IEEE Transactions on Image Processing, vol. 7, no. 1, January 1998A Pyramid Approach toSub-Pixel Registration Based on IntensityPhilippe Th�venaz1, Urs E. Ruttimann2, Michael Unser31,3Swiss Federal Institute of Technology, LausanneDMT/IOA/BIGCH—1015 Lausanne2National Institute on Alcohol Abuse and AlcoholismNational Institutes of HealthBethesda MD 20892—5766, USAMailing addressPhilippe Th�venazSwiss Federal Institute of Technology, LausanneDMT/IOA/BIGP.O. Box 127CH—1015 LausanneSwitzerlandPhone:+41(21)693.51.89Fax:+41(21)693.37.01E-mail:philippe.thevenaz@epfl.chManuscript30 pages, including 8 figures and 4 tablesEDICS CategoriesIP 1.11, IP 1.6, IP 2.4

IEEE Transactions on Image Processing, vol. 7, no. 1, pp. 27—41, January 19981ABSTRACTWe present an automatic sub-pixel registration algorithm that minimizes the mean square intensity differencebetween a reference and a test data set, which can be either images (2-D) or volumes (3-D). It uses an explicitspline representation of the images in conjunction with spline processing, and is based on a coarse-to-fine iterativestrategy (pyramid approach). The minimization is performed according to a new variation (ML*) of theMarquardt-Levenberg algorithm for non-linear least-square optimization. The geometric deformation model is aglobal 3-D affine transformation that can be optionally restricted to rigid-body motion (rotation and translation),combined with isometric scaling. It also includes an optional adjustment of image contrast differences. We obtainexcellent results for the registration of intra-modality Positron Emission Tomography (PET) and functionalMagnetic Resonance Imaging (fMRI) data. We conclude that the multi-resolution refinement strategy is morerobust than a comparable single-stage method, being less likely to be trapped into a false local optimum. Inaddition, our improved version of the Marquardt-Levenberg algorithm is faster.1 INTRODUCTIONThe need for image registration arises in many fields of research, most often in applications involving thecomparison of a series of images. Of interest may be the detection of change, and the consolidation of data (orimage fusion), where different images of the same object need to be brought into correspondence. Remote sensingand biomedical imaging are typical application areas. Due to the recurrent problem of registration, many solutionshave been proposed [1, 2, 3].Our specific interest is the detection of significant differences between biomedical images obtained from differentsubjects, or from the same subject at different times. In particular, this requires the tri-dimensional (3-D) intra-modal registration of Positron Emission Tomography (PET) or functional Magnetic Resonance Imaging (fMRI)images of the brain. In both applications, the changes to be detected are very small (less than a tenth of thedynamic range for PET, and even less for fMRI), demanding accurate registration. This requirement rules outmany of the methods involving finite search techniques or quantized parameter spaces; only sub-pixel methodsare adequate. Furthermore, the difficulty of creating a robust, yet precise, algorithm for properly selectinglandmarks in a 3-D grid rules out landmark-based registration, especially in PET images, since these are usuallyvery noisy and cluttered with artifacts (see Figure 1). Therefore, we prefer to explore methods that use theunaltered intensity of all image pixels, thus exploiting effectively all available information. Another aspect is theinterpolation needed in applying the transformation. While the majority of published methods limit themselves to

IEEE Transactions on Image Processing, vol. 7, no. 1, pp. 27—41, January 19982linear interpolation, we prefer a higher interpolation order to minimize image blurring and to achieve consistencyin computing the spatial derivatives required for the registration process. A final need to be met by our registrationmethod is versatility in selecting a deformation model: in some applications, such as intra-subject registration, arigid-body transformation is appropriate, while in others, such as inter-subject registration, a more complicateddeformation model must be selected. Our deformation model considers the combination of a full 3-D affinetransformation and an optional linear contrast change. We derive simpler models by restricting the affinetransformation to specific parameter subsets, implementing combinations of rotation, translation and isometricscaling.The Marquardt-Levenberg non-linear optimization algorithm [4] is well suited for performing registration basedon a least-squares criterion [5, 6]. In this paper, we introduce two extensions of this algorithm. First, we speed upits execution by taking advantage of the particular structure of our deformation model. Specifically, wereformulate the optimization problem in such a way that we can pre-compute most of the terms required forbuilding the Hessian and the gradient of the criterion, instead of having to reevaluate them at every iteration asrequired in the traditional approach. As a second extension, we cast Marquardt-Levenberg into a multi-resolutionframework, using a coarse-to-fine iteration strategy, and propagating estimates for one level of a resolutionpyramid from its prior level. Most iterations are carried out at the coarsest level, where the amount of data is sogreatly reduced that the computational cost of one iteration is negligible. Once convergence has been reached atany particular level, a switch to a finer level is made, where only a few iterations are needed because of near-optimal initial conditions. For many types of optimizers, this strategy for convergence is significantly faster than asingle-stage approach, but in the case of Marquardt-Levenberg (and our extension thereof), the benefits are evengreater because this algorithm is super-linear and converges much faster than most other minimization schemes solong as the initial estimate is close to the correct solution. In addition, a multi-resolution strategy improvesrobustness, in the sense that it decreases the likelihood of being trapped at a false local optimum.A distinctive feature of our approach is that we consider spline interpolation models that are superior to thosetypically used for image registration (e.g., bilinear interpolation). By increasing the order of the spline, we can getarbitrarily close to the sinc interpolation model [7]. In practice, we use cubic splines because they are alreadyremarkably close to this ideal, at a cost that is less than truncating and apodizing a sinc kernel [5]. Our splinemodel is well suited for computing image pyramids and for performing geometric transformations at variousresolutions. It also allows for an easy computation of exact derivatives. By using the same model at each step, weensure that the overall algorithm is internally consistent.

IEEE Transactions on Image Processing, vol. 7, no. 1, pp. 27—41, January 19983The algorithm that we propose is entirely automatic. Since it is pixel based, no landmarks are required. We haveused it successfully without modification �not even tuning� for the registration of a whole variety ofbiomedical images including PET, MRI and fMRI data, and high-resolution electron micrographs of virusparticles.Paper outlineWe begin with a short literature review in Section 2. In Section 3, we describe our registration procedure andinclude a rationale for the choice of our data-space, for the choice of its corresponding objective criterion, and forthe choice of two transformations: a general affine transformation and its restricted rigid-body version. In Section4, we first give a descriptive computational approach to the standard Marquardt-Levenberg algorithm (ML), andthen explain how to achieve further acceleration by tuning it to our specific application, leading to a proposal for anew optimization algorithm (ML*). We also propose a heuristic for deciding when convergence has been reached.In Section 5, we discuss the choice of the cubic spline interpolation model. In Section 6, we discuss the use of amulti-resolution pyramid and its benefits. Finally, in Section 7, we provide several application examples beforewe conclude in Section 8.2 LITERATURE REVIEWThere are numerous ways to categorize the different image registration methods [1, 3, 8]. Here, we adopt theclassification system of [1], which distinguishes three main categories, each of which can be further subdivided.The first category refers to the type of image feature considered, the second addresses the search space, orequivalently the type of transformation that is applied to the image, while the last describes the search strategy.Following this scheme, we give below a short discussion of the most important recent registration methods.2.1 Image featuresThe image features used in a given algorithm have important practical significance because they often determinewhat kind of images it is capable of registering. For example, spatial coordinates (landmarks) are well adapted tointer-modal registration, where the purpose is to register two volumes measuring different properties of an object.However, the selection of landmarks is recognized to be a difficult problem [9, 10], whether done automatically[11] or manually [12]. For many images, this is a serious drawback because registration accuracy can be no betterthan what is achieved by the initial selection of landmarks. For practical reasons, the number and precision oflandmark locations is usually limited. Hence, spatial coordinates and geometric primitives often over-simplify thedata by being too sparse and imprecise.

IEEE Transactions on Image Processing, vol. 7, no. 1, pp. 27—41, January 19984By contrast, registration methods based on initial intensity values can make effective use of all data available [13];if necessary, some binary masking or other weighting process may be introduced to emphasize special features.Robustness is controlled through the use of appropriate similarity measures [14, 15, 16]. With the use oftheoretical models, intensity-based methods can produce continuous deformation fields [17].2.2 Search spaceGeometric transformations can be divided into three categories: global, local, and displacement field. The firstusually involves matrix algebra, in which a single (small) matrix characterizes the transformation of the entireimage or volume; typical operations are translation, rotation, isotropic or anisotropic scaling, bi- or tri-lineartransformations, and quadratics [18]. The second category, sometimes called elastic mapping, allows thetransformation parameters to exhibit spatial dependence. These parameters are often defined on certain key pointsonly, and interpolated on a region by region basis [19, 20]. Finally, true displacement fields, sometimes alsocalled optical flow, result from the use of a (continuous) functional optimization scheme, in which an independentdisplacement is computed for each point in the image, with constraints arising from some a priori regularization[17, 21, 22, 23].2.3 Search strategyGiven a set of features and a parametric deformation, both the criterion to optimize and the optimization algorithmitself define the search strategy. The use of a least-squares criterion jointly with geometric primitives is popular[24], although it is sometimes replaced by more robust statistics, as those generated while using a distance map(chamfer transform) [25]. The least-squares criterion is also widely used with intensity values as image features[5], although researchers sometimes prefer more robust statistics, giving up maximum likelihood parameterestimation (in the presence of Gaussian white noise) in favor of assuring insensitivity to outliers [15]. Theoptimization algorithm reflects the choice of the criterion: when the latter is correlative in nature, gradient-basedmethods can be used. If the data are regularly spaced, such as in the case of pixel intensity values, both Fourier[26, 27] and wavelet approaches [17] are applicable. Several researchers have explored the possibilities ofstochastic, or finite-search methods: dynamic programming [23], simulated annealing [28] or genetic algorithms[20]. Exhaustive search has also been investigated. With strong conditioning of the data, near real-timeregistration [29] can be achieved.2.4 Problem addressedAn alternative way to classify registration is to look at the type of problem it addresses. Again, three categoriesemerge: data fusion, motion estimation and the detection of significant differences. In the first case, where noise

IEEE Transactions on Image Processing, vol. 7, no. 1, pp. 27—41, January 19985reduction is often the goal, one takes advantage of the availability of multiple instances of supposedly identicaldata. In these instances, registration allows the extraction of common features, for example by averaging, or bymore refined processes [30, 31]. Data fusion also arises when one needs to find the correspondence between twoimages acquired by two or more modalities; applications typically involve remote sensing [32], or medicalimaging [33, 34]. In the context of motion estimation (second category), the problem is to estimate thedisplacement of a rigid object imaged on some background, with the added challenge of potential changes of pose[35]. Since typical applications are video coding, target tracking and autonomous vehicles, computationalefficiency is an important aspect of registration methods used in this context. The third and last categoryencompasses the detection of significant differences, where the challenge arises because the object itself maychange, aside from modifications of its orientation or its illumination. A new problem then appears, due to the factthat the registration process tries to align data that may be intrinsically dissimilar. This last consideration hassometimes led to robust registration methods using an internal criterion insensitive to outliers [14, 15, 16]. Afterregistration, the task usually proceeds to detect dissimilar regions, given statistical decision criteria with respect totype I and type II errors [36].3 REGISTRATION PROCEDURE3.1 Data spaceIn this paper, we consider pixel intensity values as our image features. This choice is appealing because itbypasses the segmentation of data into geometric primitives, a notoriously difficult problem for biomedicalimages. As mentioned in Section 2.1, the use of pixel intensity values facilitates the inclusion of the entireinformational content of the data. Moreover, the role of the reference and of the test volume can be exchanged atwill. This allows one to check whether the inversion of the estimated "forward" registration is consistent with theestimated "backward" registration. This symmetry property is not necessarily taken for granted with somealgorithms based on geometric primitives, for example [37]. Although raw intensity values are well suited to taskslike the detection of change or intra-modality registration, their associated drawback is their lack of universality:they are not well suited to the problem of inter-modality registration, a task in which one usually must resort to anintermediate feature representation, for example their gradient [38] or their histogram [33, 34, 39].3.2 CriterionAny automatic registration method requires the choice of an objective criterion that measures the similarity of thetest data to the reference. As the optimization criterion, we select

ε2

, the integrated square difference of the

IEEE Transactions on Image Processing, vol. 7, no. 1, pp. 27—41, January 19986intensity values, sometimes named the residue. Let

fR

be the reference data and

fT

the test data. Then, thiscriterion can be written as

ε2 = fR (xx)- Qpp fT (xx){ }

( )2 dxx

xx{ }⊂ Rq∫∫ = fR (xx)- Qpp fT (xx){ } 2

,(1)where

Qpp f{ }

is a transformation parametrized by

pp

, and where

q

is the space dimension. Such a criterion lendsitself well to minimization with respect to

, and is well understood. In particular, this Euclidean dissimilaritymeasure is known to be maximum-likelihood if the noise is additive, white, and Gaussian. Its drawback is a lackof robustness in the presence of severe outliers (e.g., non-stationary noise), where its minimum may become lesspronounced. In the worst case, outliers predominate and the parameter

for which

ε2

reaches its minimum canbe quite different from

pp0

, the minimum in the noiseless case.In medical images, outliers are always present, for example in the case of two PET images of the same brain atdifferent functional states (certain brain areas are expected to display different activity levels). However, we donot expect these outliers to be dominant. In fact, the need for registration arises because the differences betweenthe two brain images are likely to be extremely small and cannot be detected without careful alignment [40].3.3 Affine transformationAs a first transformation of interest

, we consider the general affine transformation parametrized by a

3 × 3

matrix

AA

, by a translation vector

bb

and by a gray-level scaling factor

γ

. We include no gray-scale shiftbecause it is virtually always true in medical images that some level (typically the background with value zero)has a physical interpretation, and should not be changed. This global transformation covers any combination ofcontrast change, translation, rotation around any center, skewing, shearing and scaling. For our purpose, it is mostconvenient to decompose the transformation by using several operators; namely a translation operator

Tbb

, anaffine operator

AAA

and a contrast operator

Cγ Tbb f(xx)

{ }= f(xx+bb)

AAA f(xx)

{ }= f(AAxx)

Cγ f(xx)

{ }= eγ f(xx) �

.(2)These operators are subject to the composition rules given at Table 1. Using (2), we can express our firsttransformation as

Qbb,AA,γ f(xx)

{ } = Tbb AAA Cγ f(xx){ } { } { } = eγ f(AAxx+bb)

.(3)

IEEE Transactions on Image Processing, vol. 7, no. 1, pp. 27—41, January 199873.4 Homomorphic transformationAs an alternative, we propose a second global transformation with explicit restriction to the homomorphic case. Itcan accommodate contrast change, translation, rotation and isometric scaling, but no skew or shear. To describerotation we select a set of three Euler angles

{φ ,θ,ψ }

, and we let

κ

be our isotropic scaling parameter. Let usdefine the rotations around the coordinate axes by

AAxx(ω) = 1 0 0

0 cos(ω) - sin (ω)

0 sin (ω) cos(ω) � � AAyy(ω) = cos(ω) 0 sin (ω)

0 1 0

- sin (ω) 0 cos(ω)

AAzz(ω) = cos(ω) - sin (ω) 0 sin (ω) cos(ω) 0

0 0 1 �

.(4)One of many possible descriptions of a rotation matrix

RR

by Euler angles is

RR(φ ,θ,ψ ) = AAxx(φ ) AAyy(θ) AAzz(ψ )

= cos(θ)cos(ψ ) - cos(θ)sin (ψ ) sin (θ) cos(φ )sin (ψ ) +sin (φ )sin (θ)cos(ψ ) cos(φ )cos(ψ ) - sin (φ )sin (θ)sin (ψ ) - sin (φ )cos(θ) sin (φ )sin (ψ ) - cos(φ )sin (θ)cos(ψ ) sin (φ )cos(ψ ) +cos(φ )sin (θ)sin (ψ ) cos(φ )cos(θ) � �

.(5)Note that the condition known as gimbals lock [41], where the representation of the rotation in terms of Eulerangles is not unique, occurs far from

{φ ,θ,ψ }= {0,0,0}

. Also, one has to take care of the order of operations inthe inverse of the previous rotation matrix

RR- 1(φ ,θ,ψ ) = AAzz(- ψ ) AAyy(- θ) AAxx(- φ )

,(6)with

II= RR- 1(φ ,θ,ψ ) RR(φ ,θ,ψ ) = RR(φ ,θ,ψ ) RR- 1(φ ,θ,ψ )

.(7)We define the rotation operator

Rφ ,θ,ψ

by

Rφ ,θ,ψ f(xx)

{ } = f(AAxx(φ ) AAyy(θ) AAzz(ψ ) xx)

,

φ ,θ,ψ ∈ - π2 , π2( )

.(8)We define the isotropic scaling operator by

Sκ f(xx)

{ } = f(eκ xx)

.(9)

IEEE Transactions on Image Processing, vol. 7, no. 1, pp. 27—41, January 19988Considering translation, rotation, scaling and contrast change, we extend the composition rules of Table 1 as inTable 2, where the explicit composition of two spatial rotations

R ′φ , ′θ , ′ψ

and

R ′′φ , ′′θ , ′′ψ

involves

Rφ ,θ,ψ

such that

α 1 = cos( ′φ )sin ( ′′θ ) +sin ( ′φ )cos( ′′θ )sin ( ′′ψ ) α 2 = sin ( ′φ )sin ( ′′θ ) - cos( ′φ )cos( ′′θ )sin ( ′′ψ ) α 3 = cos( ′′φ )cos( ′′ψ ) - sin ( ′′φ )sin ( ′′θ )sin ( ′′ψ ) α 4 = cos( ′′φ )sin ( ′′ψ ) +sin ( ′′φ )sin ( ′′θ )cos( ′′ψ ) sin (θ) = α 1 cos( ′θ ) +sin ( ′θ )cos( ′′θ )cos( ′′ψ ) sin (ψ ) = sin ( ′ψ ) cos(θ) cos( ′θ )cos( ′′θ )cos( ′′ψ ) - α 1 sin ( ′θ ) ( )- α 2 cos( ′ψ )cos(θ) sin (φ ) = cos( ′θ ) cos(θ) cos( ′φ )sin ( ′′φ )cos( ′′θ ) +α 3 sin ( ′φ ) ( )- α 4 sin ( ′θ )cos(θ) �

.(10)Finally, we can express our homomorphic transformation by

Qbb,κ,φ ,θ,ψ ,γ f(xx){ } = Tbb Sκ Rφ ,θ,ψ Cγ f(xx){ } { } { } { } = eγ f(eκ RR(φ ,θ,ψ )xx+bb)

.(11)It is important to note that all the proposed operators are distributive with respect to addition, a property that weshall use later in this paper

Qpp f(xx) + g(xx)

{ } = Qpp f(xx){ }+Qpp g(xx){ }

.(12)4 OPTIMIZATIONWe propose to solve

∂ε2 (pp) ∂pp= 0

with a new optimization scheme that we name ML*. It is a modification ofthe traditional Marquardt-Levenberg, an iterative gradient-based algorithm for non-linear least-squaresoptimization problems [4]. In this section, we first present ML in its original form, and then proceed to show howit can be accelerated.4.1 Traditional Marquardt-Levenberg (ML)Figure 2 depicts the traditional ML operative outline. At each step,

fT

has to undergo the transformation

Qpp

before it is compared to

fR

. More specifically, updating the actual set of

M

parameters

ppt

requires thecomputation of an additive update component

δppt

satisfying

ppt+1 = ppt +δppt

,(13)with

IEEE Transactions on Image Processing, vol. 7, no. 1, pp. 27—41, January 19989

α kl δpl

l=1M∑ = βk

,(14)where

α kl[ ]M×M

is derived through the Hessian matrix from the curvature matrix and where

βk[ ]M×1

isproportional to the gradient of the residue. Approximation by a finite sum of the criterion given in (1) leads to

ε2 ≅χ 2 (pp) = 1N fR (xxi )- Qpp fT (xxi ){ }

( )2

i=1N∑

,(15)where

N

is the number of pixels in the domain of interest and

xxi

the coordinate of each pixel. We have

βk = - 12 ∂χ 2 (pp)∂pk = 1N fR (xxi )- Qpp fT (xxi ){ }

( ) ∂Qpp fT (xxi ){ }∂pk

i=1N∑

(16)and

akl = 12 ∂2χ 2 (pp)

∂pk∂pl = 1N ∂Qpp fT (xxi ){ }∂pk ∂Qpp fT (xxi ){ }∂pl - fR (xxi )- Qpp fT (xxi ){ } ( ) ∂2Qpp fT (xxi ){ }

∂pk∂pl � � i=1N∑

.(17)For reasons given in [42], the second derivative terms in (17) are usually ignored. Let us define

bkl = 1N ∂Qpp fT (xxi ) { } ∂pk ∂Qpp fT (xxi ) { } ∂pl

.(18)Using (18), we characterize (14) by

α kl = bkl 1+λ( ) k = l α kl = bkl k ≠ l �

,(19)where the free parameter

λ ≥ 0

determines degree to which the update

δppt

conforms to a Newton method or to asteepest gradient approach. The characteristic of ML is to adapt

λ

at each iteration in such a way that the moresuccessful the previous updates

have been, the more Newton-like the next update

δppt+1

will be. Conversely,the less successful, the more gradient-like the next update will be.4.2 Modified Marquardt-Levenberg (ML*)As both the vector

βk[ ]

and the matrix

bkl[ ]

(precursor to

α kl[ ]

) depend upon

pp

, and as changes fromiteration to iteration, the standard implementation of ML (as presented above) requires that and becomputed explicitly at each iteration. For our application, we show how to bypass these steps and save theassociated computational cost. The general strategy is as follows: Instead of trying directly to find parameters

pp1

such that

fR - Qpp1 fT{ } 2 < fR - Qpp0 fT{ } 2

, we try to find

pp2

such that

Qpp0- 1 fR{ }- Qpp2 fT{ } 2 < Qpp0- 1 fR{ }- fT 2

. This new strategy is superior because the gradient of the criterion

IEEE Transactions on Image Processing, vol. 7, no. 1, pp. 27—41, January 199810

ε2

with respect to

pp2

is now independent of the initial guess

pp0

and is computed about a fixed-point in theparameter space. Using our definitions of the transformation operators and applying appropriate integrationvariable changes, it is easy to derive the following relations in 3-D

f(xx) 2 = f(xx)( )2 dxx

xx{ }⊂ R3∫∫

,

Tbb f(xx)

{ } 2 = f(xx) 2

AAA f(xx)

{ } 2 = 1AAf(xx) 2

Sκ f(xx)

{ } 2 = e- 3κ f(xx) 2

Rφ ,θ,ψ f(xx)

Cγ f(xx)

{ } 2 = e2γ f(xx) 2 �

.(20)Using the relations in (20) and the results of Table 1, Table 2, and the distributive property (12), we can now writeseveral equivalent forms of the criterion (1) for the affine case

ε2 = e2γAACΔγ AII+ΔAA TΔbb fT (xx){ } { } { }- C- γ AAA- 1 T- bb fR (xx){ } { } { } 2

,(21)

ε2 = e2 γ+Δγ( )

AAII+ ΔAA

( ) fT (xx) - C- γ- Δγ AII+ΔAA( )- 1AA- 1 T- bb- AAII+ΔAA( )Δbb fR (xx){ } { } { } 2

,(22)

ε2 = Tbb+AAII+ΔAA( )Δbb AAAII+ΔAA( ) Cγ+Δγ fT (xx){ } { } { }- fR (xx) 2

,(23)where the update in (13) is

Δpp= Δγ,ΔAA,Δbb

( )T

for the affine case. For the homomorphic case, we have

ε2 = e2γ- 3κ CΔγ RΔφ ,Δθ,Δψ SΔκ TΔbb fT (xx){ } { } { } { }- C- γ Rφ ,θ,ψ- 1 S- κ T- bb fR (xx){ } { } { } { } 2

,(24)

ε2 = e2 γ+Δγ( )- 3 κ+Δκ( ) fT (xx) - C- γ- Δγ RΔφ ,Δθ,Δψ- 1 oRφ ,θ,ψ- 1

( ) S- κ- Δκ T- bb- eκ+ΔκRR(φ ,θ,ψ )RR(Δφ ,Δθ,Δψ )Δbb fR (xx){ } { } { } { }_2

,(25)

ε2 = Tbb+eκ+ΔκRR(φ ,θ,ψ )RR(Δφ ,Δθ,Δψ )Δbb Sκ+Δκ Rφ ,θ,ψ oRΔφ ,Δθ,Δψ

( ) Cγ+Δγ fT (xx){ } { } { } { }- fR (xx)_2

.(26)Next, we show why these equivalent forms are useful. For example, in the affine case, finding a minimum to (21)with respect to

( )T

(incremental update) is equivalent to writing (23) with

Δpp= 00

and thenminimizing this equation with respect to

pp

. This yields

δpp

according to (13) and corresponds to the standardML. Minimizing (21) over

Δpp

instead of the direct minimization of (23) over

is advantageous because thecurvature matrix

bkl[ ]

needs to be computed only once, at the parameter value

. The same is true for thederivatives

∂fT ∂Δpp

( ) Δpp=00

. In short, ML solves

∂ε2 (qq) ∂qq

( ) qq=pp= 0

in an iterative fashion, while ML* solves

IEEE Transactions on Image Processing, vol. 7, no. 1, pp. 27—41, January 199811

∂ε2 (pp+qq) ∂qq

( ) qq=00= 0

. In the former case, the point at which

ε2

is expanded into a Taylor series changes fromone iteration to the next, while, in the latter case, this point is fixed.After having adapted (14) for the minimization of (21) with respect to

Δpp= 00+δpp

(see Appendix), oneiteration of ML* runs as follows: Solve (14) and use (22) with

pp= ppt

and

Δpp= δppt

to obtain a new estimate

ε2 (ppt+1)

. Update

λ

by the standard ML procedure. Compute

ppt+1

using the updating rules found in (23), test forconvergence and go to the next iteration if necessary. Otherwise, the final transformation is given by (23).Applying these operations to the homomorphic case is straightforward: replace equations (21), (22) and (23),respectively, by (24), (25) and (26). More precisely, write the set of equations minimizing (24) and solve them byusing (14), which yields a potential update given by

δpp= Δbb,Δκ,Δφ ,Δθ,Δψ ,Δγ

( )T

. The next step is totransform the reference image

fR

according to (25). This equation describes how to combine the old parameters

pp

and the update

δpp

when applied to

(e.g., the rotation would be given by the composition

RΔφ ,Δθ,Δψ

- 1 oRφ ,θ,ψ- 1 ( )

, the scaling would be given by

- κ - Δκ

, etc.). Then, evaluate the residue between the testimage

fT

and the inverse transformed reference image

Qpp- 1 fR{ }

. This residue needs to be scaled by

e2 γ+Δγ( )- 3 κ+Δκ( )

to yield the correct value

for the criterion (1), or equivalently (26). Based on the comparisonbetween this new

and the best one observed so far, and applying the considerations of Section 4.3, decidewhether the potential update should be rejected or not. If the iteration is successful, then update

according to(26). It is this equation which describes how to combine the old parameters

and the update

when applied to

(e.g., the rotation would be now given by the composition

Rφ ,θ,ψ oRΔφ ,Δθ,Δψ

, the scaling would be given by

κ + Δκ

, etc.). When convergence is reached, transform the test image

according to (26) with the best set ofparameters observed so far.In summary, we update the inverse transformation

Qpp- 1

that is applied to

instead of the direct transformation

Qpp

that is applied to

. Note that the optimization process requires explicit knowledge of the partial derivatives

∂fT (Qpp(xx)) ∂pp= ∂fT (Qpp(xx)) ∂xx

( ) ∂Qpp(xx) ∂pp ( )

, where

fT (Qpp(xx))

is an equivalent notation for

Qpp fT (xx) { }

. Given our transformation (either affine or homomorphic), we determine analytically the dependence

∂Qpp(xx) ∂pp

from equations (21), or (24), respectively (see Appendix), while we compute the spatial gradient

∂fT (Qpp(xx)) ∂xx

from the coefficients of the exact cubic spline fit to the data using the digital filtering techniquesdescribed in [43, 44].

IEEE Transactions on Image Processing, vol. 7, no. 1, pp. 27—41, January 1998124.3 ConvergenceWe consider three concurrent criteria for deciding when to stop the iteration process. The first is self-evident: westop when a near-perfect match is met, that is, when

χ 2 ≤ T1

, where

T1

is some a priori threshold. The seconduses the observed relative gain

Δχ 2 χ 2

at each successful iteration step: we declare convergence to be reachedwhenever this gain is below another a priori threshold

T2

. The third one uses

δpk pk

, the relative change ofparameter values at each iteration step: when at least one of the parameters is still changing, we continue; butwhen all are no longer changing we stop. If any parameter

pk

happens to be zero, or near zero, we substitute

δpk pk ≤ T3

by a similar, although possibly less effective criterion extracted from some of the parameters ofthe algorithm. Specifically, we use

bkk δpk βk ≤ ′T3

, which behaves asymptotically like

1 λ

for increasing

λ

.If, by mishap, or because an optimum has been nearly reached, even the gradient

βk

is too small for this lastcriterion to be applicable, we iterate anyway and rely on the two previous criteria to eventually determine thatconvergence has been really reached.4.4 Practical issuesWe use the technique of singular value decomposition for the solution of the system of linear equations in (14).Apart from robustness, its advantage is that it allows for a reduction in rank of the matrix

α kl[ ]

. Such reductionmay arise, for example, when a parameter is forced to an arbitrarily fixed value. This last feature allows to tunethe whole algorithm by independently switching on or off the optimization of any of the parameters. Typically,partial optimization is useful when dealing with images instead of volumes, because the parameters needed for thedescription of a 2-D transformation are a subset of those needed for 3-D. For example, the rotation of an image isequivalent to the rotation of a volume with

φ = 0

,

θ = 0

, with

ψ

as the only free rotation parameter.There are two points to be addressed regarding our formulation of ML*. The first concerns the substitution ofcriterion (1) by its discrete version (15). At first sight this seems unnecessary because we have at our disposal acontinuous model of the data (in our case, cubic spline polynomials), but it is nevertheless beneficial both in apractical and a theoretical sense. The practical benefit is an obvious computational simplification: the explicitintegration of splines requires more operations than does a simple addition of terms. In any case, the discreteversion is very close to the continuous one [6]. The theoretical benefit arises from the fact that the data set isfinite: in (1) we perform integration over the entire domain of real numbers (

L2

norm). In practice however, thedomain is always limited by the size of the image. By introducing a finite domain of integration, the Leibnitz rulesfor derivatives are required in the computation of

ε2 (pp) ∂pp

, which then becomes explicitly dependent on theintegrand in (1), evaluated at the borders. This last requirement is undesirable: intuitively, one would prefer to see

IEEE Transactions on Image Processing, vol. 7, no. 1, pp. 27—41, January 199813all the contributions in (1) to be equally weighted, which is exactly what the discrete version (15) does. In fact, thediscrete implementation allows for a controlled weighting of the measurements. For example, the original MLformulation uses weights inversely proportional to the measurement variance. In our application, we use binarymasking whenever convenient, which corresponds to unitary or infinite variance. The mask is transformed in thesame way as the data (albeit with nearest-neighbor interpolation).The second point concerns the validity of the relations in (20) (involving for example

AAA

and

Sκ

), which holdformally only if one considers an infinite domain of integration. We argue that ML* holds even under finite data(or masking), provided that at least one of the two following conditions is satisfied: either the scaling factor

κ

orthe determinant

AA

is close enough to unity, or sufficient data are available. In the latter case, convergence willoccur for the same values in

pp

, whether the criterion

ε2

is expressed in the regular (ML) or in the modified(ML*) form. In most applications, both conditions are usually satisfied.5 INTERPOLATION MODELInterpolation is a model-based process that allows one to recover the value of a function from a given set of itssamples, within a given abscissa range. Here, we have chosen to make use of a separable model because such amodel is easy to manipulate. It is given by

f(xx) = c(kk) φ (xi - ki )

i=1q∏ kk∈Z q∑

,(27)where

c(kk)

is a discrete set of coefficients and

φ (x)

is a continuous synthesis function. For example, [45] hasproposed to use

φ (x) =sinc(x)

. This choice limits

f(xx)

to being a finite-bandwidth function with coefficientsgiven by

c(kk) = f(kk)

. We prefer to use

φ (x) =β(n)(x)

, where

β(n)

is a symmetrical spline of degree

n

. In thiscase,

is a piece-wise polynomial function, and the model is especially easy to manipulate both analyticallyand numerically [43]. In particular, the set of coefficients

can be computed efficiently by separable recursivelinear filtering. This spline model, although it uses a synthesis function of finite support, is equivalent to a modelthat uses a cardinal spline of the same degree

n

, which has an infinite support for

n ≥ 2

. As the degree of thecardinal spline tends to infinity, Shannon interpolation and spline interpolation become equivalent [7].In this paper, we select

n = 3

because it has several advantages. First, a cubic cardinal spline is already quiteclose to a sinc function, at a computational cost that is lower than would be required within the traditionalapproach of truncation and apodization. In this view, it is well suited to processing data that are approximatelyband-limited by nature or by construction. Second, even though a cubic cardinal spline is of infinite extent, it does

IEEE Transactions on Image Processing, vol. 7, no. 1, pp. 27—41, January 199814not introduce excessive ringing, which makes it an attractive candidate in this type of applications. Third, it offersthe lowest possible cost at which we can implement ML* in a consistent fashion. This follows because we need tocompute the gradient of the image with respect to the spatial coordinates sampled at the grid points in order tocompute the gradient of

ε2

with respect to the registration parameters. Recall that, for splines of degree 0 thisgradient is undefined at the sampling points, while it is ill-defined for splines of degree 1 (the data would have tobe sampled at the discontinuities). The use of quadratic splines would suffice, but it introduces a computationalcost exactly as high as in the case of our choice, degree 3, or

β(3)

, which has been shown to be a goodcompromise between quality and speed for a variety of other tasks as well.6 PYRAMIDS6.1 Multi-resolution processingWe take advantage of the iterative nature of the algorithm by introducing a change of resolution between one oranother of the iterations. For practical purposes, the quasi-Newtonian optimization method that we use canconverge in very few steps (ideally: one step) if the previous estimate is sufficiently good. This is often the casefor all but the coarsest resolution level. Consequently, most of the iterations are required at the coarsest levelwhere, due to the data decimation inherent in the pyramid, the number of pixels is small. This results in aconsiderable savings of computation time.A second very important advantage of using a resolution pyramid is that the smoothness conditions imposed bythe polynomial splines tend to regularize the optimization problem by causing the surface

ε2 (pp)

to becomesmoother at coarser resolutions. The anti-aliasing filters involved in the down-sampling effectively remove moreand more of the image detail and noise. As a result, the algorithm achieves first a registration with respect to thelarge-scale features in the data, and then only makes small corrections for progressively finer details. For mostimages, it is very likely that the approximate location of the global optimum will not be missed by the solution atthe coarsest level, whereas an attempt to find the solution by considering the finest level only could more easilybecome trapped into a false local minimum. This is important because we make no use of stochastic proceduresthat would facilitate the escape from local minima.We construct a dyadic pyramid by starting at some actual (fine) level, of which we compute a coarserrepresentation for the next level. We take advantage of the spline model to minimize in a least-squares sense thedifference between the fine and the coarse representations, and we then proceed recursively. This implementationof the pyramid construction is based on [46], using cubic splines.

IEEE Transactions on Image Processing, vol. 7, no. 1, pp. 27—41, January 1998156.2 ConsistenceWe feel that it is important to enforce the processing of data in a way that is internally consistent. In particular,there are four main tasks where this applies. The first one is the computation of a pyramid. Here, we apply thetechnique presented in [46], which provides a sequence of fine-to-coarse approximations that are optimal in aleast-squares sense. The second task is the computation of derivatives; as discussed in Section 5, we have selecteda model with an order high enough to enable exact computation. Note that, in the case of the standard ML, therequirements for the spline order are less severe: there, we perform the derivative computations at many points inthe parameter space, thus sampling the gradient values at points in data space that do not lie exactly on the grid. Itfollows that inaccuracies tend to even out in the course of optimization, and the problem of ill-defined gradientarises infrequently. By contrast, in the ML* case, we perform computations once only, at the fixed-point ofidentity in the parameter space, which requires to sample the gradient exclusively on the grid. This allows theconsideration of a spline of degree 1 as a possible model for ML, while barring it for ML*. The third task is theapplication of geometric transformations during the course of optimization; there, we use a re-sampling scheme inorder apply the discrete criterion (15) exactly, even though some geometric scaling might be present in thetransformation. Finally, the last task is, strictly speaking, not within the scope of registration, for it consists in theproduction of a transformed test image once the transformation parameters have been determined. However, inpractice this operation is often desired, and we include it for completeness. For this last transformation, we againselect the model used during optimization, and again re-sample because we want to produce the very data thatminimizes the selected criterion. Supposing the registration has been successful, any additional process (e.g.,change of model order, anti-aliasing filtering, etc.), would necessarily result in an output that no longer minimizesthe criterion for which the registration parameters have been determined.6.3 Propagation of parameters between levelsSince our method is implemented by a multi-resolution approach, the derivatives and the curvature matrices haveto be computed at each resolution level, and the transformation parameters need to be propagated between levels.To illustrate this propagation, consider an initial geometric transformation

Tbb AAA f(xx) { } { }

given by

y1 = b1 + a11x1 + a12 x2 + a13 x3 y2 = b2 + a21x1 + a22 x2 + a23 x3 y3 = b3 + a31x1 + a32 x2 + a33 x3 �

.(28)

IEEE Transactions on Image Processing, vol. 7, no. 1, pp. 27—41, January 199816Consider now the scale factors

s1,s2 ,s3 ( )

that correspond to the conversion from one resolution level to the next;typically, we have

si ∈ {12 ,1,2}

. Applying these scale factors, one obtains a new, equivalent transformation

T ′bb A ′AA f( ′xx) { } { }

as in

′y1 = ′b1 + ′a11 ′x1 + ′a12 ′x2 + ′a13 ′x3

′y2 = ′b2 + ′a21 ′x1 + ′a22 ′x2 + ′a23 ′x3

′y3 = ′b3 + ′a31 ′x1 + ′a32 ′x2 + ′a33 ′x3 �

,

′x1 = s1x1

′x2 = s2 x2

′x3 = s3x3 �

,

′y1 = s1 y1

′y2 = s2 y2

′y3 = s3 y3 �

.(29)These four systems of three equations are satisfied by

′b1 = s1b1

′b2 = s2b2

′b3 = s3b3 �

,

′a11 = a11 ′a12 = s1s2 a12 ′a13 = s1s3 a13

′a21 = s2s1 a21 ′a22 = a22 ′a23 = s2s3 a23

′a31 = s3s1 a31 ′a32 = s3s2 a32 ′a33 = a33 �

.(30)The last equations show how a description of the geometric transformation is carried from one level of thepyramid to the next. In general, the relations in Table 1 or Table 2 are needed to determine the additionaltranslation correction that may arise when the coordinate system is displaced during a change of level.7 EXPERIMENTS7.1 Ideal caseWe begin our series of experiments with an ideal case: the test and reference sets are identical except for an affinetransformation, and no noise is present. We consider the

256 × 256

image of Figure 3 instead of a volume. Ourgoal here is to compare ML to ML*, both in terms of precision and speed. For the comparison to be fair, we havemodified the convergence criterion presented at Section 4.3 so that a pre-set number of iterations

ni

are executedat each level

i

in the pyramid, specifying the same number for ML and ML*. Let

i = 0

designate the finest levelin the pyramid, and set

ni+1 = 2 ni

,

i ≥ 0

. This strategy ensures that a sufficient number of iterations areperformed at the coarsest level, as the initial conditions may be far from optimal at this particular level. At finerlevels, the number of iterations can be sharply reduced because only a few iterations are necessary when the initialconditions have been properly estimated. Let

t0

be the time spent on a single iteration at the finest level. Ignoringthe computational overheads (e.g., establishing the resolution pyramid, or computing the

β

-spline coefficients, orcomputing the final transformation), we predict a total execution time

t

to be given by

t = n0 t0 2 1- q( )i

i=0N - 1∑ = n0 t0 1- 2 1- q( )N ( ) 1- 2 1- q( )

,(31)

IEEE Transactions on Image Processing, vol. 7, no. 1, pp. 27—41, January 199817where

N

is the number of levels in the pyramid and

q

the space dimension. In particular, for an infinite pyramidand for 2-D images we have

t = 2 n0 t0

; for 3-D volumes we have

t = 43 n0 t0

.In order to test this prediction, we first generate a series of random transformations, each consisting of a rotationwith a uniformly distributed angle

′θ ∈ - π36 , π36 [ ]

, and with an independent and uniformly distributed translationof each coordinate

′Δ ∈ - 2.5,2.5 [ ]

. In order to remove experimental bias, we apply this transformation twice tothe image of Figure 3: a first application of the transformation inverse produces the test image

fT

, and a secondapplication of the direct transformation produces the reference image

fR

. With this methodology, neither ML norML* algorithm is favored. Also, the transformation to recover, being the square of the initial randomtransformation, has twice the range of the original random transformation:

θ ∈ - π18 , π18 [ ]

and

Δ∈ - 5,5 [ ]

. Inaddition, we apply these transformations by re-sampling a high-order spline model (

β(7)

). This is essentiallyequivalent to sinc interpolation. We then attempt to register the test image

to its reference

, which producesan estimated set of parameters

ƒpp

. Note that we do not try to recover the rotation exactly; rather, we search for ageneral affine transformation. We generated 100 random transformations per experiment and pooled the results.Figure 4 shows the behavior of the ML* algorithm when we use 5 levels and 2 iterations at the finest level. Thetwo curves show the time spent at each level, in seconds on a Sparc20, and the residue between the transformedtest image and the reference after convergence within a given level. This last value is computed on the full-scaleversion of the images. We see that, although the number of iterations is halved by going from one level of thepyramid to the next, the time spent at each level nevertheless increases sharply. We also see that the minimizationalgorithm performs well, reducing the initial mean square error by more than three orders of magnitude along theway.Our next step is to examine the registration performance from a geometric point of view. To this end, weintroduce a warping index

ϖ

(an average geometric error), which we compute by comparing the truetransformation to its estimate. In general, the true transformation is unknown (if it were known, there would be noneed for registration). However, in our experiment design, we can compare the estimated transformation

andthe true transformation

pp

on the basis of

ϖ = 1Card(V) pp(xx)- ƒpp(xx)

xx∈V∑

.(32)Table 3 presents the pooled results of 100 registration experiments per algorithm, using the same set of randomtransformations for each. The three algorithms that we consider are ML1 (standard Marquardt-Levenberg, bi-

IEEE Transactions on Image Processing, vol. 7, no. 1, pp. 27—41, January 199818linear interpolation), ML3 (standard Marquardt-Levenberg, bi-cubic interpolation), and ML*3 (modifiedMarquardt-Levenberg, bi-cubic interpolation). Here, by standard ML we mean Marquardt-Levenberg in a multi-resolution framework.In terms of registration accuracy, we conclude from Table 3 that ML3 and ML*3 are essentially equivalent, whilethe accuracy obtained by ML1 is about fivefold lower. Two mechanisms explain this difference. First, within agiven level of the pyramid, the accuracy is principally dependent on the re-sampling precision, or, equivalently,the model order. It is also influenced by the definition of the derivatives used for determining the gradient vectorand the Hessian matrix. This last issue is less important in the case of ML because the derivatives are computed asmany times as there are iterations. This tends to average out their inaccuracies. However, in the case of ML*, anaccurate definition of the derivatives is crucial because they are computed only once. The second mechanism isimportant when switching from one level of the pyramid to the next. There, a high-order model ensures betterconsistency in locating the optima across levels because less aliasing is present in the coarser pyramid levels ascompared to a lower-order model. This results in a better propagation of the initial conditions, which means thatthe super-linear convergence mode of the Marquardt-Levenberg algorithm is reached earlier with high-ordermodels than with low-order ones.In terms of speed, the more iterations, the more we expect ML* to be faster than ML. Comparing similar models(ML3 and ML*3), we see that this advantage shows up clearly even for as few as two iterations. Although we hadleft out any impact of the computational overheads in our prediction (31), we see that the relation

t = 2 n0 t0

is inrough agreement with the experimental data. Clearly, a substantial amount of time is devoted to iterations at thefinest-scale. For this reason, it is very important to have excellent starting conditions for this last level of thepyramid, so that a small number of iterations is sufficient to reach convergence. If these good starting conditionsare indeed available, then the super-linear property of ML or ML* will assure even further benefits. For thisreason, we feel it is especially important to make use of high-order models right from the beginning. If time iscritical, one should at least use such models for the initial levels of the pyramid, where they come cheap, andperhaps switch to a lower model for the final level (this approach is not pursued here).Table 4 presents the results of varying the number of iterations (only the results after the final level are given).Here again, each entry results from the pooling of 100 experiments. In this table, we see that, for

n0 ≥ 2

, thefurther iterations bring no marked increase in registration accuracy, while it incurs an appreciable lengthening ofcomputation time. We explain this behavior by the fact that neither ML nor ML* is a stochastic algorithm: there is

IEEE Transactions on Image Processing, vol. 7, no. 1, pp. 27—41, January 199819no possible escape from a local minimum. Once such a local minimum has been found, these algorithm will staythere; no matter how many additional iterations are performed, the accuracy will not increase.In summary, we conclude from these experiments that the most economical way to achieve high registrationaccuracy is to increase the interpolation order, rather than to increase the number of iterations.7.2 Noisy caseHere, we perform essentially the same experiments as in the previous section, but we add independent realizationsof white Gaussian noise to both the reference and test images before their registration. We report the amount ofadded noise as a signal-to-noise ratio

r

expressed in dB, according to the following definition

r = 10 log10 (σ 2 (fR ) σ 2 (fN ))

,(33)where

σ 2 (fR )

is the squared variance of the original signal of Figure 3, and where

σ 2 (fN )

is the squaredvariance of the added noise. After registration, we compute the signal-to-noise ratio between the transformed testdata

Q fT{ }

and the reference

fR

by

rQ = 10 log10 (σ 2 (fR + fN R ) σ 2 (fR + fN R - Q fT + fN T{ }))

.(34)Figure 5 presents the results of this experiment. We emphasize that, different from [5], we do not satisfy ourselveswith estimates of the statistical uncertainties in the accuracy of the match. Because we use the identical starting setof image data for both test and reference, we know the true error, as measured though the warping index

ϖ

introduced at (32). Figure 5 shows that its growth is close to being proportional to the signal-to-noise ratio

r

given in (33). In this same Figure, we have reported the standard deviation of

ϖ

across runs; this last value is avalid indicator of the dispersion of the measurements. We experienced no outliers, even when the variance of thenoise was as large as the signal variance (0 dB case). Figure 6 shows the original image of Figure 3, corrupted byexactly this amount of noise. In this case, it is worth noting that, on average, ML* still achieves registration withinabout a tenth of a pixel. This accuracy comes at a cost, however: in the case of the noisy experiments of thissection, we have used the convergence criterion described in Section 4.3. Altogether, for

r ≥ 10 dB

, we find aconvergence time comparable to the case

n0 = 2

in Table 4. For noisier images however, the time needed toreach convergence increases significantly; at

r = 0 dB

, it is equivalent to the noiseless case

n0 = 8

.7.3 Inter-subject 3-D PET brain scansIn the previous experiments, we showed cases where the deformation model (affine transformation) wasconsistent with the data. In the following experiment, this assumption is no longer valid. We consider brain

IEEE Transactions on Image Processing, vol. 7, no. 1, pp. 27—41, January 199820volumes from different subjects acquired by a PET imaging device. These brains exhibit not only size differencesbut also shape differences. The goal now is to register these different brains to a common reference (a subjectselected a priori), notwithstanding the fact that the dissimilarities in shape may introduce outliers in the statisticsof the difference between the reference and the test volumes. Figure 7 shows five unregistered slices from severalsubjects, cut at the same nominal position in the original volumes. At the top left is the reference slice, and at thebottom right is the average of the thirty-two selected slices for a set of subjects. Figure 8 shows the sameconfiguration after 3-D registration to the reference volume has been performed before averaging.PET images are typically noisy, so we need to mask out most of the background in the image, which explains thedisappearance of streaks when comparing Figure 7 to Figure 8. As the detailed outline of the mask influences theregistration accuracy in a negligible way, the masking procedure can be extremely crude (it does not matter ifsome background is present or if some small amounts of brain are disregarded). As the masks can be specifiedindependent of the data, any masking procedure can be used. Here, we applied a very low-pass Gaussian filter tothe image, performed binary Max-Lloyd quantization, and then computed a pyramid in the same way as for thedata, masking out the values below the Max-Lloyd threshold at each level. Regarding the success of theregistration, it is evident that most of the brain features of interest are far better resolved in the registered than inthe unregistered average volume, which are given at the lower right of Figures 8 and 7, respectively. Thisindicates that our least-squares registration criterion is robust enough to cope with deformations that cannot bemodeled by an affine transformation. We note that these deformations are in fact hard to capture globally: evenwhen using a non-linear model with 105 parameters, non-trivial anatomical inter-subject differences may persist[47]. Regarding speed, a

128 × 128 × 21

pair of volumes is completely registered in about 3-4 minutes on aSPARC20, including 10 seconds spent in computing the final transformation (that ignores interpolation outsidethe mask), and less than half a minute spent in computing the two pairs of volume pyramids (one pair for the dataand one pair for the masks). Without masking, the computation time of a transformation at the finest level of thepyramid is half a minute.8 CONCLUSIONWe have described a fully automatic registration algorithm that uses the original gray-levels as elements in thefeature space and considers an Euclidean least-squares criterion for the simultaneous determination of a generaltri-dimensional (3-D) affine transformation and a linear change of contrast. We have introduced a new searchstrategy that takes advantage of a resolution pyramid and implements a variation of the Marquardt-Levenbergalgorithm for non-linear least-squares optimization. Great care has been taken to ensure the consistency of all

IEEE Transactions on Image Processing, vol. 7, no. 1, pp. 27—41, January 199821steps of the procedure by using the same cubic spline representations throughout. We have implemented thisalgorithm, presented several experiments involving 2-D images and 3-D volumes, and were able to show goodperformance with respect to accuracy and speed.An attractive feature of this registration algorithm is that it can easily incorporate a priori knowledge by way of a(possibly multi-valued) mask. Another attractive feature is that the general affine transformation can beconstrained to be a rigid-body transformation, with or without scaling, or even to a simple translation. Further, themethod, developed for a 3-D case, can be applied without any modification to a 2-D case as well. Finally, norestricting assumptions regarding the data are made, and no landmark estimation is required. This results in an all-purpose, robust registration method. Without requiring any parameter tuning, the same algorithm has been appliedto PET data, to MRI and fMRI data, and to many other data sets not reported here.ACKNOWLEDGMENTSWe thank the members of the In Vivo NMR Research Center at NIH and of the National Institute on AlcoholAbuse and Alcoholism at NIH for providing many experimental data sets and useful discussions. We also thankMurray Eden for perceptive comments and criticisms.APPENDIXIn this appendix, we derive the modified Marquardt-Levenberg algorithm for the affine transformation introducedin Section 3.3 (the treatment of the homomorphic transformation case is similar, but would result in lengthierexpressions). We consider expression (21) and discretize according to (15)

χ 2 (pp) = e2γAA CΔγ AII+ΔAATΔbb fT (xxi ){ } { } { }- C- γ AAA- 1 T- bb fR (xxi ){ } { } { } ( )2

i=1N∑

,(A.1)where the summation is over all pixel values. We compute the gradient

∂χ 2 (pp) ∂Δpp

, remembering from thediscussion in Section 4.3 that

Δpp=00

, and introduce it into expression (16)

βk = - 12 ∂χ 2 (pp)

∂Δppk = - e2γAA fT (xxi )- C- γ AAA- 1 T- bb fR (xxi ){ } { } { } ( )∂QΔpp fT (xxi ){ }∂Δppk

i=1N∑

.(A.2)Explicitly, we have

QΔpp fT (xx)

{ }= eΔγ fT ( 1+Δa11 Δa12 Δa13 Δa21 1+Δa22 Δa23

Δa31 Δa32 1+Δa33

� � x+Δxy+Δyz+Δz� �)

,(A.3)

IEEE Transactions on Image Processing, vol. 7, no. 1, pp. 27—41, January 199822and, for example,

∂QΔpp fT (xx) { } ∂Δx = eΔγ ∂fT (uu)∂u1 uu=QΔpp(xx) ∂u1∂Δx u1 = 1+Δa11( ) x+Δx( )+Δa12 y+Δy( )+Δa13 z+Δz( ) � +∂fT (uu)∂u2 uu=QΔpp(xx) ∂u2∂Δx u2 =Δa21 x+Δx( )+ 1+Δa22( ) y+Δy( )+Δa23 z+Δz( )

+∂fT (uu)∂u3 uu=QΔpp(xx) ∂u3∂Δx u3 =Δa31 x+Δx( )+Δa32 y+Δy( )+ 1+Δa33( ) z+Δz( )�

.(A.4)Remembering that

Δpp=00

, the previous expression simplifies into

{ } ∂Δx = ∂fT (xx)∂x

.(A.5)We then proceed similarly for the other components. Finally, the algorithm reads as follows:1)The initial condition is

pp=pp0

, 2)Compute the inverse transformation of the reference image

Qpp- 1 fR (xx) { }

Compute the resulting mean-square error using (22)Test for convergence; if reached, then quit. Else, continue at step 3)3)Test for a reduction of

ε2

; if reduced, then do step 3.1). Else, do step 3.2)3.1)Decrease

λ

and update

pp0 =pp

3.2)Increase

λ

4)Solve (A.6) for

Δpp

According to (23), update

pp=pp0 oΔpp=(γ +Δγ,AAII+ΔAA( ),bb+AAII+ΔAA( )Δbb)T

Continue at step 2)REFERENCES[1]L.G. Brown, "A Survey of Image Registration Techniques," ACM Computing Surveys, vol. 24, no. 4, pp.325—376, December 1992.[2]J.V. Chapnick, M.E. Noz, G.Q. Maguire, Jr., E.L. Kramer, J.J. Sanger, B.A. Birnbaum and A.J. Megibow,"Techniques for Multimodality Image Registration," in Proc. Annual Northeast BioengineeringConference, New York, New York, U.S.A., 1993, vol. 19, pp. 221—222.

IEEE Transactions on Image Processing, vol. 7, no. 1, pp. 27—41, January 199823[3]P.A. Van den Elsen, E.-J.D. Pol and M.A. Viergever, "Medical Image Matching�A Review withClassification," IEEE Engineering in Medicine and Biology Magazine, vol. 12, no. 1, pp. 26—39, March1993.[4]D.W. Marquardt, "An Algorithm for Least-Squares Estimation of Nonlinear Parameters," Journal of theSociety for Industrial and Applied Mathematics, vol. 11, no. 2, pp. 431—441, June 1963.[5]J.V. Hajnal, S. Nadeem, E.J. Soar, A. Oatridge, I.R. Young and G.M. Bydder, "A Registration andInterpolation Procedure for Subvoxel Matching of Serially Acquired MR Images," Journal of ComputerAssisted Tomography, vol. 19, no. 2, pp. 289—296, March 1995.[6]M. Unser, A. Aldroubi and C.R. Gerfen, "A Multiresolution Image Registration Procedure Using SplinePyramids," in Proc. SPIE, San Diego, California, U.S.A., July 15-16, 1993, vol. 2034, MathematicalImaging: Wavelet Applications in Signal and Image Processing, pp. 160—170.[7]A. Aldroubi, M. Unser and M. Eden, "Cardinal Spline Filters: Stability and Convergence to the Ideal SincInterpolator," Signal Processing, vol. 28, pp. 127—138, 1992.[8]P. Gerlot-Chiron and Y.J.C. Bizais, "Registration of Multimodality Medical Images Using a RegionOverlap Criterion," Computer Vision, Graphics and Image Processing: Graphical Models and ImageProcessing, vol. 54, no. 5, pp. 396—406, September 1992.[9]A.B. Abche, G.S. Tzanakos and E. Micheli-Tzanakou, "Effect of the Spatial Resolution on the Precisionof Parameter Estimation in 3-D Image Registration with External Markers," in Proc. Sixteenth AnnualInternational Conference of the IEEE Engineering in Medicine and Biology Society, Baltimore,Maryland, U.S.A., November 3-6, 1994, vol. 1, of 2, pp. 690—691.[10]A.B. Abche, G.S. Tzanakos and E. Micheli-Tzanakou, "Study of the Precision of Registration in 3-DMultimodality Imaging with External Markers Using Simulated Images," in Proc. Sixteenth AnnualInternational Conference of the IEEE Engineering in Medicine and Biology Society, Baltimore,Maryland, U.S.A., November 3-6, 1994, vol. 1, of 2, pp. 622—623.[11]Q. Zheng and R. Chellappa, "A Computational Vision Approach to Image Registration," IEEETransactions on Image Processing, vol. 2, no. 3, pp. 311—326, July 1993.[12]T. Wang, M. Fadda, M. Nanetti, M. Marcacci, S. Martelli and A. Visani, "Interactive Identification ofMarker Position on 3D CT-Based Model," in Proc. Sixteenth Annual International Conference of theIEEE Engineering in Medicine and Biology Society, Baltimore, Maryland, U.S.A., November 3-6, 1994,vol. 1, of 2, pp. 530—531.[13]R.P. Woods, S.R. Cherry and J.C. Mazziotta, "Rapid Automated Algorithm for Aligning and ReslicingPET Images," Journal of Computer Assisted Tomography, vol. 16, no. 4, pp. 620—633, July/August 1992.

IEEE Transactions on Image Processing, vol. 7, no. 1, pp. 27—41, January 199824[14]J.Y. Chiang and B.J. Sullivan, "Coincident Bit Counting�A New Criterion for Image Registration,"IEEE Transactions on Medical Imaging, vol. 12, no. 1, pp. 30—38, March 1993.[15]M. Herbin, A. Venot, J.-Y. Devaux, E. Walter, J.-F. Lebruchec, L. Dubertret and J.-C. Roucayrol,"Automated Registration of Dissimilar Images: Application to Medical Imagery," Computer Vision,Graphics, and Image Processing, vol. 47, no. 1, pp. 77—88, July 1989.[16]A. Venot, L. Pronzato and E. Walter, "Comments about the Coincident Bit Counting (CBC) Criterion forImage Registration," IEEE Transactions on Medical Imaging, vol. 13, no. 3, pp. 565—566, September1994.[17]Y. Amit, "A Nonlinear Variational Problem for Image Matching," SIAM Journal on Scientific Computing,vol. 15, no. 1, pp. 207—224, January 1994.[18]R. Szeliski and S. Lavall�e, "Matching 3-D Anatomical Surfaces with Non-Rigid Deformations UsingOctree-Splines," in Proc. IEEE Workshop on Biomedical Image Analysis, Seattle, Washington, U.S.A.,June, 1994, pp. 144—153.[19]J. Flusser, "An Adaptive Method for Image Registration," Pattern Recognition, vol. 25, no. 1, pp. 45—54,January 1992.[20]K. Matsui, M. Sase and Y. Kosugi, "Medical Image Mapping Using Collaborative Genetic Algorithm," inProc. Sixteenth Annual International Conference of the IEEE Engineering in Medicine and BiologySociety, Baltimore, Maryland, U.S.A., November 3-6, 1994, vol. 1, of 2, pp. 612—613.[21]G.E. Christensen, M.I. Miller, M.W. Vannier and U. Grenander, "Individualizing NeuroanatomicalAtlases Using a Massively Parallel Computer," Computer, vol. 29, no. 1, pp. 32—38, January 1996.[22]S. Sandor and R. Leahy, "Automatic Anatomical Labeling of Magnetic Resonance Brain Images," inProc. Sixteenth Annual International Conference of the IEEE Engineering in Medicine and BiologySociety, Baltimore, Maryland, U.S.A., November 3-6, 1994, vol. 1, of 2, pp. 553—554.[23]B.C.S. Tom, S.N. Efstratiadis and A.K. Katsaggelos, "Motion Estimation of Skeletonized AngiographicImages Using Elastic Registration," IEEE Transactions on Medical Imaging, vol. 13, no. 3, pp. 450—460,September 1994.[24]P.J. Besl and N.D. McKay, "A Method for Registration of 3-D Shapes," IEEE Transactions on PatternAnalysis and Machine Intelligence, vol. 14, no. 2, pp. 239—256, February 1992.[25]D.L.G. Hill and D.J. Hawkes, "Medical Image Registration Using Knowledge of Adjacency ofAnatomical Structures," Image and Vision Computing, vol. 12, no. 3, pp. 173—178, April 1994.

IEEE Transactions on Image Processing, vol. 7, no. 1, pp. 27—41, January 199825[26]E. De Castro and C. Morandi, "Registration of Translated and Rotated Images Using Finite FourierTransforms," IEEE Transactions on Pattern Analysis and Machine Intelligence, vol. 9, no. 5, pp. 700—703, September 1987.[27]S.P. Kim and W.-Y. Su, "Subpixel Accuracy Image Registration by Spectrum Cancellation," in Proc.International Conference on Acoustics, Speech, and Signal Processing, Minneapolis, Minnesota, U.S.A.,April 27-30, 1993, vol. 5, pp. V-153—V-156.[28]V.R. Mandava, J.M. Fitzpatrick and D.R. Pickens III, "Adaptive Search Space Scaling in Digital ImageRegistration," IEEE Transactions on Medical Imaging, vol. 8, no. 3, pp. 251—262, September 1989.[29]J. Noack and D. Sutton, "An Algorithm for the Fast Registration of Image Sequences Obtained with aScanning Laser Ophtalmoscope," Physics in Medicine & Biology, vol. 39, no. 5, pp. 907—915, May 1994.[30]Y. Chen and G. Medioni, "Object Modeling by Registration of Multiple Range Images," Image andVision Computing, vol. 10, no. 3, pp. 145—155, April 1992.[31]M. Irani and S. Peleg, "Improving Resolution by Image Registration," Computer Vision, Graphics, andImage Processing: Graphical Models and Image Processing, vol. 53, no. 3, pp. 231—239, May 1991.[32]M.D. Pritt, "Automated Subpixel Image Registration of Remotely Sensed Imagery," IBM Journal ofResearch and Development, vol. 38, no. 2, pp. 157—166, March 1994.[33]A. Collignon, F. Maes, D. Delaere, D. Vandermeulen, P. Suetens and G. Marchal, "Automated Multi-Modality Image Registration Based on Information Theory," in Information Processing in MedicalImaging, Y.J.C. Bizais, Ed., pp. 263—274, 1995.[34]P. Viola and W.M. Wells III, "Alignment by Maximization of Mutual Information," in Proc. InternationalConference on Computer Vision, Boston, MA, USA, June, 1995, pp. 16—23.[35]Q. Zheng and R. Chellappa, "Motion Detection in Image Sequences Acquired from a Moving Platform,"in Proc. International Conference on Acoustics, Speech, and Signal Processing, Minneapolis, Minnesota,U.S.A., April 27-30, 1993, vol. 5, pp. V-201—V-204.[36]U.E. Ruttimann, M. Unser and D. Rio, "Statistical Analysis of Image Differences by WaveletDecompositions," in Proc. Sixteenth Annual International Conference of the IEEE Engineering inMedicine and Biology Society, Baltimore, Maryland, U.S.A., November 3-6, 1994, vol. 1, of 2, pp. 28a—29a.[37]I.J. Cox, J.B. Kruskal and D.A. Wallach, "Predicting and Estimating the Accuracy of a SubpixelRegistration Algorithm," IEEE Transactions on Pattern Analysis and Machine Intelligence, vol. 12, no. 8,pp. 721—734, August 1990.

IEEE Transactions on Image Processing, vol. 7, no. 1, pp. 27—41, January 199826[38]A. Goshtasby, D.A. Turner and L.A. Ackerman, "Matching of Tomographic Slices for Interpolation,"IEEE Transactions on Medical Imaging, vol. 11, no. 4, pp. 507—516, December 1992.[39]P. Th�venaz and M. Unser, "A Pyramid Approach to Sub-Pixel Image Fusion Based on MutualInformation," in Proc. IEEE International Conference on Image Processing, Lausanne, Switzerland,September 16-19, 1996, vol. I, of 3, pp. 265—268.[40]U.E. Ruttimann, P.J. Andreason and D. Rio, "Head Motion during Positron Emission Tomography: Is ItSignificant?," Psychiatry Research: Neuroimaging, vol. 61, pp. 43—51, 1995.[41]G.A. Korn and T.M. Korn, Mathematical Handbook for Scientists and Engineers. McGraw-Hill, 1968.[42]W.H. Press, B.P. Flannery, S.A. Teukolsky and W.T. Vetterling, Numerical Recipes. CambridgeUniversity Press, 1986.[43]M. Unser, A. Aldroubi and M. Eden, "B-Spline Signal Processing: Part II�Efficient Design andApplications," IEEE Transactions on Signal Processing, vol. 41, no. 2, pp. 834—848, February 1993.[44]M. Unser, A. Aldroubi and M. Eden, "B-Spline Signal Processing: Part I�Theory," IEEE Transactionson Signal Processing, vol. 41, no. 2, pp. 821—832, February 1993.[45]C.E. Shannon, "Communication in the Presence of Noise," Proceedings of the I. R . E., vol. 37, pp. 10—21,January 1949.[46]M. Unser, A. Aldroubi and M. Eden, "The L2 Polynomial Spline Pyramid," IEEE Transactions onPattern Analysis and Machine Intelligence, vol. 15, no. 4, pp. 364—379, April 1993.[47]N.L. Sicotte, R.P. Woods and J.C. Mazziotta, "Automated Image Registration using a 105 ParameterNon-Linear Model," in Proc. Second International Conference on Functional Mapping of the HumanBrain, Boston, MA, U.S.A, June 17—21, 1996, pp. S123.

IEEE Transactions on Image Processing, vol. 7, no. 1, pp. 27—41, January 199827Figures and TablesFigure 1: A slice of a typical PET image.

Qpp Qqq f(xx) { } { } Qpp Taa AAA Ca

Q_{qq} o T bb

T

bb+aa

f(xx) { } T AAbb A AA f(xx) { } { } T^{bb} C^a f(xx) { } { }

A BB

A BB T

BB

- 1

aa

f(xx) { } { } A^{AABB} f(xx) { } A^{BB} C^a f(xx) { }

C b

C

b

T

aa

f(xx) { } { } C b A AA f(xx) { } { } C^{b+a} f(xx) { }

Table 1: Composition rules for translation, affine transformation and contrast change

Q^{pp} Q^{qq} f(xx) { } { } S ′κ

R ′φ , ′θ , ′ψ

Q qq o T

bb

T

bbe

′κ S

′κ

f(xx) { } { }

S

′′κ

S

′′κ

T

aae

- ′′κ

f(xx) { } { } S ′′κ + ′κ

f(xx) { } S^{′′κ} R^{′φ , ′θ , ′ψ} f(xx){ }

S^{′′κ} C^a f(xx) { } { }

R

′′ φ ,

′′ θ ,

′′ ψ

R

′′φ , ′′θ , ′′ψ

S

′κ

f(xx) { } { } R^{φ ,θ,ψ} f(xx) { }

C

b

C

b

S

′ κ

f(xx)

{ } { }

Table 2: Composition rules for translation, rotation, scaling and contrast change

IEEE Transactions on Image Processing, vol. 7, no. 1, pp. 27—41, January 199828DisparityminimizationIncrementalupdate

p0 fT fR z-1 Qp�

+- pt pt+1Figure 2: Outline of the registration algorithmFigure 3: MRI slice

4 3 2 1 0

0

5

2

Figure 4: Pooled performance of 100 runs of ML* with

N =5

and

n0 = 2

IEEE Transactions on Image Processing, vol. 7, no. 1, pp. 27—41, January 199829

Stage Iterations ML1 ML3 ML *3 ML1 ML3 ML *3 ϖ [pxl] ϖ [pxl] ϖ [pxl] ti [s] ti [s] ti [s] initial 4.5440 4.5440 4.5440

4 32 3.2262 1.6922 1.6424 00.70 01.36 01.00 3 16 1.3303 0.3911 0.4809 00.95 01.92 01.23 2 8 0.3059 0.1099 0.0932 01.67 03.32 01.98 1 4 0.0454 0.0109 0.0109 03.43 06.67 04.18 final 2 0.0049 0.0010 0.0009 08.13 15.43 11.32 t0 14.88 28.70 19.71 t

Table 3: Multi-resolution behavior of the algorithms

Strategy n0 ML1 ML3 ML *3 ML1 ML3 ML *3

ϖ [% pxl] ϖ [% pxl] ϖ [% pxl] t [s] t [s] t [s]

16.8.4.2.1 1 4.28 0.70 0.76 09.6 18.8 15.2

32.16.8.4.2 2 0.49 0.10 0.09 14.8 28.7 19.7

64.32.16.8.4 4 0.48 0.10 0.08 25.3 48.8 29.0

128.64.32.16.8 8 0.44 0.12 0.08 46.3 88.4 47.0

Table 4: Dependence on the number of iterations

r^R [ ]

[ ]

0 5

0 5 rR

r [ ]

Figure 5: Pooled performance of 100 runs of ML* with noise added

IEEE Transactions on Image Processing, vol. 7, no. 1, pp. 27—41, January 199830Figure 6: MRI slice corrupted with white Gaussian noise at a 0 dB levelFigure 7: Unregistered slices and their averageFigure 8: Registered slices and their average