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Abstract
Localisation microscopy often relies on detailed models of point-spread func-
tions. For applications such as deconvolution or PSF engineering, accurate
models for light propagation in imaging systems with a high numerical aper-
ture are required. Different models have been proposed based on 2D Fourier
transforms or 1D Bessel integrals. The most precise ones combine a vectorial
description of the electric field and accurate aberration models. However, it
may be unclear which model to choose as there is no comprehensive compar-
ison between the Fourier and Bessel approaches yet. Moreover, many existing
libraries are written in Java (e.g., our previous PSF generator software) or MAT-
LAB,which hinders their integration into deep learning algorithms. In thiswork,
we start from the original Richards–Wolf integral and revisit both approaches
in a systematic way. We present a unifying framework in which we prove the
equivalence between the Fourier and Bessel strategies and detail a variety of cor-
rection factors applicable to both of them. Then, we provide a high-performance
implementation of our theoretical framework in the form of an open-source
library that is built on top of PyTorch, a popular library for deep learning.
It enables us to benchmark the accuracy and computational speed of differ-
ent models and allows for an in-depth comparison of the existing models for
the first time. We show that the Bessel strategy is optimal for axisymmetric
beams, while the Fourier approach can be applied to more general scenar-
ios. Our work enables the efficient computation of a point-spread function
on CPU or GPU, which can then be included in simulation and optimisation
pipelines.
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1 INTRODUCTION

The point-spread function (PSF), also referred to as the
impulse response, is a fundamental concept that encap-
sulates key features of an optical microscope. Its moni-
toring and assessment have been longstanding routines
in microscopy, supported by the development of specific
tools1–3 and the creation of a consortium to standardise
best practices.4 A detailed characterisation of the PSF is
essential to the design of computational imaging processes
such as single-molecule localisation microscopy5 and
super-resolution microscopy, including 3D deconvolution
microscopy,6,7 structured illumination microscopy (SR-
SIM),8,9 fluctuation microscopy,10,11 stimulated emission-
depletionmicroscopy (STED),12 andMINFLUX.13 The PSF
is at the heart of these localisation techniques and helps
one to achieve a spatial resolution beyond the optical
diffraction limit.
The PSF can be measured experimentally from a z-stack

of tiny fluorescent beads.6,14 However, a theoretical PSF
is often required. Here, the challenge lies in the accu-
rate model of light propagation for imaging systems with
high numerical aperture (NA). Detailed models have been
proposed15–18 to (a) go beyond simple paraxial approxi-
mations, (b) take into account the vectorial nature of the
electric field, and (c) include various aberration factors
such as the Gibson–Lanni aberrations due to refraction at
planar interfaces.19 Several software packages have been
developed to generate precise theoretical 3D PSFs that
include various features and aberrations. Among these, the
Huygens PSF software1 is well-known in the microscopy
community, and our Java-based ImageJ/FIJI plugin, PSF
Generator,20 has also been widely used in the past.
Other open-source alternatives include MATLAB-based
solutions3,21,22 as well as Python-based tools.23,24
Computational PSF models have often been applied in

fluorescence microscopy. For example, the fitting of a the-
oretical PSF to a measured one can improve accuracy.20,25
Detailed models enable the quantification of the 3D
uncertainty,26 while the engineering of PSFs may take
full advantage of parametric models.27–29 They are a key
component of high-quality single-molecule localisation
microscopy (SMLM) images,30,31 including single-particle
tracking32,33 and virtual SMLMmicroscopes.34,35
Existing approaches to the computation of the PSF can

be categorised into two classes of models: those based
on 2D Fourier transforms3,16 or 1D integrals of Bessel
functions.15,17,18,36 These two classes rely on different
assumptions (with Bessel models being more restrictive)
and bring different computational trade-offs. Most works
focus on one of the two approaches, and the relationship

1 https://svi.nl/

between them remains unclear. For example, the Gibson–
Lanni aberrations19 or the apodisation factor15 are only
applied in the Bessel case, although they could be gener-
alised to both. To the best of our knowledge, no systematic
benchmark of the two strategies has been published, either
in terms of accuracy or computational speed.
In this work, we propose a unifying framework for PSF

models in which we show the equivalence between the
Fourier and the Bessel approaches as being two separate
parameterisations of the same propagation integral. This
enables us to generalise diverse correction factors and
apply them to both models. Eventually, the choice is sim-
plified to scalar versus vectorial models, optionally with
additional correction factors.We distribute an open-source
PyTorch-based library called psf-generator. It inherits
all the functionalities of PyTorch and allows for a seam-
less integration with modern learning-based algorithms.
We benchmark the two classes of models on CPU and
GPU and show that the Bessel model is advantageous for
axisymmetric PSFs while the Fourier one is more gen-
eral and thus more suitable for applications such as PSF
engineering. To support the open-source community and
facilitate the adoption of high-NAPSFmodels, we also pro-
vide a graphical interface in the napari ecosystem37 and
integrate our work in the chromatix optical simulation
framework.38

2 BACKGROUND

Electromagnetic waves in optical systems are fundamen-
tally described by the Helmholtz wave equations, yet solv-
ing these equations in full generality is computationally
intractable. Various approximations and integral formula-
tions have thus been developed. The cornerstone for pre-
cise PSF models in high-NA systems is the Richards–Wolf
integral,15 which can be viewed as a vectorial extension
of the Debye integral.39 The conditions of validity for the
Richards–Wolf integral have been thoroughly discussed by
Wolf and Li.40 While alternative light propagation models
exist, theHuygens–Fresnel approach has been shown to be
equivalent, to some extent, for PSF calculations.41
This has been the basis of a line of work for PSF models

based on Bessel functions, which we will later refer to
as the spherical parameterisation of the Richards–Wolf
integral. This approach includes simpler formulations
like the Kirchhoff model and more sophisticated vectorial
representations.17,18 These models have progressively been
refined by incorporating various correction factors to
account for additional physical processes: the Gibson–
Lanni model for spherical aberrations due to refractive
index mismatch19 (later generalised in Refs. 36, 42), apodi-
sation factors for energy conservation,15 and Fresnel
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LIU et al. 3

F IGURE 1 Geometry of the focusing of optical fields. An
incident field 𝐞inc is transformed by a focusing element into a
converging spherical wave 𝐞∞. These fields are parameterised by a
unit vector 𝐬, either in Cartesian coordinates (𝑠𝑥, 𝑠𝑦, 𝑠𝑧) or spherical
coordinates (𝜃, 𝜙). The focus field 𝐄 is parameterised by 𝝆 = (𝑥, 𝑦, 𝑧),
rewritten here to introduce cylindrical coordinates 𝜌 and 𝜙.

transmission coefficients for accurate interface
modelling.17 Models using this spherical parameterisation
have been implemented in various software libraries in
Java20 and Python,23 which makes it widely accessible to
researchers, albeit with some limitations in computational
efficiency and integration with deep-learning frameworks.
Another line of work on PSF modelling is based on

Fourier transforms, both in scalar43 and vectorial16 for-
mulations. These models are based on a Cartesian param-
eterisation of the underlying Richards–Wolf integral and
they represent a more general counterpart of the spherical
parameterisation. Recently, these high-NA Fourier models
have been implemented in MATLAB3 and Tensorflow as
part of a PSF fitting library.44 Adequate sampling of the
Fourier transform is crucial for obtaining high-resolution
PSFs and avoiding aliasing. A common trick based on
the chirp Z transform is usually implemented to achieve
it.3,16,29

3 THEORY

3.1 The Richards–Wolf model

As depicted in Figure 1, one obtains the PSF by computing
the propagation of light after going through a focusing ele-
ment, typically amicroscope objective or lens. The incident
field 𝐞inc(𝐬), also called the pupil function, is represented
by a disk with a maximal cutoff angle defined by the NA of
the imaging system. The focusing element transforms the
planar incident field into a spherical wave, 𝐞∞(𝐬), evalu-
ated on the Gaussian reference sphere. This corresponds
to an ensemble of far fields that propagate with direction 𝐬

and converge to the focal point 𝑂. Our goal is to compute
the focused electric field𝐄(𝝆)near𝑂. Due to the reciprocity
of light propagation, this model can also be extended to
the emission of a point source to the back focal plane of
a microscope objective.
The model introduced by Ref. (37) is the starting point

that allows us to derive all the precise PSF models
described in previous works. The focal field is given by
a sum of plane waves with direction 𝐬 = (𝑠𝑥, 𝑠𝑦, 𝑠𝑧), as
expressed by

𝐄(𝝆) = −
i𝑓𝑘

2𝜋 ∬
Ω

𝐞∞(𝐬) exp (i𝑘𝐬 ⋅ 𝝆)dΩ, (1)

where 𝝆 = (𝑥, 𝑦, 𝑧) = (𝜌 cos 𝜑, 𝜌 sin 𝜑, 𝑧) is the position
vector in the focal region of the lens, 𝐬 = (𝑠𝑥, 𝑠𝑦, 𝑠𝑧) =
(sin 𝜃 cos 𝜙, sin 𝜃 sin 𝜙, cos 𝜃) is a unit vector that describes
the direction of an incoming ray, 𝑓 is the focal length of
the lens, 𝑘 = 2𝜋𝑛

𝜆
is the wavenumber, 𝜆 is the wavelength,

𝑛 is the refractive index of the propagation medium, and
𝐞∞(𝐬) describes the field distribution on the Gaussian ref-
erence sphere. We integrate over the set Ω of solid angles
defined on a region 𝑠2𝑥 + 𝑠2𝑦 ≤ 𝑠2max , where 𝑠max = NA

𝑛𝑖
is the

cut-off determined by the NA and 𝑛𝑖 is the refractive index
of the immersionmedium. The angle 𝜃 is therefore defined
within the immersion medium. We first describe the dif-
ferent classes of models based on this simplified concise
equation and postpone to Section 3.4 the introduction of
correction factors.

3.2 Scalar models

As a first step, it is common to rely on a scalar approx-
imation to simplify calculations, especially in low-NA
scenarios. In this case, the far field is equal to the incident
field, so that 𝑒∞(𝐬) = 𝑒inc(𝐬). The focal field is then given
by

𝐸(𝝆) = −
i𝑓𝑘

2𝜋 ∬
Ω

𝑒∞(𝑠𝑥, 𝑠𝑦) exp (i𝑘𝐬 ⋅ 𝝆)dΩ. (2)

This expression involves a two-dimensional integral over
the pupil disk. Two specific parameterisations yield the
two classes of models described previously.
The Cartesian parameterisation utilises both 𝑠𝑥 and 𝑠𝑦

coordinates with dΩ = d𝑠𝑥d𝑠𝑦∕𝑠𝑧, which results in

𝐸(𝝆) = −
i𝑓𝑘

2𝜋 ∬
𝑠2𝑥+𝑠

2
𝑦≤𝑠2max

𝑒∞(𝑠𝑥, 𝑠𝑦)

𝑠𝑧
exp (i𝑘𝑠𝑧𝑧) exp

×
(
i𝑘(𝑠𝑥𝑥 + 𝑠𝑦𝑦)

)
d𝑠𝑥d𝑠𝑦. (3)
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4 LIU et al.

In this form, the focused field at a 𝑧 transverse plane
is given by the 2D inverse Fourier transform of
(𝑒∞(𝑠𝑥, 𝑠𝑦) exp (i𝑘𝑠𝑧𝑧)∕𝑠𝑧), where 𝑠𝑧 =

√
1 − 𝑠2𝑥 − 𝑠

2
𝑦 .

Thus, the Cartesian parameterisation of the Richards–
Wolf integral leverages the speed and efficiency of the fast
Fourier transform (FFT) algorithm.
Alternatively, the spherical approach parameterises

the problem with two angles 𝜃 ∈ [0, 𝜃max] (the maxi-
mum angle 𝜃max is determined by the NA) and 𝜙 ∈
[0, 2𝜋], as depicted in Figure 1. With 𝝆 = (𝑥, 𝑦, 𝑧) =

(𝜌 cos 𝜑, 𝜌 sin 𝜑, 𝑧) and dΩ = sin 𝜃d𝜃d𝜙, the field in the
focal region can be rewritten as

𝐸(𝝆) = −
i𝑓𝑘

2𝜋 ∫
𝜃max

0

d𝜃 ∫
2𝜋

0

d𝜙 𝑒∞(𝜃, 𝜙) exp

× (i𝑘𝜌 sin 𝜃 cos(𝜙 − 𝜑)) exp (i𝑘𝑧 cos 𝜃) sin 𝜃. (4)

Equation (4) can be further simplified if one assumes that
the pupil function is axisymmetric (rotational invariant),
in the sense that 𝑒∞(𝜃, 𝜙) = 𝑒∞(𝜃). In this case, the integral
over 𝜙 in (4) can be computed explicitly using the Bessel
function 𝐽02, which leads to:

𝐸(𝝆) = −i𝑓𝑘 ∫
𝜃max

0

d𝜃 𝑒∞(𝜃) 𝐽0(𝑘𝜌 sin 𝜃) exp

× (i𝑘𝑧 cos 𝜃) sin 𝜃. (5)

Defocus is included in these models via the defocus
phase factor exp {i𝑘𝑠𝑧𝑧} = exp (i𝑘𝑧 cos 𝜃) where 𝑧 is the
defocus distance. This expression, also known as angular
spectrum propagation,43 accurately models the propaga-
tion of an electric field in a homogeneous medium.

3.3 Vectorial models

The electric field is a vectorial quantity. Consequently,
vectorial propagation models are necessary to accurately
account for the propagation and crosstalk between the
components of the vector field. Precise vectorialmodels are
crucial for high-NA systems, where the need to consider
high angles arises.

2 The spherical parameterisation often uses the following identities,
where 𝐽𝑛 is the Bessel function of 𝑛th order of the first kind:

∫
2𝜋

0

cos(𝑛𝜙) exp (i𝑥 cos(𝜙 − 𝜑))d𝜙 = 2𝜋(i)𝑛𝐽𝑛(𝑥) cos(𝑛𝜑)

∫
2𝜋

0

sin(𝑛𝜙) exp (i𝑥 cos(𝜙 − 𝜑))d𝜙 = 2𝜋(i)𝑛𝐽𝑛(𝑥) sin(𝑛𝜑)

In the vectorial model, the dependence on the incident
field 𝐞inc(𝐬) of the far field 𝐞∞(𝐬) now requires us to per-
form the basis change from a cylindrical to a spherical
coordinate system, as in

𝐞∞(𝜃, 𝜙) =

⎡⎢⎢⎢⎣
𝑞𝑠(1 − cos 2𝜙) + 𝑞𝑝(1 + cos 2𝜙) cos 𝜃

(−𝑞𝑠 + 𝑞𝑝 cos 𝜃) sin 2𝜙

−2𝑞𝑝 cos 𝜙 sin 𝜃

⎤⎥⎥⎥⎦
𝑒𝑥
inc
(𝜃, 𝜙)

2

+

⎡⎢⎢⎢⎣
(−𝑞𝑠 + 𝑞𝑝 cos 𝜃) sin 2𝜙

𝑞𝑠(1 + cos 2𝜙) + 𝑞𝑝(1 − cos 2𝜙) cos 𝜃

−2𝑞𝑝 sin 𝜙 sin 𝜃

⎤⎥⎥⎥⎦
𝑒
𝑦

inc
(𝜃, 𝜙)

2
,

(6)

where 𝐞inc = [𝑒𝑥inc, 𝑒
𝑦

inc
, 0]. The so-called Fresnel transmis-

sion coefficients 𝑞𝑠 and 𝑞𝑝 have been introduced to account
for the partial reflections at interfaces, which depend on
the polarisation state and incidence angle. For each polar-
isation, the coefficients correspond to the product of all
transmission coefficients for each interface from medium
𝑚 to𝑚 + 1, with

𝑞𝑚𝑠 =
2𝑛𝑚 cos 𝜃𝑚

𝑛𝑚 cos 𝜃𝑚 + 𝑛𝑚+1 cos 𝜃𝑚+1

𝑞𝑚𝑝 =
2𝑛𝑚 cos 𝜃𝑚

𝑛𝑚+1 cos 𝜃𝑚 + 𝑛𝑚 cos 𝜃𝑚+1
. (7)

It is worth noting that in the low-NA limit (𝜃 = 0) with
𝑞𝑠 = 𝑞𝑝 = 1, (6) simplifies to 𝐞∞(𝜃, 𝜙) = 𝐞inc(𝜃, 𝜙). This
explains why the scalar model did not account for this
geometric change of variables.
The Cartesian parameterisation of the vectorial model

consists of the integral

𝐄(𝝆) = −
i𝑓𝑘

2𝜋 ∬
𝑠2𝑥+𝑠

2
𝑦≤𝑠2max

𝐞∞(𝑠𝑥, 𝑠𝑦)

𝑠𝑧
exp (i𝑘𝑠𝑧𝑧) exp

×
(
i𝑘(𝑠𝑥𝑥 + 𝑠𝑦𝑦)

)
d𝑠𝑥d𝑠𝑦, (8)

which essentially boils down to the computation of the
inverse Fourier transform of (𝐞∞(𝑠𝑥, 𝑠𝑦) exp (i𝑘𝑠𝑧𝑧)∕𝑠𝑧),
similar to the scalar case.
With the help of coordinate transformations similar to

the scalar case, we derive the spherical parameterisation
of the field in the focal region as

𝐄(𝝆) = −
i𝑓𝑘

2𝜋 ∫
𝜃max

0

d𝜃 ∫
2𝜋

0

d𝜙 𝐞∞(𝜃, 𝜙)

exp (i𝑘𝜌 sin 𝜃 cos(𝜙 − 𝜑)) exp (i𝑘𝑧 cos 𝜃) sin 𝜃.

(9)

 13652818, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1111/jm

i.70045 by E
pfl L

ibrary B
ibliothèque, W

iley O
nline L

ibrary on [13/11/2025]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



LIU et al. 5

Inserting (6) into (9) and using the axisymmetric assump-
tion of the incident field, we obtain a simplified expression
of the focal field as

𝐄(𝝆) = −
i𝑓𝑘

2

⎡⎢⎢⎢⎣
[𝐼𝑥
0
− 𝐼𝑥

2
cos 2𝜑] − 𝐼

𝑦

2
sin 2𝜑

−𝐼𝑥
2
sin 2𝜑 + [𝐼

𝑦

0
+ 𝐼

𝑦

2
cos 2𝜑]

−2i𝐼𝑥
1
cos 𝜑 − 2i𝐼

𝑦

1
sin 𝜑

⎤⎥⎥⎥⎦, (10)

where

𝐼𝑎
0
(𝜌, 𝑧) = ∫

𝜃max

0

𝑒𝑎
inc
(𝜃) sin 𝜃(cos 𝜃 + 1) 𝐽0(𝑘𝜌 sin 𝜃)

× exp (i𝑘𝑧 cos 𝜃)d𝜃

𝐼𝑎
1
(𝜌, 𝑧) = ∫

𝜃max

0

𝑒𝑎
inc
(𝜃) sin

2
𝜃 𝐽1(𝑘𝜌 sin 𝜃) exp

× (i𝑘𝑧 cos 𝜃)d𝜃

𝐼𝑎
2
(𝜌, 𝑧) = ∫

𝜃max

0

𝑒𝑎
inc
(𝜃) sin 𝜃(cos 𝜃 − 1) 𝐽2(𝑘𝜌 sin 𝜃)

× exp (i𝑘𝑧 cos 𝜃)d𝜃 (11)

with 𝑎 ∈ {𝑥, 𝑦}.

3.4 Correction factors

Precise PSF models commonly take into account several
physical effects which may affect the true PSF. They are
added as amplitude factors 𝑎(𝐬) and phase factors 𝑊(𝐬)
in the original integral over solid angles in (1), leading
to

𝐄(𝝆) = −
i𝑓𝑘

2𝜋 ∬
Ω

𝑎(𝐬) exp (i𝑊(𝐬))𝐞∞(𝐬) exp (i𝑘𝐬 ⋅ 𝝆)dΩ.

(12)
Equation (12) enables us to express these correction factors
in full generality for both the vectorial and scalar models
and for both the Cartesian and spherical parameterisa-
tions. We present a detailed list of these correction factors
in Section 3.4.1–3.4.4 and their graphical description in
Figure 2.

3.4.1 Gibson–Lanni aberrations

Microscopes typically have stratified layers of different
refractive indices. The biological sample is usually aque-
ous, on top ofwhichwe place a coverslipmade of glass, and
the whole sample is then put in a water or oil immersion
medium to increase the numerical aperture. The micro-

F IGURE 2 Correction factors and their associated physical
origins. Top part: phase correction factors, either introduced on the
incident field or due to refraction. Bottom part: amplitude
correction factors that model the incident beam envelope or the
apodisation factor for energy conservation.

scope objectives are designed to provide aberration-free
images in a specific setting with design values for refrac-
tive indices and thicknesses of each layer. Any mismatch
introduces spherical aberrations due to refraction at the
interface between the layers. These aberrations can be
computed using the formula3

𝑊(𝐬) =
2𝜋

𝜆

(
𝑡𝑠

√
𝑛2𝑠 − 𝑛

2
𝑖
sin

2
𝜃 + 𝑡𝑖

√
𝑛2
𝑖
− 𝑛2

𝑖
sin

2
𝜃

− 𝑡∗
𝑖

√
𝑛∗
𝑖

2
− 𝑛2

𝑖
sin

2
𝜃 + 𝑡𝑔

√
𝑛2𝑔 − 𝑛

2
𝑖
sin

2
𝜃

− 𝑡∗𝑔

√
𝑛∗𝑔
2
− 𝑛2

𝑖
sin

2
𝜃

)
, (13)

where 𝑛𝑠, 𝑛𝑖 , 𝑛𝑔 are the refractive indices of the sample,
immersion medium, and glass, respectively, 𝑡𝑠, 𝑡𝑖 , 𝑡𝑔 are
the thicknesses of the sample, immersion medium, and
glass respectively, and their counterparts with stars are the
design conditions.
In practice, it is challenging to assess the thickness of the

immersion medium. Since this distance is manually tuned
to obtain an optimal focus of a point emitter at depth 𝑡𝑠 on
the camera, this focusing condition gives the relation

𝑡𝑖 = 𝑡𝑠 + 𝑛𝑖

(
−
𝑡𝑠
𝑛𝑠
−
𝑡𝑔

𝑛𝑔
+
𝑡∗𝑔

𝑛∗𝑔
+
𝑡∗
𝑖

𝑛∗
𝑖

)
, (14)

which can be inserted in 13. This particular expression has
first been derived for the spherical scalar case in Ref. (13)
and extended to the spherical vectorial case inRefs. (51, 52).

3 Correction factors will be expressed in spherical coordinates, with sin 𝜃
being computed in the Cartesian case as sin 𝜃 = 𝑁𝐴

𝑛𝑖

√
𝑠2𝑥 + 𝑠

2
𝑦 .
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6 LIU et al.

3.4.2 Arbitrary phase aberrations

Refined aberration models can be introduced to describe
imperfections in the optical system, for the benefit of PSF
engineering or wavefront shaping. Designed aberrations
can be introduced purposefully via a phase mask or a spa-
tial light modulator at the pupil plane. The aberrations
are often parameterised by Zernike polynomials (a set of
orthonormal polynomials defined on the pupil disk) or by
a direct fixed phase mask to obtain desired PSFs. We write
it in the most general case as

𝑊(𝐬) =

𝐾−1∑
𝑘=0

𝑐𝑘𝑍𝑘(𝐬) +𝑊0(𝐬). (15)

Equation (15) is composed of the sum of two terms. The
first term is an inner product of the first 𝐾 Zernike
polynomials and their corresponding coefficients 𝑐𝑘. The
second term can be used to include special cases not
covered by the Zernike polynomials (e.g., a vortex phase
ramp that leads to a donut PSF as is typically used in
STED).
Since the arbitrary phase aberrations described in Equa-

tion (15) may not necessarily be axisymmetric, they can
only be applied to the most general, Cartesian parameteri-
sation.

3.4.3 Apodisation factor

The apodisation factor is an amplitude-correction factor
that ensures energy conservation during the change of
basis from cylindrical coordinates (incident field 𝐞inc) to
spherical coordinates (far field 𝐞∞), which takes promi-
nence especially for high-NA objectives. Since areas of
cross-sections are modified, the field is also rescaled
accordingly. Such rescaling ensures that the differen-
tial areas 𝑑𝐴1 on the plane and 𝑑𝐴2 on the sphere, as
shown in Figure 2, remain consistent under the change of
coordinates. The correcting factor is

𝐴(𝐬) =
√
cos 𝜃 (16)

when going from cylindrical to spherical in the focusing
configuration of Figure 1.

3.4.4 Gaussian envelope

The incident illumination can also depart from a per-
fect uniform plane wave. In particular, we often assume a
Gaussian envelope and expressed it as

𝐴(𝐬) = exp

(
−
sin

2
𝜃

𝑠2env

)
, (17)

where the constant 𝑠env determines the size of the enve-
lope.

4 IMPLEMENTATION

4.1 PyTorch library

We provide a high-performance open-source PyTorch
library psf-generator4 to generate 2D and 3D PSFs.
The library implements the four PSF models described in
Section 3:

∙ ScalarCartesianPropagator (3);
∙ ScalarSphericalPropagator (5);
∙ VectorialCartesianPropagator (8);
∙ VectorialSphericalPropagator (10).

Users can choose between these propagator types, as
well as configure physical (e.g., numerical aperture, wave-
length, and field of view), and numerical parameters (e.g.,
image dimensions and number of z-planes). Our library
also allows the users to freely apply any kind of correction
factors tailored to theirmicroscope on any chosen propaga-
tor as described in Section 3.4.2. The propagators use these
parameters to first define the far field (pupil) andpropagate
it to obtain the focus field (PSF). Finally, the user can visu-
alise, save, and export the generated PSF using our built-in
utility functions. Written in PyTorch, the library easily
integrates into deep-learning workflows, leveraging native
features of PyTorch, such as automatic differentiation.
In our unifying framework, these models encompass all

previously proposed PSF models based on the Richards–
Wolf integral. As discussed in Section 3.2, the spher-
ical propagators require the axisymmetric assumption.
When it is valid, the Cartesian and spherical propaga-
tors perform equivalent integral computations and result
in the same PSF. Both are proposed in our library as
they differ in terms of computational efficiency and
applicability.
Any tensor corresponding to a field has a shape of

the form (z, channel,x,y) to benefit from PyTorch
performance optimisation, both for data loading and
computation parallelisation. Computation are performed
plane-by-plane on the axial z axis, while x and y correspond
to the transverse sizes of 2D images. Akin to greyscale
versus RGB images, the channel dimension is equal to 1

4 https://github.com/Biomedical-Imaging-Group/psf_generator
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LIU et al. 7

for scalar models and 3 in the vectorial case. We use the
ZernikePy library5 to generate Zernike polynomials.
The Cartesian parameterisation relies on multiple calls

of 2D Fourier transforms with a desired field of view and
pixel size. To account for the very small physical dimen-
sions associated to pixels in localisation microscopy, we
have implemented a custom variant of the 2D FFT in
PyTorch.3,16,29 It enables arbitrary pixel sizes and is based
on the chirp Z-transform, at the cost of a convolution
and three FFTs. The computational complexity of a single
plane is still 𝑂(𝑛 log 𝑛), with 𝑛 the size of the transverse
plane. The size of the Fourier transform is doubled as we
only keep the valid convolution range.
The spherical parameterisation relies on the fast and

accurate evaluation of multiple one-dimensional integrals
that involve the Bessel function of first order 𝐽0 over the
interval [0, 𝜃max], as defined in Equation (5) for the scalar
case. To maximise speed, we vectorise the computation
of the batch of 1D integrals at different defocus distances
via torch.vmap. Then, for each 1D integral, we adopt the
composite Simpson’s rule45 to benefit from its high accu-
racy, good numerical stability, andminimal computational
overhead. The computational complexity in this case is
𝑂(𝑛), with 𝑛 the number of integration steps in the interval
[0, 𝜃max]. As automatic differentiation of Bessel functions
is not natively supported by PyTorch as of version 2.3, we
also provide a differentiable version of the Bessel functions
in our library.

4.2 Open-source interoperability

Motivated by FAIR principles for data and code
management,46 we not only open-source our imple-
mentations but make them interoperable with other
tools. Our goal is to further support the dissemination
and adoption of accurate physical models for high-NA
light focusing. We present two complementary examples:
an intuitive and rapid visualisation tool aimed at end
users and an integration with a comprehensive optical
simulation library intended for researchers.

napari is an open-source, Python-based image viewer
designed for interactive visualisation and analysis of mul-
tidimensional biological and scientific image data. Built
for researchers and developers working with large imag-
ing data from optical microscopy and other imaging
modalities, it provides a high-performance interface for
exploring, annotating, and processing images. napari is
also extensible via plugins, benefiting from the scientific
Python ecosystem.

5 https://pypi.org/project/ZernikePy/

We provide an interface to generate and visualise 3D
PSFs using our PyTorch-based framework, as depicted in
Figure 3. Available as a plugin on the napari hub,6 users
can select between the four different propagation models
and configure a set of physical and numerical parameters
through a user-friendly graphical interface. This facili-
tates the introduction of high-NA correction factors to
all four propagators types. PSFs are computed in real-
time and rendered instantly, with support for both CPU
and GPU backends. Our plugin allows immediate visual
feedback and options to save the resulting volumes. It
is designed to provide a code-free solution for the gen-
eration, visualisation, and export of high-NA PSFs for
downstream applications.
Chromatix is an open-source wave optics library capa-

ble of simulating a wide range of optical systems such
as light field imaging, holography and quantitative phase
imaging.38 Built on JAX, it supports GPU acceleration and
full end-to-end differentiability,making it particularly suit-
able for large-scale inverse problems and integration with
deep learning applications. Compared to PyTorch, JAX
offers more seamless support for automatic differentiation
and just-in-time (JIT) compilation, which can be advanta-
geous for optimising physics-based simulations based on
wave optics.
To ensure maximal performance and seamless integra-

tion with the rest of the library, the high-NA focusing
models have been reimplemented in JAX. We focused
on the vectorial Cartesian parameterisation, which offers
greater generality than the spherical formulation and sup-
ports arbitrary pupil fields and aberrations. This function-
ality is introduced via the high_na_ff_lens() function,
which complements the existing ff_lens() implementa-
tion used tomodel the Fourier transform of low-NA lenses.
This addition enables Chromatix to accuratelymodel high-
NA microscope systems and facilitates integration into
existing simulation pipelines.
These two examples highlight the importance of actively

promoting interoperability within the open-source ecosys-
tem. Nevertheless, all figures and benchmarks presented
in this work were produced based on our comprehensive
PyTorch-based library, which serves as the foundation of
our study.

5 RESULTS

5.1 PSF gallery

We provide in Figures 4 and 5a gallery of PSFs to showcase
our PyTorch implementation.We used a wavelength of 632

6 https://www.napari-hub.org/plugins/napari-psfgenerator
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8 LIU et al.

F IGURE 3 Graphical user interface of our PSF simulation plugin integrated with napari (v0.4.0, 2025-06-17). Left: napari viewer panel
enabling interactive 3D navigation and rendering options. Middle: interactive visualisation area, displaying here a slice of a high-NA 3D PSF.
Right: plugin interface for selecting the propagator model, specifying physical and numerical parameters (e.g., NA, wavelength, Zernike
aberrations, CPU or GPU backend), and exporting results.

nm, a circular polarisation for the vectorialmodels, andwe
display the amplitude (in arbitrary units) of the beams for
better contrast. The 2D slices of the same 3D beam share
the same dynamic range. In Figure 4, we present the focal
electric field computed using both the scalar and vectorial
models for objectives with different NAs. In the low-NA
case (top two rows), the resulting PSFs from both propa-
gators are similar. The beams differ more from each other,
as expected, in the high-NA case (bottom two rows): the
rings are blurred out as the energy is spread into different
components of the focus field.
In Figure 5, we present additional PSFs computed with

the vectorial propagator in the high-NA setting. The impact
of the Gibson–Lanni correction factor on a beam is shown
in Figure 5a–c. The refractive indices and thicknesses of
the sample, immersion medium, and glass coverslip are
𝑛𝑠 = 1.3, 𝑛𝑖 = 1.5, 𝑛𝑔 = 1.5, 𝑡𝑠 = 1 μm, 𝑡𝑔 = 170 μm, while
𝑡𝑖 is computed using Equation (14). We observe that the
spherical aberration it introduces degrades the quality of
the focus. We also show the donut PSF, which has a vortex
phase mask in the pupil plane (Figure 5d–f) and the half-
moon PSF, which has a 𝜋-phase jump in its pupil plane
(Figure 5g–i). Finally, we demonstrate an example with
arbitrary phase aberrations using the Zernike polynomials
in Figure 5j–l. Here, some amount of astigmatism is intro-
duced, as is often done to encode defocus information,47
and we show the evolution of the beam shape along the
𝑧-axis.

5.2 Computational performance

5.2.1 Speed benchmark

We benchmark the runtime to compute a single 201 × 201
2D PSF image against the size of the pupil. The image is
captured at focus and all input parameters take default
values in our library. We compare the runtime of all four
propagators on CPU and GPU and show the results in
Figure 6. The benchmarking was performed on a machine
with an Intel i9-10900XCPUand anNVIDIAGeForce RTX
3090 GPU.
We observe that the runtime of all propagators increases

with the size of the pupil on CPU. The Cartesian propa-
gators (red) are faster than the spherical ones (blue) on
small sizes (<512 pixels) but slower on larger sizes. This
illustrates the computational complexity of each method.
Scalar propagators (dotted) are faster than their vecto-
rial counterparts (solid), by roughly 1.5 times for the
Cartesian and 3 times for the spherical cases. On GPU,
Cartesian propagators are faster than on CPU at the same
grid size and the curves (red) behave similarly. Spherical
propagators, however, exhibit a flat curve (blue), which
indicates that they benefit heavily from the GPU paral-
lelisation. The speed improvement between scalar and
vectorial propagators is small, especially for the Cartesian
case.Hence, vectorial propagators should be preferred over
the scalar ones as the accuracy gain does not come at a high
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LIU et al. 9

F IGURE 4 Unaberrated PSFs
generated by the scalar (a–d) and vectorial
(e–h) models, in the case of low-NA (0.5)
(first two rows) and high-NA (1.3) (last two
rows). (a, e, c, g) Slice of the 𝑥-𝑦 plane. (b, f,
d, h) Slice of the 𝑧–𝑦 plane. (i–l) Intensity
profiles along a vertical line through the
centre of the PSFs. The 𝑥-axis shows the
relative distance to the centre of the image in
micrometres. Scale bars represent 3 μm and
0.6 μm in the low- and high- NA cases,
respectively. For images of 𝑧–𝑦 planes (b, f, d,
h), scale bars for the 𝑦 and 𝑧 axes are
indicated by the horizontal and vertical bars,
respectively.

computational cost. Moreover, Cartesian propagators are
recommended if one works with images of small size for
both scalar and vectorial cases. For larger sizes, however,
spherical propagators should be preferred, especially when
a GPU is available.

5.2.2 Accuracy benchmark

We benchmark the accuracy of the Cartesian and spherical
scalar propagators with the analytic Airy disk for asymp-
totic limit (the Fourier transform of a perfect circular
aperture) given by

𝐹AD(𝜌) =
2𝐽1(𝜌)

𝜌
, (18)

where 𝐽1 is the Bessel function of the first order of the
first kind. As the Airy disk is the Fourier transform of a
perfect unit modulus circular aperture, an additional fac-
tor 𝑠𝑧 = cos 𝜃 is introduced in Equations (3) and (5). This
corresponds to a paraxial approximation.
The spherical integral is computed using two numerical

integration rules: Riemann rule (a first-order method) and
Simpson rule (a fourth-order method). The error 𝛿 is the
𝐿2-norm of the difference between the output electric field
𝐸 of the propagator and 𝐹AD, as in

𝛿 = ‖𝐸 − 𝐹AD‖2. (19)

We observe in Figure 7 that the error decreases as the
number of points in the integration domain increases in all
cases. The spherical propagator has a linear convergence
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10 LIU et al.

F IGURE 5 PSFs with phase aberrations generated by the vectorial Cartesian propagator at high-NA (1.3). (a, d, g) Introduced phase
masks at the pupil plane. (b, e, h) Slice of the 𝑥–𝑦 plane at 𝑧 = 0. (c, f, i) Slice of the 𝑧–𝑥 plane at 𝑦 = 0. (j–l) PSF with vertical astigmatism at
three z-planes (in focus (k), 500 nm above (j), and 500 nm below focus (l)). All PSFs were generated with circular polarisation, except the
Half-Moon PSF where x-axis linear polarisation is being used. The scale bars in all images represent 0.6 μm.

rate using Riemann rule (green) and fourth-order con-
vergence rate using Simpson rule (blue), which correlates
well with their expected accuracy. The Cartesian propaga-
tor, based on our custom FFT, shows a convergence rate
between first and second order.

6 CONCLUSION

In this work, we have introduced a unifying theory for
accurate PSF models, revisiting previous approaches and

generalising correction factors. This framework demon-
strates the equivalence of Cartesian and spherical methods
as different parameterisations of the same propagation
integral, providing a simplified understanding of light
propagation in high-NA systems.
We have also developed a high-performance implemen-

tation in PyTorch, which is open-source and supported by
comprehensive documentation. This library allows for effi-
cient CPU/GPU computation of PSFs, with functionalities
such as automatic differentiation that make it particularly
suitable for optimisation pipelines.
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LIU et al. 11

F IGURE 6 Time to generate a 201 × 201 PSF in terms of the
numerical size of the pupil and the propagator, on CPU (a) and GPU
(b). Each data point in the plots is averaged over 10 runs.

F IGURE 7 Accuracy of the Cartesian (red) and the spherical
propagators using Riemann rule (green) and Simpson rule (blue).
The step size of integration is ℎ.

In practice, the choice of propagators depends on the
symmetry of the pupil function. Based on our benchmark,
for axisymmetric pupil functions, spherical propagators
are recommended thanks to their high accuracy and
scalability. They are also particularly amenable to GPU
parallelisation. For non-axisymmetric cases, such as those
involving Zernike aberrations or specialised phase masks,
Cartesian propagators are required. In all these cases, the
difference in computational time is relatively modest for
pupil sizes up to a few hundred pixels. Hence, the vecto-
rial Cartesian propagator could be a solid default choice in
most applications.
We hope for our PyTorch library to contribute to the

rapidly growing field of applying deep neural networks on
physical imaging models.48 Learning-based methods have
demonstrated their effectiveness in various applications,
such as deconvolution49–51 and 3D SMLM,52 with state-
of-the-art deep-learning tools such as DeepSTORM53 and
DECODE.54 For instance, someuse cases of our framework
include generating large reference datasets to train net-
works or adapting images based on physical rules to enable
learning in self-supervised inversions55 and generative
adversarial networks.56
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