i| < N, such
that

can T = (fo- Y Heag+ 3 H04 0

lijl<y—d lil<N

for any Schwartz function f. This together with (2.32) and the translation-invariance
of the linear operator 1 implies that

-2 Z k" (=ix0) €' + 3 Z kll (—ix0)gi(€)

li|<v—dj+k=i [i|<N j+k=i

= ene(— Y Mg, v a'ﬁf%m).

li|<y—d ' lil<N

As xg € R? in (2.38) is chosen arbitrarily, we conclude that

li|<y—d i \ <N

Substituting the above equation into (2.37), we then obtain ﬁ(g) = f(f)Q(g) for
all f € §. This, together with the observation that fQ € K; for all f € § if and
only if v < d, leads to the desired conclusion that I = Jg and v € (0, d). O
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2.6. Non-integrability in the spatial domain. Let v > 0 with v —d & Z4
and 2 € C*°(R%\{0}) be a nonzero homogeneous function of degree —y. For any
Schwartz function f, there exists a positive constant C' by Theorem 2.1 such that
|[Jaf(x)| < C(1+ ||x][)7~¢ for all x € RY. Hence Jof € LP,1 < p < oo, when
v < d(1—1/p). In this subsection, we show that the above p-integrability property
for the generalized Riesz potential Jq is no longer true when v > d(1 — 1/p).

Theorem 2.15. Let 1 < p < 00,0 < € [d(1 —1/p),o0)\Z and Q € C°°(R¥\{0})
be a monzero homogeneous function of degree —v. Then there exists a Schwartz
function f such that Jof & LP.

Letting ©(¢) = ||£||7" in Theorem 2.15 leads to the conclusion mentioned in the
abstract:

Corollary 2.16. Let 1 < p < co and d(1 —1/p) < v & Zy. Then L,f is not
p-integrable for some function f € S.

Proof of Theorem 2.15. Let the Schwartz functions ¢ and 5,1 € Zi, be as in the
proof of Lemma 2.13. We examine three cases to prove the theorem.
Case I: d(1—1/p) <~ <min(d,d(1 —1/p)+1). In this case, 1 < p < oo and

(2.39) Tavo(x) = | Kix=y)o(y)iy,

by (2.2), where K is the inverse Fourier transform of 2. By [7, Theorems 7.1.16
and 7.1.18], K € C*°(R%\{0}) is a homogeneous function of order v — d € (—d, 0),
which implies that

(2.39) 101K (x)| < C|)x|7 471 for all i € 24 with [i| < 1.

Using (2.38) and (2.39), and noting that ¢o € S satisfies [, v0o(y)dy = 1, we
obtain that for all x € R? with ||x|| > 1,

ota(x) ~ KG9| < | K(x — y) — K)llbo(y)ldy
Iy lI<[lxl]l/2
K(x - 0 d
+(/|x|/2s|ys2||x|+/2|x,§|y|)| (x = y)l[Yo(y)ldy
HIE )] o (y)|dy
Iy lI>11xll/2
(2.40) < C(1+|x])y .

We notice that foH>1(1+ x[)—4=DPdx < oo and foH>
K is a nonzero hom?)genous function of degree v —d and d — p < (d—v)p <d. The
above two observations together with the estimate in (2.40) prove that Joo & L?,
the desired conclusion with f = 1)g.

Case II: d <y < d(1 —1/p)+ 1. 1In this case, d < p < oo and

1) Jave() = == 3 a0 + 7o 3 (%) o)

lil=1 lil=1

1 |K(x)|Pdx = oo because

by taking ko = 1 in (2.8), where Q;(&) = (i€)1Q(€) and p;(x) = xithp(x). Let K;
be the inverse Fourier transform of the function €, ]i| = 1. Noticing that € is
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homogeneous of degree —y + 1 and that [, ¢i(x)dx = 0, we then apply similar
argument to the one used in establishing (2.40) and obtain

o () ()] + [Ty o (%) — Ki(x)| < Cllx["747% if |lx|| > 1.

Hence
(2.42)
1 )
[Jato(x) = 7—— > (-x)'Ki(x)|"dx < C (| =4DPdx < oo
Ie[1>1 = ]| >1

if d<p<ooand

(2.43) sup |Jmp0 (x) !

———— > (—ix)'Ki(x)] < C sup [x[|"7 < o0
]| >1 d—r

= Ixl|>1
if p=o00. Set K(x) := Zm:l(_X)iKi(X)‘ Then K is homogeneous of degree v —d

by the assumption on €2, and is not identically zero because

wg) = [ (X doao)i—- [ (3 oEae))aeu
li=1

lil=1 K

[ [ @)+ rraeeatne i ardo )
sd—1J0 T

@= [ 220

where g € S». Thus f”x”>1 |K(x)|Pdx = 400 when d < p < oo, and K(x) is
unbounded on R?\B(0,1) when p = oo. This together with (2.42) and (2.43)
proves that Jqio & LP and hence the desired conclusion with f = 1)g.

Case III: v > d(1 —1/p) + 1. Let ko be the integer such that d(1 — 1/p) <
v —ko < d(1—1/p)+1, and set ;(¢) = (i€)IQ(E), |j| = ko. Noting that Joi;(x) =
Ja;vo(x)/j! and €5 is homogeneous of degree —y + ko, we have obtained from the
conclusions in the first two cases that Joi; ¢ LP. Hence the desired conclusion
follows by letting f = ¢; with |j| = ko. O

2.7. Non-integrability in the Fourier domain. If v < d, it follows from (2.2)
that for Schwartz functions f and g, (Jqf, g) can be expressed as a weighted integral
of g:

(2.44) Uat.a)= [ mEae)ds.

where h(€) = (2r)4Q(—¢)f(—€) € Ki. In this subsection, we show that the
above reformulation (2.44) to define (Jqof,g) via a weighted integral of § cannot
be extended to v > d.

Theorem 2.17. Let v € (d,00)\Z, Q € C>®°(R¥\{0}) be a nonzero homogeneous
function of degree —v, and let Jo be defined by (2.1). Then there exists a Schwartz
function f such that the Fourier transform of Jqof does not belong to K.

Proof. Let ¢ and 19 be the Schwartz functions in the proof of Lemma 2.13, and
let g € Soo be so chosen that its Fourier transform g is supported in B(0,1) and



20 QIYU SUN AND MICHAEL UNSER

satisfies [, Q(§)§(—¢&)d¢ = 1. Now we prove that m ¢ K. Suppose on the
contrary that ,m) € K;. Then

—d _ (27T )~T(d ) pRotd—
Gavo -t m) = SR [ [T i)

(-4 (zbo(rﬁ’)g(—rnf’))drdo(i’)
= @0 [ gm0 = @n) - [ aa(-ede
R4 Rd

(2.45) — 400 asm— oo

by (2.1) and (2.5). On the other hand,
(Gavo,n~g(/m)l = 20| [ Tado(@a(-n)ie
(2.46) < @) il [ 1Tl — 0 asn -,
[£]1<1/n

where we have used the hypothesis that m € K, to obtain the limit. The limits
in (2.45) and (2.46) contradict each other, and hence the Fourier transform Jqg
does not belong to K;. O

2.8. Proof of Theorem 1.1. Observe that Jo = I, when Q(§) = [|£||”" and
~v > 0, and that

(2.47) Jo=(=A)"2 i Q) = ||¢]7Y and v < 0.

Then the necessity holds by Theorem 2.11, while the sufficiency follows from Corol-
lary 2.3, Theorem 2.7, and Corollary 2.9.

3. INTEGRABLE RIESZ POTENTIALS

In Section 2, we have shown that the various attempts for defining a proper (inte-
grable) Riesz potential that is translation-invariant are doomed to failure for v > d.
We now proceed by providing a fix which is possible if we drop the translation-
invariance requirement.

Let 1 < p < 00,7 € R, and Q € C*(R?\{0}) be a homogeneous function of
degree —y. We define the linear operator Ug,, from S to &’ with the help of the
Fourier transform by

Gy Fuan©=(i0- Y Mg, ses

i!
[i|<y—d(1-1/p)

We call the linear operator Uq , a p-integrable Riesz potential associated with the
homogenous function §, or integrable Riesz potential for brevity, as

(32) Uap =Ty if 06 =[]
Define
£ i) — (9)—d 08 _ (i)t 5
(33) Va0 =20 [ ( > oo res

li|<y—d+d/p
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Then Ug, ,, is the adjoint operator of the integrable Riesz potenrial Ug,p:

(3.4) (Uapf,g) = (f,Us,9) forall f,ge€S.
If ~y satisfies 0 < v < d(1 — 1/p), then
(3.5) Uapf=Jdaof forall feS.

Hence in this case, it follows from Theorem 2.7 that Uq ), is dilation-invariant
and translation-invariant, and a continuous extension of the linear operator iq
on the closed subspace S, to the whole space S. Moreover Uq ,f € L? and
FUapf) € L1,1<q<p/(p—1), for any Schwartz function f by Theorem 2.1 and
the following estimate:

[F(Uapf)(E) < ClENT 1+ [I€ll)7~7" for all € € R

So from now on, we implicitly assume that v > d(1 — 1/p), except when mentioned
otherwise.

In the sequel, we investigate with the properties of the p-integrable Riesz poten-
tial Ugq j, associated with a homogenous function {2, such as dilation-invariance and
translation-variance (Theorem 3.1), LP/(P~D_integrability in the Fourier domain
(Corollary 3.2), LP-integrability in the spatial domain (Theorem 3.5 and Corollary
3.6), composition and left-inverse property (Theorem 3.3 and Corollary 3.4), the
uniqueness of dilation-invariant extension of the linear operator i from the closed
subspace Sy to the whole space S with additional integrability in the spatial do-
main and in the Fourier domain (Theorems 3.7 and 3.8). The above properties of
the p-integrable Riesz potential associated with a homogenous function will be used
to prove Theorem 1.2 in the last subsection.

3.1. Dilation-invariance, translation-variance and integrability in the Fourier
domain.

Theorem 3.1. Let 1 < p < oo,y > d(1—1/p), k1 be the integral part of v —d(1 —
1/p), © € C=(R4\{0}) be a nonzero homogeneous function of degree —v, and let
Uq,p be defined as in (3.1). Then the following statements hold.
(1) Uq,p is dilation-invariant.
(ii) Uq,p is not translation-invariant.
(iil) If supyega [f(X)[(1 + ||x])¥r1FaH1+e < 0o for some € > 0, then there exists
a positive constant C' independent on f such that

(3.6)  1FWap@] < C( sup [F@I+ a4 e+ el

for all € € R,
(iv) Uq,p is a continuous linear operator from S to S', and an extension of the
operator iq on the subspace So, to the whole space S.

As a consequence of Theorem 3.1, we have the following result about the L»/(»—1)-
integrability of the Fourier transform of Ugq ,f for f € S.

Corollary 3.2. Let 1 < p < oo and v > d(1 — 1/p) satisfy either p = 1 or
y—d(1—=1/p) € Zy and 1 < p < oo, ki be the integral part of v — d(1 — 1/p),
Q € C°(RN{0}) be a homogeneous function of degree —v, and let Ug , be defined
as in (3.1). Then the Fourier transform of Ug ,f belongs to LP/®°=1) for any f € S.
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Proof of Theorem 3.1. (i) Given any t >0 and f € S,

Fa, 6O =t(F) - 3 HOE a0 = wa,n(d).

. i\t t
li| <y—d+d/p

This proves the dilation-invariance of the linear operator Ugq p.
(i) Suppose, on the contrary, that Ug , is translation-invariant. Then

D7, / : _ f .
37 29 Y %@gng(@guxo,@ 3 J;(O)gl’ ¢ R
lil<y—d+d/p ' il<y—d+d/p

for all xo € R? and f € S. Note that the left-hand side of equation (3.7) is a
polynomial in xq by (2.32) while its right hand side is a trigonometric function of
xo. Hence both sides must be identically zero, which implies that

9'1(0) a
(3.8) Q) Y, a6 =0 (ER

li|<vy—d+d/p

for all f € S. Replacing f in the above equation by the function g in (2.29) and
using (2.30) and the assumption v > d(1 — 1/p) leads to a contradiction.

(ii) By the assumption on the homogeneous function Q, |Q2(¢)| < CJ|&]|77.
Then for £ € R? with ||| > 1,

FWapHEOl < C(Ifleo+ X 10 Fllcliel )]~

li|<ka

o 19l )l

[i|<k1+1

by (3.1), and for ¢ € R with [|¢]| <1,
|-7:(UQ,pf)(§)| < C( Z Haif”m)”g“kl—'y—&-l

[i|<k1+1

IN

by the Taylor’s expansion to the function f (&) at the origin. Combining the above
two estimates gives

(39)  1FUaOI<C( S 10l ) Il A+l € R

[i| <k141
Note that

©10) 19l £C [ G0l ik < C sup |1+ )
Rd zcRd

for all i € Z4 with |i| < k1 4+ 1. Then the desired estimate (3.6) follows from (3.9)
and (3.10).

(iv) By (3.1) and the first conclusion of this theorem, the Fourier transform of
Uapf is continuous on R%\ {0}, and satisfies

/Rd IF(Uap OIL+ ([ 1797 de < C sup [f(x)|(L+ [lx)* 42,

zcR4

Hence Ug,, is a continuous linear operator from S to §’. For any f € S, aif(O) =0
for all i € Z4. Then F(Uq,f) = F(iaf) for all f € Ss. This shows that
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Uayp,1 < p < o0, is a continuous extension of the linear operator iq from the
subspace S, C S to the whole space S. O

3.2. Composition and left-inverse of the fractional Laplacian. Direct cal-
culation leads to

i(ek f j 7
[i[<y—d(1-1/p) il <v—Ik[—d(1-1/p)
for any y € R,1 <p < oo and f € S. This together with (3.1) implies that
(3.11) Uqp(0¥f) = Uq, pf, forall f €S andke 24,

where Qi (&) = (i£)%Q(€) for k € Z4. In general, we have the following result about
composition of integrable Riesz potentials.

Theorem 3.3. Let 1 < p < oo, real numbers v1,7y2 satisfy y1 > d(1—1/p) and —vy2
is larger than the integral part of v1 — d(1 —1/p), and let Q1, Qs € C®(R4\{0}) be
homogenous of degree —y, and —~yo respectively. Then

(3.12) Uth(Jsz) =Jo,q,f forall feS.

As a consequence of Theorems 2.8 and 3.3, we have the following result about
the left-inverse of the fractional Laplacian (—A)7/2,

Corollary 3.4. Let 1 < p < oo and v > 0 satisfy either 1 < p < oo orp =1
and v & Z, and the linear operator I, be defined as in (1.12). Then I, is
a left-inverse of the fractional Laplacian (—A)"/?, i.e., I%p(—A)V/Qf = f for all
fes.

Proof of Theorem 3.3. Let k; be the integral part of 3 —d(1—1/p). Then —yy >
k1 by the assumption. Then F(Jq, f)(€) = Q2(€) f(€) and 01 (F(Ja, £)(€))|e=0 = 0

for any i € Z, with |i| < k; and any Schwartz function f. This implies that
F(Uq, p(Ja, f))(€) is equal to

(Jaad () -

li|<v1—d(1-1/p)
which is the same as F(Jq,q, f)(£). Hence the equation (3.12) is established. dJ

ON(F(Jo, F)(€))le=o

il

&),

3.3. LP-integrability in the spatial domain. If v € (0,d(1 — 1/p)), then it
follows from (3.1) and Theorem 2.1 that |Uq,f(x)] < C(1 + [|x[|)?7¢, x € R?
(hence Uq ,f € LP) for any Schwartz function f. In this subsection, we provide a
similar estimate for Uq , f when v > d(1 — 1/p).

Theorem 3.5. Let 0 < e < 1,1 <p<oo,vy € [d(l—1/p),x)\Z, k1 be the integral
part of v — d(1 — 1/p), and Q € C=(R¥\{0}) be a homogeneous function of degree
= If

(3.13) [f(x)] < O+ [x])~FH+H9 - x e RY

then

Uapf(x)] < C( sup | f(2)|(1 + ||Z||)k1+1+d+e>
zERY

(3.14) ~ ||X||min(vfkrd,0)(1 + ||X||)max(vfk1—d,0)fl
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for all x € R?, and
Vapf() = Uapf (<) < C( sup £+ ol F 440 ) e = x|
zcRd

(315) XHXHmin('y—kl—d—&,O)(l + HXH)maX('y—kl—d—é,O)—l
for all x,x" € R® with ||x — x'|| < ||x||/4, where § < min(|y — ky — d|, ).
As an easy consequence of Theorem 3.5, we have

Corollary 3.6. Let 1 < p < 00,7 > d(1 — 1/p), and Q € C®(RN{0}) be a
homogeneous function of degree ~. If both v and v —d(1—1/p) are not nonnegative
integers, then Uq,f is Holder continuous on RI\{0} and belong to LP for any
Schwartz function f.

Proof of Theorem 3.5. We investigate three cases to establish the estimates in (3.14)
and (3.15).

Case I ki +1—~ < 0. Set he(t) = f(t€). Applying Taylor’s expansion to the
function h¢ gives

. M) 1t ) 1
e = hg(l)zg s! +k—1!/0 RV ()1 - 1)kt
o) = > MO0 ¥ & / At (1 — )b dt.
i<k HESRE
Hence
(317) (o~ Y HNag= ¥ lo©me.
lil<ks |k 1

where Q;(€) = (i€)IQ(¢) and

1

(3.18)  gi(x) = (k1 + 1)/ (1=t (—x/ty¥ f(x/t)t~4dt € L', |j| = ki + 1.
0

Taking inverse Fourier transform at both sides of the equation (3.17) yields

(319) Vopf) = 30 5 [ K=y,

lil=k1+1

where Kj, |j| = ki + 1, is the inverse Fourier transform of ;. Therefore

1
apd Gl < [ [ =yl el ey oy

1
=[] ety e

1
< C( sup |f(Z)|(]_ —+ ||Z||)k1+1+d+e)/ (t+ ||X||)77d7k171dt
zeR4 0
< (s 7)1+ 2] ee)

zcR4
(320) A 01 it 01,
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where the first inequality holds because Kj € C°°(R%\{0}) is homogeneous of degree

v—d—k —1€(—d,0) [7, Theorems 7.1.16 and 7.1.18], and the second inequality
follows from (2.10). Similarly,

Uapf (%) = Uapf(x')]

<02 / Ix —x'|1°flx = y [~ 0 g (y) I dy
lil=k1+1 Ix—y||>2[lx—x'||
+C Z / Ix — y[ 41 g5 ()| dy
=k 417 =y lI<2lx=x"]|
+C Z / ||X, _ yl"yfdfklfl‘gj(y)‘dy
§l=ky 417 =y lI<2lx=x"]|
< C( sup |f(z)|(1+ ||Z||)k1+1+d+5) T
zERA
(3.21) || |[in(Y=d=h1=8.0) (] 4 ||| ymax(y—d—k1=6,0)-1

for all x,x’ € RY with ||x — x| < ||x||/4, where § < min(e, |y — k; — d|). Then
the desired estimate (3.14) and (3.15) follow from (3.20) and (3.21) for the case
k41—~ <0.

Case II' k1 +1 —~ > 0 and ky > 1. Applying Taylor’s expansion to the
function he(t) = F(t€), we have

fo- > Hd-n ¥ 5 | @) - atfo) - ostar
i<k =k, 370

Multiplying by Q(€) both sides of the above equation and then taking the inverse
Fourier transform, we obtain

B2 Unyfe) = 30 5( [ B -amiy - K6 [ aoiy),

lil=k1

where

(3.23) g;(x) = k1/0 (L= t) (=x/t) f(x/t)t4dt € LY, i = ki

Recalling that Kj € C>(R9\{0}), |j| = k1 are homogeneous of degree v —d — k; €
(7da O),

(3.24) 9K (x)] < Ol <1,



26 QIYU SUN AND MICHAEL UNSER

Combining (2.10), (3.22), (3.23) and (3.24), we get

1
Uaptel < ¢ 32 [ [ 1K56x = ty) = K0l 13y
IR
< O sup [£(@)|(1 + [zl +1+)
zER4
1
Al ) dyar
0 Jlyl<lxll/2
1
L A (N ™ LR MO Rt
0 Jlyll=llxll/2
1
e [ )y
0 Jlyll=lxll/2
< O sup [7(@)](1 + 2]+ 4+1+)
zcRe
(3.25) o[ =d0) (1 [ ymax(r—a—a0)-1,
and

|Uapf(x) — Uapf(x')]
1
C + +
|jz_:kl/0 (/lty||<||xl/4 /ltY|>4||x| /|x||/4<|tY|<4|X|>
|Kj(x — ty) — Kj(x) — Kj(x' — ty) + K;()[[ly]|** | £ (y)|dy

¢ sup IF @I+ ) 41) 37 (-

d
ok lil=ka

IA

IA

1
X/ / tly 7= =20+ fly )~ dydt + [lx — x||°
o Jiyl<ixl/4

1
x / / (=50 [y =) (L )~ <dyt
0 Jtllyll=4]x|

1
Kj(x — —KjX'— K;(x) — Kj(x
+/0 /|x|/4<|t)’|<4|x| <| ( %) ( )+ 1K) ( )|>

(1+ /)~ ~dydt }

(326) < € sup F(@)I(1 + 2l 4+14) o — x|~ 45 1+ ],
zER?

Then the desired estimates (3.14) and (3.15) are proved in the case that k;+1—y > 0
and ky > 1.
Case IIl: k1 +1—~ >0 and k; = 0. In this case, v € (0,1) and

(3.27) Unpd ) = [ | (K (x=y) = K () f3)dy
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where K is the inverse Fourier transform of Q(€). Then, by applying the argument
used in establishing (3.25), we have

[Uapf(x)] < C( sup |f(z)|(1+ HZH)CZ+1+5>
zeR
X{:/( e O 0 R
lyll<li=ll/2
+(1+ HxH)‘l/ Ix — y|"=9(1 + [yl)—<dy
Iyl =1x=l/2
+”X”H/ (1+ lyl) ="~ ~<ay}
lIyli=lxIl/2

(3.28) < O sup £+ 2™ x4+ x])
zER4

and

Uapf(x) = Uapf(x)]

U )
IylI<li=l/4  Jlyl=4]x] lIll/4<]ly [I<4[1<[

K(x—y) = K(x) - KX~ y) + Kx)||f(y)ldy
(3:29) < O sup 1711+ ) e = I (1 )™

IN

which yields the desired estimates (3.14) and (3.15) for k&1 +1 —~ > 0 and k& =
0. O

3.4. Unique dilation-invariant extension of the linear operator iy with
additional integrability in the spatial domain. We now show that Ugq , is the
only dilation-invariant extension of the linear operator i from the subspace Sy, to
the whole space S such that its image is contained in LP.

Theorem 3.7. Let 1 < p < o0, v > 0 have the property that both v and v — d(1 —
1/p) are not nonnegative integers, Q € C>(R¥N\{0}) be a nonzero homogeneous
function of degree —v, and the linear map I from S to S’ be a homogeneous ex-
tension of the linear operator iq on Su. Then If belongs to LP for any Schwartz
function f if and only if I = Uq,.

Proof. The sufficiency follows from (3.1) and Theorems 1.1 and 2.1 for v < d(1 —
1/p), and from (3.1), Theorem 3.1 and Corollary 3.6 for v > d(1 — 1/p). Now the
necessity. By the assumption on the linear operator I from S to &', similar to the

argument used in Lemma 2.12, we can find an integer NV and tempered distributions
Hi, |i] < N, such that

d'f(o
(3.30) If =Ugpf+ Y. J:,( )Hi for all f € S.
[il<N
Replacing f in (3.30) by ; in (2.29) and using (2.30) gives that Hj/j! = Iy; —
Uq p;. Hence

(3.31) Hj e LP




28 QIYU SUN AND MICHAEL UNSER

by Corollary 3.6 and the assumption on the linear map I. By (3.30), Theorem 3.1
and the assumption on the linear operator I, (I — Uqp)(8:f) =t776:((I — Uq,p)f)
for all f € S. Hence Hj is homogeneous of order v — d — |j| by Lemma 2.13. This
together with (3.31) implies that Hj = 0 for all j € Z% with |j| < N. The desired
conclusion I = Uq y then follows. O

3.5. Unique dilation-invariant extension of the linear operator i with
additional integrability in the Fourier domain. In this subsection, we char-
acterize all those dilation-invariant extensions I of the linear operator i on the
subspace S, to the whole space S such that ff is g-integrable for any Schwartz
function f.

Theorem 3.8. Let 1 < q < 00,7 € [d/q,0)\Z and Q € C>*(R4\{0}) be a nonzero
homogeneous function of degree —v, and the linear map I from S to S’ be a dilation-

invariant extension of the linear operator iq on So. Then the following statements
hold.

(i) If 1 < g < o0, then the Fourier transform of I1f belongs to L9 for any
Schwartz function f if and only if v —d/q € Zy and I = Uq q/(q—1)-
(ii) If g = o0 and v & Z., then the Fourier transform of If belongs to L for
any Schwartz function f if and only if I = Uq 1.
(iii) If ¢ = co and v € Z4, then the Fourier transform of If belongs to L for
any Schwartz function f if and only if

3 (0)

(3.32) If(©) = Uaaf© + Y —5—a()
[i[=—v
for some bounded homogeneous functions gi, |i| = —v, of degree 0.

Proof. (i) The sufficiency follows from Theorem 3.1 and Corollary 3.2. Now we
prove the necessity. As every g¢-integrable function belong to K3, similar to the
argument used in the proof of Lemma 2.12, we can find functions ¢; € K, i| < N,
such that

= 9'f(0)
(3.33) If(¢) = FlUaga-nHE+ Y —5—a().

lil<n

Let 15,5 € Zi be defined as in (2.29). Replacing f by 5 with |j| < N and using
(2.30) gives

e = (Ge- Y %009 440
[ij<—y—d/q
(330 _ {§(¢(§)1)Q(§)+9j(£) i § < v - d/a,
£0()E) + g5(6) if Jjl >y - d/a.

Note that $(4(€) — 1)) € L when [j| < v — d/q, and §¢(€)Q2(¢) € LP when

li| > v —d/q. This, together with (3.34) and the assumption that fw\J € L1, proves
that

(3.35) g € LY foralljezZ? with~y—d/q#l|j| <N.
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By the homogeneous property of the linear map I, the functions g;, |i| < N, are
homogeneous of degree —v + |, i.e.,

(3.36) gi(t&) =t g (&), for all t > 0.

Combining (3.35) and (3.36) provesihat gi = 0 forall je Zi with v — d/q #
ljl £ N, and the desired conclusion If(&) = F(Uq,q/(q—1)f)(&) for all f € S when
v —d/q ¢ L.

Now it suffices to prove that v — d/q ¢ Z,. Suppose on the contrary that
v—d/q€Zs. Then 1 < g < oo asy ¢ Z. By (3.34) and the assumption on the
linear map I, we have

|l - ey - T5(©)ledg < oo

EEsuppe §&supp¢

for all j € Z4 with |j| = v — d/q. This, together with (3.36) and the fact that the
support supp¢ of the function ¢ is a bounded set, implies that g;(£) —&Q(€)/j! =0
for all j € Z% with [j| = v — d/g. By substituting the above equality for g; into
(3.34) we obtain

(3.37) TY;(€) = p(6)EQ(€) /3!

for all j € Z4 with |j| = y—d/q. This leads to a contradiction, as TJJ({) € L7 by the
assumption on the linear map I, and ¢(£)&Q(€)/j! € L9 by direction computation.

(#) and (#4) The necessity is true by (3.32) and Theorem 3.1, while the suffi-
ciency follows from (3.33) — (3.36). O

3.6. Proof of Theorem 1.2. The conclusions in Theorem 1.2 follow easily from
(2.47), (3.2), Theorem 3.7 and Corollary 3.4.

4. SPARSE STOCHASTIC PROCESSES

In this section, we will prove Theorem 1.3 and fully characterize the generalized
random process P,w, which is a solution of the stochastic partial differential equa-
tion (1.3). In particular, we provide its characteristic functional and its pointwise
evaluation.

4.1. Proof of Theorem 1.3. To prove Theorem 1.3, we recall the Levy continu-
ity theorem, and a fundamental theorem about the characteristic functional of a
generalized random process.

Lemma 4.1. ([5]) Let &,k > 1, be a sequence of random variables whose charac-
teristic functions are denoted by p(t). If imy_ oo i (t) = poo(t) for some contin-
uous function o (t) on the real line, then & converges to a random variable oo in
distribution whose characteristic function E(e™%¢) is j.o(t).

In the study of generalized random processes, the characteristic functional plays
a similar role to the characteristic function of a random variable [6]. The idea is
to formally specify a generalized random process ® by its characteristic functional
Zg given by

(4.1) Zo(f) == E(e ) = /}R e"®dP(z), feD,
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where P(z) denotes the probability that ®(f) < x. For instance, we can show ([14])
that the characteristic functional Z,, of the white Poisson noise (1.13) is given by

(4.2) Z,(f) = exp ()\ /]R d /R (iS00 _ 1)dp(a)dx), feD.

The characteristic functional Z¢ of a generalized random process ® is a functional
from D to C that is continuous and positive-definite, and satisfies Z¢(0) = 1. Here
the continuity of a functional L from D to C means that limy_,oo L(fx) = L(f) if
frx € D tends to f € D in the topology of the space D, while a functional L from
D to C is said to be positive-definite if

n

(4.3) > L5 = fr)eiee =0
jk=1
for any f1,..., fn € D and any complex numbers ¢y, ..., c,. The remarkable aspect

of the theory of generalized random processes is that specification of Z¢ is sufficient
to define a process in a consistent and unambiguous way. This is stated in the
fundamental Minlos-Bochner theorem.

Theorem 4.2. ([6]) Let L be a positive-definite continuous functional on D such
that L(0) = 1. Then there exists a generalized random process ® whose char-
acteristic functional is L. Moreover for any fi,...,fn € D, we may take the
positive measure P(x1,...,2,) as the distribution function of the random variable
®(f1),...,2(fn), where the Fourier transform of the positive measure P(z1, ..., zy)

18 L<y1f1 +--- 4+ ynfn)7 i.@.,

L(ylfl +...+ ynfn) = / exp(fi(xlyl +...+ xnyn))dp(xla e ;xn)'

n

We are now ready to prove Theorem 1.3.

Proof of Theorem 1.8. Let N > 1 and ¢ be a C* function supported in B(0,2)
and taking the value one in B(0,1). For any f € D, define a sequence of random
variables ®., v (f) associated with f by

(4.4) (I)'V,N(f) = Z ak‘ﬂ(xk/N)I'y,lf(Xk)a
k

where the a;’s are i.i.d. random variables with probability distribution P(a), and
where the x;’s are random point locations in R™ which are mutually independent
and follow a spatial Poisson distribution with Poisson parameter A > 0. We will
show that ®, n, N > 1, define a sequence of generalized random processes, whose
limit Pyw(f) ==Y, arly,1(f)(xx) is a solution of the stochastic partial differential
equation (1.3).

As ¢ is a continuous function supported on B(0,2),

(4.5) o) = Y. arp(xk/N)L 1 f(xk).

x,€B(0,2N)

Recall that I, 1 f is continuous on R\{0} by Corollary 3.6. Then the summation
of the right-hand side of (4.5) is well-defined whenever there are finitely many xy, in
B(0,2N) with none of them belonging to B(0,¢€),e > 0. Note that the probability
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that at least one of xi lies in the small neighbor B(0, ¢€) is equal to

oo

Z ~AIB(o, e>|M | _ o ABO.)]

—0 ase—0.

We then conclude that @, n(f) is well-defined and ®, n(f) < oo with probability
one.
Denote the characteristic function of the random variable &, n(f) by E, n ¢(¢):

E, N (1) = BE(e ")) = B P (),

Applying the same technique as in [12, Appendix B], we can show that

(4.6) E, nf(t) =exp (/ / (efiaw(x/N)Imf(x) — 1)dP(a)dx).
R JR

Moreover, the functional E, y ¢(t) is continuous about ¢ by the dominated conver-
gence theorem, because

‘efiattp(x/N)Imlf(x) _ 1‘ < |a\|t||I%1f(x)|

/Rd/R\a|u%1f(x)|dP(a)dx= (/R|a|dP(a)) x (/R |I%1f(x)|dx) < o0

by Corollary 3.6 and the assumption on the distribution P.
Clearly the random variable ®, n(f) is linear about f € D; i.e.,

and

4.7) Oy n(af 4+ Bg) = a®y n(f) +BPyn(g) forall f,g €D anda,seR.

For any sequence of functions fi in D that converges to f in the topology of D, it
follows from Theorem 3.5 and Corollary 3.6 that limy_.o ||15,1fx — Iy1 |1 = 0.
Therefore

‘/ / (e—iattp(X/N)I'y,lfk(x) _ 1)dP(a)dX
Rd
/Rd/ —1at<p(x/N)I»y 1foo(x) _ )dP( )dX‘
<y /R\amp(a) /R POS/N 1 fi60) = Ly o () )
(48) — 0 ask— o0,

which implies that the characteristic function of &, n(fi) converges to the con-
tinuous characteristic function of ®. n(fs). Hence the random variable ®. n(fx)
converges to ., v (foo) by Lemma 4.1, which in turn implies that ®., y is continuous
on D.

Set

(49) L'y,N(f) = E%N,f(]-)'
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For any sequence ¢;,1 <1 < n, of complex numbers and f;,1 <[ < n, of functions
in D,
n

> Lyn(fi— fo)eer E( > éﬁé“Ntﬁfﬂdqiﬁ>

1<l,l'<n Ll'=1

n ) 2
B S ) 20
=1

which implies that L, y is positive-definite. By Theorem 4.2, we conclude that
®, n defines a generalized random process with characteristic functional L, n.

Now we consider the limit of the above family of generalized random processes
®, n,N > 1. By Corollary 3.6, I, 1 f is integrable for all f € D. Then

(4.10)

@) tim B =exp ([ [ @0 - 1dp(ayix) = B,
—oo R JR

Clearly E, ;(0) =1 and E, f(t) is continuous as I, 1(f) is integrable. Therefore by
Lemma 4.1, @, n(f) converges to a random variable, which is denoted by P, (f) :=
>k akly 1 f(x1), in distribution.

As I, 1 f is a continuous map from D to L', then limy,_, o0 1y 1fe—Iy1folli =0
whenever f; converges to f in D. Hence

‘Ad /]R (e—iatfw,lfk(x) — 1)dP(a)dX
_/ / (e—iatﬁ,,lfoo(x) — 1)dP(a)dX‘
R JR

< 10( [ 1aldP@) ([ 11560 = L fu)lx)
(4.12) — 0 ask — oo,

which implies that the characteristic function of P, (fi) converges to the charac-
teristic function of P, (fs) (which is also continuous), and hence P (fj) converges
to Py(fs) in distribution by Lemma 4.1. From the above argument, we see that
P, (f) is continuous about f € D.

Define L. (f) = E, s(1). From (4.10) and (4.11), we see that

(4.13) S L(fi- fo)em = lim > Lyn(fi— f)edm 20

oo
1<1,l'<n 1<l,l'<n

for any sequence ¢;,1 <[ < n, of complex numbers and f;,1 <[ < n, of functions
in D. Therefore by Theorem 4.2, P,w defines a generalized random process with
its characteristic functional given by

(4.14) Zp w(f) = exp ( /R d /R (e~ialuaf(x) _ l)dP(a)dx).

4.2. Pointwise evaluation. In this section, we consider the pointwise character-
ization of the generalized random process P,w.
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Theorem 4.3. Let v, A\, P(a), Pyw be as in Theorem 1.3, and I,1 be defined as in
(1.12). Then

(4.15) Pyw(yo) := ngnoo Pyw(gn.y,)
is a random variable for every yo € R% whose characteristic function is given by
(4.16) E(e w0y = exp ()\/ / (e7tatHyo () 1)dXdP(a)),t €R,

R JR

where g € D satisfies [ g(x)dx =1, gny,(x) = Ng(N(x — yo)), and

(.17 () = (et = Y Y0y g

[i|<v

An interpretation is that the random variable Pyw(yo) in (4.15) and its charac-
teristic function E(e~ (o)) in (4.16) correspond formally to setting f = §(-—yo)
(the delta distribution) in (1.18) and (1.19), respectively.

To prove Theorem 4.3, we need a technical lemma.

Lemma 4.4. Lety be a positive non-integer number, g € D satisfy f]Rd g(x)dx =1,
and Hy, be defined in (4.17). Then

(4.18) ngnoo 1 1519N,y0 — Hyoll1 =0
for all'yo € R, where gn .y, (x) = Ng(N(x — yo)).

Proof. Let Kj be the inverse Fourier transform of (i€)3[|¢]| =7 and ki be the integral
part of the positive non-integer number . Then from the argument in the proof of
Theorem 3.5,

(4.19)
Hy(x) =4 ik 3 H o U5 (x = ty) = K(0) (=y (1=t if by > 1
O(X_ ) KO( ) if k&1 =0.
Therefore for yg # 0,
115,19N o — Hy, |1
< / / / (x — ty) — Kj(x))y?
m k1 Re
—(K;(x — tyo) — K;(x))ydllgn.y, (v)|dydtdx
D S B B T B A R
lil=Fk1
+C Z/ / d|K (x — tyo) — Ki(x)|ly? — y3llgn.yo (y)|dydtdx
lil=k1 R
< C/O /Rd(tIIy—YOH)”_’“(Hyoll’“+Hy—yoll’“)lgzv,yo(y)ldydt

1
+C/O /Rd(tHyOII)”’kl(Ilyoll'“’llly—yoll+Hy—y0||k1)|gN7y0(y)|dydt

— 0 as N — o
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if kl > 1, and

115,198y, — Hy, ll1

< [ [ 1Kol = 3) ~ Kolx ~ yollos.s, (v)dyix
R4 JRd
< [(f [Fo(x —y) ~ Kolx — yo)ldx
R M Jx—yl[>2lly—yoll
+f (Koo — ¥)| + [Ko(3x — yo)ldx) g5y, (¥)|dy
Ix—ylI<2lly—yoll
< N [ Iy = vall loN G = yo)lay

= N7 [ el lo@ldz =0 as N =0,

if k&4 = 0. This shows that (4.18) for yo # 0.
The limit in (4.18) for yo = 0 can be proved by using a similar argument, the

detail of which are omitted here. O

Proof of Theorem 4.3. By Lemma 4.4 and the dominated convergence theorem,

(4.20) lim / / (e7iath 19830 () _1)dP(a)dx = / / (e~itHyo X) _1)dP(a)dx
N—oo Jrd Jr R JR

for all t € R. Moreover as Hy, is integrable from Corollary 3.6 and Lemma 4.4, the
function [, [ (e~ 1y () —1)dP(a)dx is continuous about ¢. Therefore (4.15)
and (4.16) follows from Lemma 4.1. O
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