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ON THE RELATION BETWEEN FOURIER AND LEONT’EV COEFFICIENTS
WITH RESPECT TO SMIRNOYV SPACES

B. Forster UDC 517.5

Yu. Mel'nik showed that the Leont’ev coefficients KfO\.) in the Dirichlet series f ~

o
zkeA K,(A) —— of afunction feE’(D), 1<p<eo, are the Fourier coefficients of

L'(n)

some function Fe L” ([0, 2w]) and that the first modulus of continuity of F can be estimated
by the first moduli and majorants in f. In the present paper, we extend his results to moduli of
arbitrary order.

1. Introduction

Let D be aclosed convex polygon with vertices a;,...,ay, N>2, let D be its open part, and let 0D =

D\D be the boundary of D. We assume that the origin belongs to D. As is customary, we denote by E?(D),
1 < p < oo, the Banach space of all functions f(z) analytic in D and satisfying the condition

171, == sup [lr@|dz| < .
neNYn

Here, (Y,),cn is asequence of closed rectifiable Jordan contours y, D that converges to dD. The space

EP(D) is called a Smirnov space.
Consider the quasipolynomial

N
L(Z) = deeakz’

k=1

where dye C\{0} and ax are the verticesof D, k=1,...,N. Let A = (A,,),,en be its sequence of zeros.

We can expand functions fe EP(D) with respect to the family &(A):= (e}""z)meN into a series of complex
exponentials, namely, the so-called Dirichlet series

e m
f(2) ~ MZeNKfO» )L(k 3 (1)

where
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N ak
kpO) = X e [ fape™an. 2)
k=1

aj

The indexing of A is chosen such that (|A,,[),,cry is nondecreasing. The coefficients « (1,,) are called Le-
ont’ev coefficients. Many results on these series are due to Leont’ev [1]. Lewin and Ljubarskii showed in [2]
that, for p =2, the family §(A) forms a Riesz basis of EZ(D), and, hence, series (1) converges uncondi-
tionally in norm. In [3], Sedletskii proved that, for arbitrary 1 < p < oo, the Dirichlet series (1) converges in

norm since §(A) forms a Schauder basis in E’ (D).

To estimate the rate of convergence of these series, Mel’ nik studied the relation between Leont’ev coeffi-
cients and Fourier coefficients, since, for the latter, many results on approximation and rate of convergence of
the Fourier series are well known (see, e.g., [4]). He showed that, under certain conditions, the Leont’ev coeffi-

cients of fe E’(D) are the Fourier coefficients of some function F e L”([0,27]). He estimated the regularity
of F with first moduli of continuity. In Sec. 2, we state his results. Extending Mel’nik’s Theorem 1 to moduli
of smoothness of arbitrary order, we obtain Theorem 2 in Sec. 3. The last section contains the respective proof.

2. Mel’nik’s Results

In [5] and [6], Mel’nik considered the relation of the Leont’ev coefficients of fe E’ (D) to the Fourier

coefficients of some suited function F e L”([0, 2r]) for the first moduli of continuity. His first step was the
reduction of the integral in (2) to a Fourier transform:

Lemma 1 [5].

I Let ®eI'([0,2n]), 1<p<oo, and R(v)>0. Denote

d@) = i d, (@)™,

m=n(j)

where
21
d, (@) = [ @)™, m > n().
0

Then ® e ([0, 2x)), and ||(i>|| < const- |®| for some positive constant depending only
on p.
1. Let fe E (D), 1 <p<eo. For fixed 1<j <N, the Leont’ev coefficients (Kf(%,j;)))mzn(j)

are the Fourier coefficients of some function F; € L7(10,2x]), and ” " < const- ||f||Ep

This result was extended in [6] using the first moduli of continuity. Consider the parametrization z: dD —
[0, T] of dD:



630 B. FORSTER

Cl]-_H_a]' .
Z(u) = a; + — : (u—Tj_l) for T,y <u<T;, j=1,...,N,
aj+1‘“j‘
where
J
Ty :=0, Tj= 2|ak+1_ak
k=1
and
N
T:=Ty:= Y|ag —al.
k=1

For fe EP(D) and 0<h<2m, let

N h
VMRS [J

J=1 [\ o

a..—a; P v 2 ajy —4a;j
fla;+ 22—l 0| +| [ |fla,+—2—e
J 27 = J 271

The function &,(f, h) » is continuous, nonincreasing, and vanishing as 7 — 0+.

Theorem 1 [6]. Let fe E'(D), 1 <p <oo, and let 1 <j< N be fixed. Then the Leont’ev coefficients

Kf(K(,{;)), m 2 n(j), of f are the Fourier coefficients of some function F; € L'([0,21]). Furthermore,
o,(F;,h), < const- (@(f oz h, + 8,(f, h)p).

The proof can be deduced as a special case of Sec. 4.2. Mel’nik used his results in [6] to prove direct ap-
proximation theorems for the first moduli. As we will see in Sec. 3, Theorem 1 can also be proved for moduli of
arbitrary order.

3. Extension to Moduli of Arbitrary Order
To extend Theorem 1, we have to define moduli of smoothness of order k£ for functions fe E b (D). This

can be done by using the best approximation by algebraic polynomials.
Let fe E’(9D) andlet 1< 9D be an arc. For ke Ny, the equation

E(f1) = ipf Lf =Bl

defines the algebraic best approximation on the arc /. Here, the infimum is taken over all algebraic polynomials
Py of degree at most k. The modulus of order k is defined as follows:
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Definition 1. Let fe E'(D), 1 < p < oo. For h > 0, consider all partitions

where h/2 < |I j| < h. The kth metrical modulus of smoothness of the function f is defined as follows:

0 (fs ), 1= o 5(fih), = sup(Zigfllf—&lle(,.)) = SHP(ZEk(f,I_-)J-
j=1 ! j=1

Here, the supremum is taken over all such partitions.
One can show that these moduli are equivalent to usual moduli of smoothness defined on finite intervals
[7]. We can formulate Theorem 1 for the kth moduli.

Theorem 2. Let fe EP(D), 1<p <o, and let 1 <Jj <N be fixed. Then the Leont’ev coefficients
Kf(7\,(nj;)), m > n(j), are the Fourier coefficients of some function F;e (10, 27]):

21
(D) = - [ F©)¢™do = ¢, (F).
0

The kth modulus of F; can be estimated as follows:

o (Fj, h), < const- (g (f,h), + 8 (f, h),), 3)

where

w350

j=I1 n=1 0

l/p 21

aq—a; P
f(aj—Le) de) +( |
2n 2m—nh

The function & (f, h), is continuous and nonincreasing for 0 <h < 2mn/h and satisfies the relation
hmh_>0+8k(f, h)p =0.

This result enables us to transform the Leont’ev coefficients (2) in the Dirichlet series (1) into the Fourier
coefficients of certain functions F. Since Theorem 2 provides information on the regularity of F, classical
Bernstein theorems can be applied to the corresponding Fourier series. This can be used to prove new results on
the rate of approximation of the Dirichlet series (1).

The term &, (f, h) p cannot be omitted from the theorem, as the following example shows: Let p =2 and

f(z)=1. Suppose that L(0)=1. Then wy(f,h), =0, whereas &,(f,h), = O(ﬁ) for h—> 0 andall ke N.
For the Leont’ev coefficients, we have
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k() = L. O(—) as m — oo,
We know from Lemma 1 that

Fo= Y x,0)e™ e L7([0,2n)).

m2n(j)

The Bernstein theorem [4] yields ®(Fj, h), = O (\/h) since the approximation with the partial series

Su(F) = Y k()™

m2n(j)

gives

1

|55 = s.F, = o)

a\1/2
1
=0|— as n — oo,
J (F)

) 1 .
2 Welm

m>n>n(j)*m

[z

m>n>n(j)

Thus, the term 8, (f, h), is necessary in (3) (see also [6]).

4. Proof of Theorem 2

4.1. Preliminaries. Let us first take a closer look at the quasipolynomial

N
L(z) = deeakz’
k=1

where dye C\{0} and a;, k=1,..., N, are the vertices of D. Let A= (A,,),cy be the sequ
zeros. The entire function L has the following properties [1] (Chap. 1, Sec. 2):

B. FORSTER

ence of its

1. For sufficient large C, the zeros AY) of L such that |X(,{)| > C are of the form A = 71(,{) +8W),

where
P [ N g;¢™,
dj+1 ~4j
and |8£,j)| < e ™. Here, 0O<a=const, j=1,...,N, n>ngy, and ay,;:=a;. The parameters bj and gq; are
defined by the formula
eqj(“.m—a.f)eiﬁj o4
d b
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where dy,,:=d;. Hence, the zeros k(,{ ) are simple. The set of zeros A can be represented in the form

N .
A=Yt g U (U {k(r{)}n=n(j),n(j)+1,...]'
J=1

II. There are positive constants A; and ¢, such that, forall n>n(j) and e la;, ai], we have

e_x(r{)(i_ak)_e_i(nj)(&_ak) < A",

Here, [a;, a;] denotes the line between the vertices a; and a; in the complex plane.

For simplicity, we assume that all zeros of L are simple. We use properties I and II to treat the zeros of L
and to estimate the complex exponentials in the Dirichlet series (1). In addition, we need the following result on
multipliers:

Theorem 3 (J. Marcinkiewicz, [8], Theorem 4.14). Let (a,),cn, < C be some series such that
ontl_y
la,| <M and Z|aj—aj+1| <M
j=2"

forall ne Ny and some suited positive constant M. Let

oo

f= Y™ e L°([0,2m]), 1 <p<oo.
n=0

Then there exists a function h € rr (10, 2m]) with

N9

h= 2 cae™ and ] < Cp)M]f].

where the constant C(p) >0 depends only on p.

We now have all means for the proof of Theorem 2.

4.2. Proof. The existence of a function F i€ I’ ([0, 2w]) with the indicated properties is shown in asser-
tion IT of Lemma 1. Thus, we just have to examine the regularity of F;. Using conditions I and II of Sec. 4.1,
we can write
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N dk . N Ak >y
j -M(z-a - (z-a —cn
D) = Y [ e Waz = Y 4 [ e Waz + 0@ )
k=1 k=1
J

aj

5]

21 iBj 44174
a; . —a; a:—a; ;1 ) qge’l >0 .
= d, L jf(ajH R R P i g

L aj—ag

N 2n
a,—a; a; —a qie R _
+ Y 4 Ll flag+-L="0le” 2= e “17% 4g + 0™ ™).
k=1 T T
JJ+

2

k#j, j+1

The first term is obviously the nth Fourier coefficient of some function with modulus of order ®, 5(f,h),.

4
Using assertion I of Lemma 1 for the second term, we just have to analyse the regularity of @ with respect to

the regularity of some function ® € L7([0,27]) since

a; —a
Rli—L—% | > 0.
dj+17 4
Then the required assertion follows from the inequality ®,(f |[a @l h), < o (f.h),.
PAN

Let n>0, R(v)>0, e R, and D € Lp([O, 21]). We will show that the series of coefficients

(d,(D)),,> n(j) is the series of Fourier coefficients of some function Cf el’ ([0,2m]) with

@ (D, ), < const- (0 (@, h), + S (D, ),),

where

k(1) | I/p 2n '
8 (®,h), := Z(n) U |(I)(u)|1’du] +[ j |(I)(u)|PduJ .

n=1 0 2n—nh

Let ¢ € L”([0,2n]). Then

27 .
A= [ @ @we™™ du = (Mo )0 [ oe™" du
° 0

k k 2n 2n
Z (_l)k—n J{J (p(u—n|(x|)e_m””du _ J' (p(u)e—mv(u+n(x)du}
n=0 n 0

0

k k| 2n 2m-+n| o |
PN n] [ o-nlae™™" au ~ [ @lu-n|ol)e ™" du
n=0

0 n|o]
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2n+n|o

k njo|
D (—l)k_"( } J o —nlal)e”™"du - '[ o(u—nlol)e™™"du
n=0 n 0 on

k (X
(1_6—2nmv)z (_1)k—n{nj J' u—n|oc| —mou g
0

With the notation of assertion I of Lemma 1, we have

Ao = Y, @A) = Y d (@) (A ™) (0)e™

m=n(j) m=n(j)
o 2T . .
_ 2 J' (p(g)e—muﬁd& (AI& elm~)(0)etmt
m=n(j) 0

oo

_ (j( A @) e ™ du + A)

(Ak zm)(o) eimt

m=n(j) (- Af o \e_mv')(o)
(A e™)(O0) i
- d (-
mzn(j) ( _‘ ‘q))( Ak(x\e_mv.)(o)e

njo| k im-
+ z z( 1)k n( J j (M—n|(X|)€_mUudu (l_e—Znum) (A )(O) eimt

m=n(j) n=0 0 ( A‘ ‘e - )(0)
oo k "\06\ )
= 2 d, (- Al o ‘(p)um Z 2 (—1)k_" J. o(u—nlal)e™™"dufi,,e™, (D)
m=n(j) m=n(j)n:0 njJoy
where

(8. €™)(0)
(_Aka‘e—mv')(o)

W, = and [, = (l—e_znm“)um.

We will show that W, and [, are multipliers in L’ ([0,2n]). Thus, the Fourier series weighted with
(W mzn(jy and (fL,),5,(j) both converge in L°([0, 27]). First, consider p,,. We have

m+1 k ix-
oy - [ 4 _(Aye)O)
Mol = M = ’_1[ [dx (—Akae_xv')(O)de (5)

and, furthermore,
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i (A]&eix')(()) _ _i (l_eixa)k
dx (- Al e )0) — dx (1-emPlehE

Let €>0 be fixed and let || <min {N(v), 1}. We split the weighted Fourier series in two parts.
First, let m|a| <e. For m<x<m+ 1, we have
d 1_ ei)CO(.
E 1— e—xv\ o

We investigate how this term behaves as || — 0 because, for |o| >y with some y> 0, the term is bounded

(1 _ eix(x )k—l

d (8 e™)0)
(l_e—xu‘oc‘)k—l

dx (= A, je”™)(0)

i (l_eixoc)k
dx (l_e—xv‘a‘)k

. (6)

in the domain m |o| < € for continuity reasons. For k=1, itis easily seen that

i l_eix()(,
dx l_e—xU‘OC‘

1—ivsign(a)

—i(1—eMoNye e _ ygion (o) (1 )0
(l_e—xv\a\)z

= |al

The second term converges to if || > 0. Since m<x<m+1 and m |a| <&, we can esti-

mate the whole term by some constant independent of o and x. Hence, |W,, | <const for m|o| <€ and some
constant independent of o.. By induction and Eq. (6), we get

d (&™)

— < const-|o/,
dx ( Ajg e )(0)

where the constant does not depend on x and o. Furthermore, |u,, | < const for some constant independent of
o.. Using Eq. (5), we deduce

m+l
[Mps1 — W, | < const J |ot|dx = const-|al,

m

and, thus,

2 |Mm+l - Hm' < const.

m<e/|o]

For ®e L ([0,27m]) and qv) as in Lemma 1, by using Theorem 3, we conclude that

D cm((i))eim' < const - |||, (7

m<el|al

< const

Y 6 (@)y,e™

m<ef|al

since (c,,(®)),,cz is the sequence of Fourier coefficients of ®.
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Second, let m|o|> €. We define

and deduce

| “';n+1 -

, 1

Wy += (l_e—mv\oc\)k

(l_e—mv\(x\)k _ (l_e—(m+1)v\(x\)k

(- e—mu\oc \)k (- e—(m+1)u\oc\)k

w,| <

k
k k—n —mno|o. —nv| o
2 . =D ( )e | ‘(l—e | \)

(1 _ e—mu‘(x‘)k (1 _ e—(m+1)v‘0c‘)k

zk (- 1)k—n (i}(l _ e—nv\ o \)

n=l1

e—m‘)i(v)\ ol

IA

(- e—mv\oc\)k (- e—(m+1)u\(x\)k

k —mvlo]
k  \k-n I-e
o

n
(l _ e—mv‘oc ‘)k (l _ e—(m+1)v‘oc ‘)k

IA
|
3
2
N
E)

C(k,v)
(1- e—mv\a\)k (- e—(m+1)v\0t \)k

e—m%(v)\ ol | OL|

IN

for positive constants C(k,v) and C(k, v, €). Thus, since |Oc| <min{N(v), 1}, we have

>

m2ef|o]

[Wher = Wy < ;)‘u[a/oc]ﬂﬂ - Mfa/\a\]ﬂ‘

< Clk, v, s)|oc|ie—<[e/\a\]+l)m<u)\a\
1=0
1 e/ ] ol
< —_—
= o U’S)mll_e—a«u)\a\e
< 1 <
B = C(k, v, &)R(v).

Clk, v ®)| et 5

< Clk,ve)|o]e RO

637
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W, | < C, for some positive constant C, depending only on €. Hence, for @ e LP([0,2m]) with

Obviously,

® asin Lemma 1, by using Theorem 3 we get

D cm(&))u;neim' < const-| cm(&))eim' < const~||<i>||. (8)
m>e|a| ™! m>e|a|™!
Denote
Det) 1= Y, (D)™,
m=e|a| ™!

ie., cm((fg) = cm(&))ufn Hence,

Y a@p,e | = | Y (@, - e e
m>g| o[ m>e| o[
= | Y (@)= = | Y (A De)e™
m>g| o[ m>e| o[

IA

| A @, | < k+D] D, | < const- @, )

where we have used (8). Using (7) and (9), we can deduce

oo

S (@)™

m=n(j)

= z cm(qv))umeim' + Z cm((i))umeim' < const~||<i)||.

! m>e| o[

n(j)<m<e|o

Hence, W, is a multiplier in L”([0,2m)).
The same can be shown for [1,,. We have

e T B (D T (B T
< [ = [+ 72T0) [, 20— g2nm e |
< i = B [+ 720) 4, [T -2
< const (|l — I, | + €7"),

for some positive constant a > 0. Thus, [L,, is a multiplier in L’ ([0, 2m]), too. We have
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oo

Y (@™

m=n(j)

Vv
< const- |®|.

For |a|<h, using relations (4) and Lemma 1 we get

s o _ k)l .
| it e |+ | 5 S T olu-nlode e
=n(}j) m=n(j) n=0 0
o0 . ok nlo| .
< const - de(—Ak_‘a‘CD)e’m' + const-| Y Z(—l)k_"( ) I ®(u—nlal)e™" due™
m=n(j) m=n(j) n=0 nj o
21 .
< const-HAk_‘a‘CDH + const - 2 Z( e ( )I(X[O’na](u)<b(u—n|a|))e_muuduelm
m=n(j) n=0 0
= COl’lSt'[HAk_a(DH-F zz) 26( 1) ( J m(X[o,n\u\])(D('_”|0‘|)eim' ]
m=n(j) n
k : ke[ K
< const-[HA_a(I)H+ 3 -1 "(n]x[o,m]qn(-—anJ
n=l
k (k[ el ip
< const - @ (D, k), + Z( ) f |®(u—n|a|) du
n=1 \1 0
< const - (0 (@, 1), + 5, (D, h),),

where ¥, denotes the characteristic function of the interval [a, D]. Passing to the supremum, we get

o)k(ci), h), = s‘up ||Ak d)” < const - (@ (@, 1), + 8, (D, h),),
0

and the assertion is proved.
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