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Variational formulation of inverse problems
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noise

n

Linear forward model

s
Integral operator

H

y = Hs+ n

Problem: recover s from noisy measurements y

srec = arg min
s2RN

ky �Hsk22| {z }
data consistency

+ �kLskpp| {z }
regularization

, p = 1, 2

Reconstruction as an optimization problem



Learning as a (linear) inverse problem
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but an infinite-dimensional one …

minf2H R(f) subject to
MX

m=1

|ym � f(xm)|2  �2

Introduce smoothness or regularization constraint

R(f) = kfk2
H

= kLfk2L2
=

Z

RN

|Lf(x)|2dx: regularization functional

(Poggio-Girosi 1990)

(Wahba 1990; Schölkopf 2001) 

) kernel estimator

Regularized least-squares fit (theory of RKHS)

fRKHS = argmin
f2H

 
MX

m=1

|ym � f(xm)|2 + �kfk2
H

!

<latexit sha1_base64="T+C9yVxj8piky8k/0T8uhwwPugc="></latexit>

Given the data points (xm, ym) 2 RN+1, find f : RN ! R s.t. f(xm) ⇡ ym for m = 1, . . . ,M

RKHS representer theorem for machine learning
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(P2) argmin
f2H

 
MX

m=1

|ym � f(xm)|2 + �kfk2
H

!

    

(Poggio-Girosi 1990)

Formal characterization: rH(·,x0) = R{�(·� x0)} =
⇣
�(·� x0)

⌘⇤

(Riesz conjugate)
<latexit sha1_base64="SxaFFocK+FlE4PH6YIhuYT3qskg="></latexit>

rH : Rd
⇥ Rd

! R is the (unique) reproducing kernel for the RKHS H if

rH(·,x0) 2 H for all x0 2 Rd

f(x0) = hrH(·,x0), fiH for all f 2 H and x0 2 Rd
<latexit sha1_base64="Gqaj21rhY/GX8W22XD70SW1vZX8="></latexit>

(Aronszajn, 1950)

Representer theorem for L2-regularization

The solution of (P2) has the generic parametric form: f(x) =
MX

m=1

amrH(x,xm)

(de Boor 1966; Kimeldorf-Wahba 1971; Poggio-Girosi 1990)                          )



Representer theorem for L2-regularization

The solution of (P2’) has the generic parametric form: f(x) =
MX

m=1

amrH(x,xm)

(de Boor 1966; Kimeldorf-Wahba 1971; Poggio-Girosi 1990;                          )

RKHS representer theorem for machine learning
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Supports the theory of SVM, kernel methods, etc.

    

Formal characterization: rH(·,x0) = R{�(·� x0)} =
⇣
�(·� x0)

⌘⇤

(Riesz conjugate)
<latexit sha1_base64="SxaFFocK+FlE4PH6YIhuYT3qskg="></latexit>

rH : Rd
⇥ Rd

! R is the (unique) reproducing kernel for the RKHS H if

rH(·,x0) 2 H for all x0 2 Rd

f(x0) = hrH(·,x0), fiH for all f 2 H and x0 2 Rd
<latexit sha1_base64="Gqaj21rhY/GX8W22XD70SW1vZX8="></latexit>

(Aronszajn, 1950)

(P2’) argmin
f2H

 
MX

m=1

E
�
ym, f(xm)

�
+ �kfk2

H

!
with E : R⇥ R ! R convex

<latexit sha1_base64="RxUUazT3znsrFRRTNXe51FYJcDU="></latexit>

Schölkopf 2001

Is there a mother of all representer theorems ?
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(de Boor 1966; Kimeldorf-Wahba 1971; Poggio-Girosi 1990;                           )

arg min
f2X 0

ky � ⌫(f)k2 + �kfk2X 0arg min
f2X 0

E
�
y,⌫(f)

�
+  (kfkX 0)

Schölkopf 2001

Classical representer theorem in machine learning:

• X
0 = H is a reproducing kernel Hilbert space.

• ⌫ : H0
! RM : f 7!

�
f(x1), . . . , hf(xM )

�
is the sampling operator.

<latexit sha1_base64="YCEqEqh/+bKFahHyMaBo40vnl7Y="></latexit>

Most general set-up:

• X is a Banach space.

• ⌫ : X ! RM : f 7!
�
h⌫1, fi, . . . , h⌫M , fi

�
is a general linear measurement operator.

• E : RM ⇥ RM ! R+ [ {+1} is a proper l.s.c. convex loss functional.

•  : R+ ! R+ is some arbitrary strictly-increasing convex function.
<latexit sha1_base64="eOi3oU2UNp+Xf3aCE7XujghhK7g="></latexit>
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■ Deep neural networks

General notion of Banach space
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Definition
A Banach space is a complete normed space X ;
that is, such that limi 'i = ' 2 X for any convergent sequence ('i) in X .

Normed space: vector space X equipped with a norm k · kX

Convergent sequence of functions ('i) in X :

lim
i

'i = '; i.e., limi k'� 'ikX = 0

Generality of the concept

Linear space of vectors u = (u1, . . . , uN ) 2 RN
<latexit sha1_base64="La9Mmkiqfi1aSdWvxqfiz1TFnEU="></latexit>

Linear space of functions u : Rd ! R
<latexit sha1_base64="7FkrzmNE693ArJgb/SAnDlEmdUg="></latexit>

Linear space of vector-valued functions u = (u1, . . . , uN ) : Rd ! RN
<latexit sha1_base64="y/HVy6A8ruUUQ7kgP0qDfwjZFOs="></latexit>

Linear space L(X ,Y) of bounded operator U : X ! Y
<latexit sha1_base64="F3+7x1OQFe85pgOos+tFmz3OvrI="></latexit>

Space of linear functional u : X ! R
<latexit sha1_base64="iqY6/GGWlf3lbUnKV0obVxYATTI="></latexit>

Stefan Banach (1892-1945)



Dual of a Banach space
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�
Lp(Rd)

�0
= Lp0(Rd) with 1

p + 1
p0 = 1

Hölder inequality: |hf,'i| 
Z

Rd

|f(r)'(r)| dr  kfkLpk'kLp0

for p 2 (1,1)

X 0 is a Banach space equipped with the dual norm: kgkX 0 = sup
f2X\{0}

✓
hg, fi
kfkX

◆

Dual of the Banach space (X , k · kX ):

X 0 = space of linear functionals g : f 7! hg, fi M
= g(f) 2 R that are continuous on X

Generic duality bound

For any f 2 X , g 2 X 0: |hg, fi|  kgkX 0kfkX

Duals of Lp spaces:

) kgkX 0 � |hg,fi|
kfkX

, f 6= 0

= sup
f2X : kfkX1

|hg, fi|

Riesz conjugate for Hilbert spaces
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For all (u, v) 2 H⇥H
0: |hu, vi|  kukH kvkH0

Duality bound for Hilbert spaces (equivalent to Cauchy-Schwarz inequality)

Properties

u⇤ = R�1{u} (inverse Riesz map)

Norm preservation: kukH = ku⇤kH0

Invertibility: u = (u⇤)⇤ = R{u⇤}

Linearity: (u1 + u2)⇤ = u⇤

1 + u⇤

2

(sharp duality bound)

(isometry)

+

Definition

The Riesz conjugate of u 2 H is the unique element u⇤
2 H

0 such that

hu, u⇤
i = hu, uiH = kuk2

H
= kukH ku⇤

kH0

(H0)0 = H (reflexivity)

Frigyes Riesz (1880-1956)



Generalization: Duality mapping
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(Beurling-Livingston, 1962)

Arne Beurling (1905-1986)

Definition
Let (X ,X 0) be a dual pair of Banach spaces. Then, the elements f⇤ 2 X 0 and f 2 X
form a conjugate pair if

• kf⇤kX 0 = kfkX (norm preservation), and

• hf⇤, fiX 0⇥X = kf⇤kX 0kfkX (sharp duality bound).

For any given f 2 X , the set of admissible conjugates defines the duality mapping

J(f) = {f⇤ 2 X 0 : kf⇤kX 0 = kfkX and hf⇤, fiX 0⇥X = kf⇤kX 0kfkX },

which is a non-empty subset of X 0. Whenever the duality mapping is single-valued
(for instance, when X 0 is strictly convex), one also defines the duality operator
JX : X ! X 0, which is such that f⇤ = JX (f).

Properties of duality mapping

12

X is reflexive if X 00 = X .

X is strictly convex if, for all f1, f2 2 X such that kf1kX = kf2kX = 1

and f1 6= f2, one has k�f1 + (1� �)f2kX < 1 for any � 2 (0, 1).

Theorem
Let (X ,X 0) be a dual pair of Banach spaces. Then, the following holds:

1. Every f 2 X admits at least one conjugate f⇤ 2 X 0.

2. J(�f) = �J(f) for any � 2 R+ (homogeneity).

3. For every f 2 X , the set J(f) is convex and weak-⇤ closed in X 0.

4. The duality mapping is single-valued if X 0 is strictly convex; the latter condition
is also necessary if X is reflexive.

5. When X is reflexive, then the duality map is bijective if and only if both X and
X 0 are strictly convex.



Mother of all representer theorems
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Lausanne, Christmas 2018

arg min
f2X 0

E
�
y,⌫(f)

�
+  (kfkX 0)

Mathematical assumptions:

• (X ,X 0) is a dual pair of Banach spaces.

• N⌫ = span{⌫m}Mm=1 ⇢ X with the ⌫m being linearly independent.

• ⌫ : X 0 ! RM : f 7!
�
h⌫1, fi, . . . , h⌫M , fi

�
is the linear measurement operator

(it is weak⇤ continuous on X 0 because ⌫1, . . . , ⌫M 2 X ).

• E : RM ⇥ RM ! R+ is a strictly-convex loss functional.

•  : R+ ! R+ is some arbitrary strictly-increasing convex function.
<latexit sha1_base64="swLNZsIpkS7RpyNNxSDQ2KAmNSY="></latexit>

Mother of all representer theorems (Cont’d)

14
(Unser, ArXiv 2019)

Theorem
For any fixed y 2 RM , the solution set of the generic optimization problem

S = arg min
f2X 0

E
�
y,⌫(f)

�
+  (kfkX 0)

is non-empty, convex and weak⇤-compact.
<latexit sha1_base64="p2eII09Qy1OXh1pwAC0z2Ogm8u4="></latexit>

Any solution f0 2 S ⇢ X 0 is a (X 0,X )-conjugate of a common

⌫0 =
MX

m=1

am⌫m 2 N⌫ ⇢ X

with suitable weights a 2 RM ; i.e., S ✓ J(⌫0).
<latexit sha1_base64="SpwO0wahdNTvG+7MVCEmn6XTEg4="></latexit>

If the Banach space X is reflexive and strictly convex, then the solution is unique with

f0 = JX {⌫0} 2 X 0
(Banach conjugate of ⌫0). If X is a Hilbert space, then f0 =

PM
m=1 am⌫⇤m

where ⌫⇤m is the Riesz conjugate of ⌫m.
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1. Learning in reproducing Kernel Hilbert space

16

Em : R⇥ R ! R (strictly convex)

 : R ! R+ (strictly increasing and convex)
<latexit sha1_base64="RVFwl3608N7LZBIHsDcq85SEca4="></latexit>

Learning problem

Given the data
�
xm, ym

�M
m=1

with xm 2 Rd, find the function f0 : Rd ! R s.t.

f0 = argmin
f2H

 
MX

m=1

Em

�
ym, f(xm)

�
+  (kfkH)

!

Definition

A Hilbert space H of functions on Rd
is called a reproducing kernel Hilbert space (RKHS)

if �(· � x) 2 H
0

for any x 2 Rd
. The corresponding unique Hilbert conjugate h(·,x) =�

�(·� x)
�⇤

2 H when indexed by x is called the reproducing kernel of H.



Learning in RKHS (Cont’d)
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Special case of generalized representer theorem

X = H
0, X

0 = H
00 (Reflexive Banach space)

⌫m = �(·� xm) (Dirac sampling functionals)

Additive loss: E(y, z) =
MX

m=1

Em

�
ym, zm

�

(Schölkopf representer theorem, 2001)

Implied form of unique solution = linear kernel expansion

f0 =
MX

m=1

am⌫⇤m =
MX

m=1

amh(·,xm)

Key observation

Reproducing kernel = Schwartz kernel of Riesz map

R = JH0 : H0
! H : ⌫ 7! ⌫⇤ =

Z

Rd

h(·,y)⌫(y)dy ) ⌫⇤m = R{�(·� xm)} = h(·,xm)

2. Tikhonov regularization

18

Ill-posed linear inverse problem

Measurement functionals: ⌫1, · · · , ⌫M 2 H
0

Goal: recover a function f : Rd
! R from noisy measurements ym = h⌫m, fi+ ✏m

Formulation of reconstruction problem (penalized least-squares)

Given the data y 2 RM , find the function f0 : Rd ! R s.t.

f0 = argmin
f2H

 
MX

m=1

|ym � h⌫m, fi|2 + �kfk2
H

!

� 2 R+: adjustable regularization parameter.

H: Hilbert space on Rd with Riesz map JH0 = R : H0
! H

<latexit sha1_base64="QIey5pCC7a/ocrIc46LdMGYIhng="></latexit>



Tikhonov regularization: closed-form solution
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) f0 =
MX

m=1

am'm 2 span{'m}

 (t) = �|t|2 (convex)

Application of generalized representer theorem

X = H
0
, X

0 = H
00 = H (Hilbert space)

Measurement functionals: ⌫m 2 H
0,m = 1, . . . ,M

Conjugate functions: 'm = ⌫⇤m = R{⌫m} 2 H
<latexit sha1_base64="uNCXuoAGtz0YgqvX+Xjq9ayUF9g="></latexit>

= (H+ �I)�1y
<latexit sha1_base64="CRdaw1mcGiTujbByEvluV7Hz0Gw="></latexit>

Optimal discretization: "the miraculous simplification”

System matrix H 2 RM⇥M
= Gram matrix (symmetric, positive-definite)

[H]m,n = h⌫m,'ni = h⌫m, ⌫⇤ni = h⌫⇤m, ⌫⇤niH = h'm,'niH

f =
MX

m=1

am'm ) ⌫(f) = Ha, kfk2
H

= aT
Ha

<latexit sha1_base64="i8xH4dSUOr4btxC6X0jAwyY/b2c="></latexit>

) aopt = arg min
a2RM

�
ky �Hak22 + �kHak22

�

<latexit sha1_base64="p6UN4GamETd1OYDJhTMS0a3gXTw="></latexit>

3.     -norm regularization

20

`p

Finite-dimensional setup (CS)

Goal: Recover s = (sn) 2 RN from a set of corrupted linear measurements
ym = hT

ms+ ✏m, m = 1, . . . ,M

Compressed sensing scenario: M ⌧ N

Strategy: Try to favor sparse solutions

Formulation of reconstruction task

Data y 2 RM

System matrix H = [h1 h2 · · · hM ]T 2 RM⇥N

Minimization problem with p > 0 small

s = arg min
x2RN

⇣
E
�
y,Hx) + �kxkp`p

⌘

� 2 R+: adjustable regularization parameter



   -norm regularization (Cont’d)
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`p

Application of general representer theorem

X = (RN , k · k`q ) , X 0 = (RN , k · k`p) with
1
p + 1

q = 1

Hölder inequality: |hu,vi|  kuk`pkvk`q

 (x) = �|x|p is convex for p � 1

k · k`p and k · k`q norms are strictly convex for p 2 (1,1) ) unique solution

[s]n =

���[HTa]n)
���
q�1

kHTakq�2
`q

sign
�
[HTa]n

�

with parameter vector a 2 RM

Parametric form of the solution:

Known q-to-p duality map: [v⇤]n = |vn|q�1

kvkq�2
`q

sign
�
vn

�

Qualitative effect of Banach conjugation

22

s =
�
v/kvk`q

�⇤
<latexit sha1_base64="sUyXAHnHEORrMOfwkFgkkriAr9w="></latexit>

v⇤n =
|vn|q�1

kvkq�2
`q

sign
�
vn

�

<latexit sha1_base64="DENPF866Psjh1xTDOF88MTInqoE="></latexit>

J`q(Z) : `q(Z) ! `p(Z)
<latexit sha1_base64="ZqS+c2swaUyl/+9ugDUWTklRbL8="></latexit>



Qualitative effect of Banach conjugation
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s =
�
v/kvk`q

�⇤
<latexit sha1_base64="sUyXAHnHEORrMOfwkFgkkriAr9w="></latexit>

(q, p) = (2, 2) : identity
<latexit sha1_base64="ujnLwxu+93hGM1C0ayVehBtXt6g="></latexit>

(q, p) ! (1,1) : saturation of v⇤
<latexit sha1_base64="SfyRxdutM64TIXlLoDMad5SHrx4="></latexit>

(q, p) ! (1, 1) : sparsification of v⇤
<latexit sha1_base64="hRkzMftx9O9lW8WzRFx73CcdENw="></latexit>

4. Sparsity promoting regularization

24

S = arg min
f2X 0

E
�
y,⌫(f)

�
+  (kfkX 0)

(Boyer-Chambolle-De Castro-Duval-De Gournay-Weiss, arXiv:1806.09810, 2019)

S

Cases where the solution set is not necessarily unique

X 0 is non-reflexive, non-strictly convex; e.g., X 0 = `1(Z)

Representer theorem ) S is convex, weak⇤ compact

Krein-Milman theorem: S is the convex hull of its extreme points

Theorem
All extreme points f0 of S can be expressed as

f0 =
K0X

k=1

akek

for some 1  K0  M where the ek are some extreme points of the unit “regularization” ball
BX 0 = {f 2 X 0 : kfkX 0  1} and a = (a1, · · · , aK0) 2 RK0 .



Extreme points
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S

Extreme points of unit ball in `p(Z)

`1(Z) : ek[n] = ±1

`p(Z) with p 2 (1,1) : ek = u/kuk`p for any u 2 `p(Z)

) sparse !!!`1(Z) : ek = ±�[·� nk] (Kronecker impulse)

Definition of strictly convexity: all boundary points are extreme !!!

Definition

Let S be a convex set. Then, the point x 2 S is extreme
if it cannot be expressed as a (non-trivial) convex combination of any other points in S.

Geometry of l2  vs. l1 minimization

26

x2

x1

`2-ball: |x1|2 + |x2|2 = C2

`1-ball: |x1|+ |x2| = C1

C
y1 = hT

1 x

y

2�

Prototypical inverse problem

min
x

�
ky �Hxk2`2 + � kxk2`2

 
, min

x
kxk`2 subject to ky �Hxk2`2  �2

min
x

�
ky �Hxk2`2 + � kxk`1

 
, min

x
kxk`1 subject to ky �Hxk2`2  �2



Geometry of l2  vs. l1 minimization
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Prototypical inverse problem

min
x

�
ky �Hxk2`2 + � kxk2`2

 
, min

x
kxk`2 subject to ky �Hxk2`2  �2

min
x

�
ky �Hxk2`2 + � kxk`1

 
, min

x
kxk`1 subject to ky �Hxk2`2  �2

x2

x1

`2-ball: |x1|2 + |x2|2 = C2

`1-ball: |x1|+ |x2| = C1

C y1 = hT
1 x

sparse extreme points

Configuration for non-unique `1 solution

5. Sparse kernel expansions

28

L�1{'} =

Z

Rd

h(·,y)'(y)dy

Schwartz kernel

Context

S(Rd): Schwartz’s space of smooth and rapidly decaying functions on Rd

S 0(Rd): the space of tempered distributions

Regularization operator L : S 0(Rd)
c.��! S 0(Rd)

Inverse operator L�1 : S 0(Rd)
c.��! S 0(Rd)

Bivariate kernel: h : Rd ⇥ Rd ! R

Native Banach space for
�
L,M(Rd)

�

ML(Rd) = {f 2 S 0(Rd) : kLfkM
M
= sup

k'k11:'2S(Rd)
hLf,'i < +1}

<latexit sha1_base64="y/YkS74EBMi61XnZolJHmRtcF9Q="></latexit>

Laurent Schwartz (1915-2002)



Isometry with space of Radon measures
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Basic isometries

L : ML(Rd) ! M(Rd)

L�1 : M(Rd) ! ML(Rd)

Extreme points of unit ball in M(Rd): ek = ±�(·� ⌧ k) with ⌧ k 2 Rd

L�1 : ' 7!
Z

Rd

h(·,y)'(y)dy

Extreme points of unit ball in ML(Rd):

uk = L�1{ek} = ±L�1{�(·� ⌧ k)} = ±h(·, ⌧ k)

Johann Radon (1887-1956)

Space of bounded Radon measures on Rd

M(Rd) = {f 2 S 0(Rd) : kfkM
M
= sup

k'k11:'2S(Rd)
hf,'i < +1}

Sparse kernel expansions (Cont’d)

30

Theorem
All extreme points f0 of S can be expressed as

f0(x) =
K0X

k=1

akh(x, ⌧ k)

with parameters K0  M , ⌧ 1, . . . , ⌧K0 2 Rd and a = (ak) 2 RK0 . Moreover, kLf0kM =
K0X

k=1

|ak| = kak`1 .

L�1 : ' 7!
Z

Rd

h(·,y)'(y)dy

S = arg min
f∈ML(Rd)

(
M∑

m=1

Em

(
ym, f(xm)

)
+ λ‖Lf‖M

)



Special case: Translation-invariant kernels
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Determination of the regularization operator

bL(!) =
1

bhLSI(!)

L : S 0(Rd)
c.��! S 0(Rd) , bL(!) smooth and slowly growing

Determination of the kernel: hLSI(x) = F�1
n

1
bL(!)

o
(x)

Example of admissible kernels:

hLSI(x) = exp (�kxk↵) with ↵ 2 (0, 2)
<latexit sha1_base64="pRPUANxzMl3c4PiLpI2fA8CEUrQ="></latexit>

Linear-shift invariant (LSI) setting

LSI operator L with frequency response bL(!) = F
�
L{�}

 
(!)

LSI inverse operator L�1 : ' 7! hLSI ⇤ '

Translation-invariant kernel: h(x, ⌧ ) = hLSI(x� ⌧ )
<latexit sha1_base64="EwimhOfF5tQCQcH4cukSxz2pmM0="></latexit>

RKHS vs. sparse kernel expansions (LSI)

32

min
f2ML(Rd)

 
MX

m=1

Em

�
ym, f(xm)

�
+ �kLfkM

!

min
f2L2,L(Rd)

 
MX

m=1

Em

�
ym, f(xm)

�
+ �kLfk2L2

!

) fRKHS(x) =
MX

m=1

amhPD(x� xm)

) fsparse(x) =
K0X

k=1

akhLSI(x� ⌧ k)

kLfsparsekM = kak`1

Positive-definite kernel:

Quadratic energy:

hPD(x) = F�1
n

1
|bL(!)|2

o
(x)

Sparsity-promoting energy:

Admissible kernel:

hLSI(x) = F�1
n

1
bL(!)

o
(x)

kLfRKHSk2L2
= aTGa

<latexit sha1_base64="09qUJ8+w+EvZmnXMwlUapyOP/HA="></latexit>

Adaptive parameters: K0  M , ⌧ 1, . . . , ⌧K0 2 Rd
<latexit sha1_base64="wzbZAvRpVoROJ16B10wLGfRRUQ4="></latexit>
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layers

nodes

(n, `)

….….

neuron

(n� 1, `)
Linear step: RN`�1 ! RN`

f ` : x 7! f `(x) = W`x+ b`

Nonlinear step: RN` ! RN`

�` : x 7! �`(x) =
�
�(x1), . . . ,�(xN`)

�

Learned

zn,` = �
�
wT

n,`z`�1 + bn,`
�

Layers: ` = 1, . . . , L

Deep structure descriptor: (N0, N1, · · · , NL)

Neuron or node index: (n, `), n = 1, · · · , N`

Activation function: � : R ! R (ReLU)

fdeep(x) = (�L � fL � �L�1 � · · · � �2 � f2 � �1 � f1) (x)

Refinement: free-form activation functions

34

layers

nodes

(n, `)

….….

neuron

(n� 1, `)

zn,` = �n,`

�
wT

n,`z`�1 + bn,`
�

Linear step: RN`�1 ! RN`

f ` : x 7! f `(x) = W`x+ b`

Nonlinear step: RN` ! RN`

�` : x 7! �`(x) =
�
�n,`(x1), . . . ,�N`,`(xN`)

�

Joint learning / training ?

fdeep(x) = (�L � fL � �L�1 � · · · � �2 � f2 � �1 � f1) (x)

Layers: ` = 1, . . . , L

Deep structure descriptor: (N0, N1, · · · , NL)

Neuron or node index: (n, `), n = 1, · · · , N`

Activation function: � : R ! R (ReLU)
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Native space for
�
M(R),D2

�

BV(2)(R) = {f : R ! R : kD2fkM < 1}

Second total-variation of � : R ! R

TV(2)(�)
M
= kD2�kM = sup'2S(R):k'k11hD2�,'i

Regularization functional

Should not penalize simple solutions (e.g., identity or linear scaling)

Should impose diffentiability (for DNN to be trainable via backpropagation)

Should favor simplest CPWL solutions; i.e., with “sparse 2nd derivatives”

Representer theorem for deep neural networks
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(U. JMLR 2019) Theorem (TV(2)-optimality of deep spline networks)

neural network f : RN0 ! RNL with deep structure (N0, N1, . . . , NL)

x 7! f(x) = (�L � `L � �L�1 � · · · � `2 � �1 � `1) (x)

normalized linear transformations `` : RN`�1 ! RN` ,x 7! U`x with weights
U` = [u1,` · · · uN`,`]

T 2 RN`⇥N`�1 such that kun,`k = 1

free-form activations �` =
�
�1,`, . . . ,�N`,`

�
: RN` ! RN` with �1,`, . . . ,�N`,` 2 BV(2)(R)

Given a series data points (xm,ym) m = 1, . . . ,M , we then define the training problem

arg min
(U`),(�n,`2BV(2)(R))

 
MX

m=1

E
�
ym, f(xm)

�
+µ

NX

`=1

R`(U`) + �
LX

`=1

NX̀

n=1

TV(2)(�n,`)

!
(1)

E : RNL ⇥ RNL ! R+: arbitrary convex error function

R` : RN`⇥N`�1 ! R+: convex cost

If solution of (1) exists, then it is achieved by a deep spline network with activations of the form

�n,`(x) = b1,n,` + b2,n,`x+

Kn,`X

k=1

ak,n,`(x� ⌧k,n,`)+,

with adaptive parameters Kn,`  M � 2, ⌧1,n,`, . . . , ⌧Kn,`,n,` 2 R, and b1,n,`, b2,n,`, a1,n,`, . . . , aKn,`,n,` 2 R.
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(Kn,` = 1, bn,` = 0)

Linear regression: � ! 1 ) Kn,` = 0
<latexit sha1_base64="WEN5hvLrvHbFqA5So5vlFIrXKFY="></latexit>

(Agostinelli et al. 2015) Adaptive-piecewise linear (APL) networks
<latexit sha1_base64="HBSIoFcNqpFlMl6Baew2fFycldY="></latexit>

(Kn,` = 5 or 7, bn,` = 0)
<latexit sha1_base64="YsBoYURyo9beUtDnCqQI4/Rj52k="></latexit>

(Kn,` = 1)
<latexit sha1_base64="8N8UzKw9qR1YdaNKWYW/yACNf4w="></latexit>

(He et al. CVPR 2015) 

Justification of popular schemes / Backward compatibility
<latexit sha1_base64="1sNw3U2LtZhDEYeEEMXeGw+Bi70="></latexit>

Global optimality achieved with spline activations
<latexit sha1_base64="iogvmyZVER1ymYu5nIU+oPley3s="></latexit>

State-of-the-art Parametric ReLU networks
1 ReLU + linear term (per neuron)

<latexit sha1_base64="RKMNleUNEw2Y8RJJVQTx2fi5D1s="></latexit>

(Glorot ICAIS 2011)

(LeCun-Bengio-Hinton  Nature 2015)

Standard ReLU networks

Comparison of linear interpolators
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zm<latexit sha1_base64="24JOALiYbOXS/l1FTCkcZ7uZyZ0="></latexit>

ỹm
<latexit sha1_base64="IWIuZRUfqQxxQR2SfjmUiEwEbuo="></latexit>

arg min
f2H1(R)

Z

R
|Df(x)|2dx s.t. f(xm) = ym, m = 1, . . . ,M

arg min
f2BV(2)(R)

kD2fkM s.t. f(xm) = ym, m = 1, . . . ,M
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Classical methods based on quadratic minimization

Kernel-based methods for RKHS

Tikhonov regularization
<latexit sha1_base64="Hlsv6HF1UGupHDXWdIMwbp8t1p8="></latexit>

Optimization in reflexive and strictly-convex Banach spaces

Lp splines

Reproducing kernel Banach spaces
<latexit sha1_base64="KUi9Ok9co49/oUtPqUrXC5zEaNI="></latexit>

(de Boor 1976; …)

(Zhang-Xu-Zhang 2009; Zhang-Zhang 2012)

(Poggio-Girosi 1990;  Schölkopf 2001)

(Tikhonov 1977;  Gupta 2018)

(Unser 2019)

(Unser-Fageot-Ward 2017;  Flinth-Weiss 2018; 
Bredies-Carioni 2020)

(Donoho 2006; Candes 2006; Baraniuk 2007)

(Candes Fernandez-Grada 2013; Duval-Peyré 2015)

Modern sparsity-based optimization

`1-minimization for compressed sensing

Total variation minimization for the recovery of spikes

L-splines are optimum solutions for inverse problems

with generalized total-variation regularization

Optimality of deep ReLU networks
<latexit sha1_base64="8x7dpDOSH9VNJ5mtZ8deLvBRUuA="></latexit>

Unifying result that supports all known “representer” theorems
<latexit sha1_base64="ZbqusdeGk2svCWTH7VCLQpr/Ed4="></latexit>

Conclusion (Cont’d)
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Remarkable level of generality ) opens up new perspectives
<latexit sha1_base64="hJg1z5eAjX4DcbrM6UJgj+Kqw+M="></latexit>

No need for Fréchet derivatives or sub-gradients !!!

Fundamental ingredients for applicability

Banach space that is matched to the problem at hand

Knowledge of dual mapping vs. extreme points
<latexit sha1_base64="XdhbPRl3LWjsA3j+9KzQwrUYJP4="></latexit>

Sparse kernel expansions: Open computational challenge

Efficient algorithm for displacing/removing kernels
<latexit sha1_base64="5pSrz8a91daF4nsSgF+cxbc1pZ4="></latexit>
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) f̃(xm) = ỹm,L
<latexit sha1_base64="Spnut0MMkNbtcVFL0V1mmRDaWc8="></latexit>

min
(U`),(�n,`2BV(2)(R))

 
MX

m=1

E
�
ym, f(xm)

�
+µ

NX

`=1

R`(U`) + �
LX

`=1

NX̀

n=1

TV(2)(�n,`)

!

<latexit sha1_base64="OS7zBy/Feh6hdmPvGkkTWx0PnqM="></latexit>

Apply “optimal” network f̃ to each data point xm:

• Initialization (input): ỹm,0 = xm.

• For ` = 1, . . . , L

zm,` = (z1,m,`, . . . , zN`,m,`) = Ũ` ỹm,`�1

ỹm,` = (ỹ1,m,`, . . . , ỹN`,m,`) 2 RN`

with ỹn,m,` = �̃n,`(zn,m,`) n = 1, . . . , N`.
<latexit sha1_base64="Hpt3jLgfAnn99zJ92HvScHn1qr0="></latexit>

This fixes two terms of minimal criterion:
PM

m=1 E
�
ym, ỹm,L) and

PL
`=1 R`(Ũ`).

<latexit sha1_base64="gSDa4AunrB0Biqn9pNTkFniec+0="></latexit>

f̃ achieves global optimum

, �̃n,` = arg min
f2BV(2)(R)

kD2fkM s.t. f(zn,m,`) = ỹn,m,`, m = 1, . . . ,M
<latexit sha1_base64="WoH25LLpINGrVpMxIcYIAutNTp4="></latexit>

On spline activation functions

Michael Unser⇤

March 19, 2019

Abstract

1 Introduction

Figure 1: Diagram of a fully connected neural network R4 ! R2 with L = 5
layers of active neurons (blue circles) and node descriptor (4, 5, 4, 2, 3, 2).

The architecture of a conventional deep neural network is specified by its
node descriptor (N0, N1, . . . , NL) where L is the total number of layers (depth
of the network) and N` is the number of neurons at the `th layer. The action
of a (scalar) neuron (or node) indexed by (n, `) is described by the relation

x 7! �(wT
n,`x� bn,`) (1)

where x 2 RN`�1 denotes the multivariate input of the neuron, � : R ! R is a
predefined activation function (such as a sigmoid or a ReLU), wn,` 2 RN`�1 a
set of linear weights, and bn,` 2 R an additive bias. The outputs of layer ` are
then fed as inputs of layer (`+ 1), and so forth for ` = 1, . . . , L.

The structure of a deep-spline network is essentially the same as above,
except that the activation function is allowed to vary on a neuron-by-neuron

⇤
Biomedical Imaging Group, École polytechnique fédérale de Lausanne (EPFL), CH-1015

Lausanne, Switzerland

1

Optimal solution f̃ = �̃L � ˜̀L � �̃L�1 � · · · � ˜̀2 � �̃1 � ˜̀1 with optimized weights Ũ` and neuronal activations �̃n,`.

Tikhonov regularization (Exact solution)
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Equivalent finite-dimensional problem

a0 = arg min
a2RM

�
ky �Hak2 + �aT

Ha
�

f0 = argmin
f2H

 
MX

m=1

|ym � h⌫m, fi|2 + �kfk2
H

!

and

f0 = span{'m}Mm=1

Closed-form solution

a0 = (HH + �H)�1
Hy = (H+ �I)�1y

H invertible , ⌫m are linearly independent


