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Abstract

This thesis introduces a collection of physics-based methods for super-
resolution in optical microscopy. The core of these methods constitute a
framework for 3-D localization of single fluorescent molecules. Localiza-
tion is formulated as a parameter estimation problem relying on a physically
accurate model of the system’s point spread function (PSF). In a similar ap-
proach, methods for fitting PSF models to experimental observations and for
extended-depth-of-field imaging are proposed.

Imaging of individual fluorophores within densely labeled samples has
become possible with the discovery of dyes that can be photo-activated or
switched between fluorescent and dark states. A fluorophore can be lo-
calized from its image with nanometer-scale accuracy, through fitting with
an appropriate image function. This concept forms the basis of fluores-
cence localization microscopy (FLM) techniques such as photo-activated
localization microscopy (PALM) and stochastic optical reconstruction mi-
croscopy (STORM), which rely on Gaussian fitting to perform the localiza-
tion. Whereas the image generated by a single fluorophore corresponds to a
section of the microscope’s point spread function, only the in-focus section
of the latter is well approximated by a Gaussian. Consequently, applications
of FLM have for the most part been limited to 2-D imaging of thin specimen
layers.

In the first section of the thesis, it is shown that localization can be ex-
tended to 3-D without loss in accuracy by relying on a physically accurate
image formation model in place of a Gaussian approximation. A key aspect
of physically realistic models lies in their incorporation of aberrations that
arise either as a consequence of mismatched refractive indices between the
layers of the sample setup, or as an effect of experimental settings that de-
viate from the design conditions of the system. Under typical experimental
conditions, these aberrations change as a function of sample depth, induc-
ing axial shift-variance in the PSE. This property is exploited in a maximum-
likelihood framework for 3-D localization of single fluorophores. Due to the
shift-variance of the PSF, the axial position of a fluorophore is uniquely en-
coded in its diffraction pattern, and can be estimated from a single acquisi-
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tion with nanometer-scale accuracy.

Fluroescent molecules that remain fixed during image acquisition pro-
duce a diffraction pattern that is highly characteristic of the orientation of the
fluorophore’s underlying electromagnetic dipole. The localization is thus ex-
tended to incorporate the estimation of this 3-D orientation. It is shown that
image formation for dipoles can be represented through a combination of
six functions, based on which a 3-D steerable filter for orientation estimation
and localization is derived. Experimental results demonstrate the feasibility
of joint position and orientation estimation with accuracies of the order of
one nanometer and one degree, respectively. Theoretical limits on localiza-
tion accuracy for these methods are established in a statistical analysis based
on Crameér-Rao bounds. A noise model for fluorescence microscopy based
on a shifted Poisson distribution is proposed.

In these localization methods, the aberration parameters of the PSF are
assumed to be known. However, state-of-the-art PSF models depend on a
large number of parameters that are generally difficult to determine exper-
imentally with sufficient accuracy, which may limit their use in localization
and deconvolution applications. A fitting algorithm analogous to localiza-
tion is proposed; it is based on a simplified PSF model and shown to accu-
rately reproduce the behavior of shift-variant experimental PSFs.

Finally, itis shown that these algorithms can be adapted to more complex
experiments, such as imaging of thick samples in brightfield microscopy.
An extended-depth-of-field algorithm for the fusion of in-focus information
from frames acquired at different focal positions is presented; it relies on a
spline representation of the sample surface, and as a result yields a continu-
ous and super-resolved topography of the specimen.

Keywords

3-D Imaging, Deconvolution, Extended Depth of Field, Fluorescence, Local-
ization, Microscopy, Orientation, Point Spread Function, Single Molecules,
Steerable Filters, Super-resolution



Résume

Cette these présente un ensemble de méthodes de super-résolution pour la
microscopie optique, basées sur des modeles physiques. Lessentiel de ces
méthodes est appliqué a la localisation tridimensionnelle de molécules flu-
orescentes. La localisation est formulée a travers un probleme d’estimation
de parameétres reposant sur un modéle physiquement précis de la réponse
impulsionnelle (PSF) du systeme. Avec une approche semblable, des méth-
odes sont proposées pour 'ajustement du modele aux mesures expérimen-
tales, ainsi que pour 'imagerie a profondeur de champs étendue.

L'observation de molécules individuelles au sein d’'un ensemble dense
de fluorophores a été rendue possible par la découverte de molécules pou-
vant étre activés ou commutés entre un état fluorescent et un état sombre.
Une molécule fluorescente peut étre localisée a partir de son image avec
une précision nanométrique, par ajustement avec un modele adéquat. Ce
concept est a la base des techniques de microscopie a localisation de fluo-
rescence (FLM) telles que la microscopie a localisation par photo-activation
(PALM) et la microscopie optique a reconstruction stochastique (STORM),
basées sur un modele Gaussien de la PSF. Tandis que 'image générée par un
fluorophore isolé correspond a une section de la PSF du microscope, seule la
section dans le plan focal est correctement approximée par une Gaussienne.
En conséquence, les applications de FLM ont, pour la plupart, été limitées a
I'imagerie 2-D d’échantillons fins.

Dans la premiére partie de la these, il est démontré que la localisation
peut étre étendue a trois dimensions sans perte de précision en s'appuyant
sur un modele précis de la formation d'image au lieu de I'approximation
Gaussienne. La prise en compte d’aberrations provenant a la fois de
I'inégalité entre les indices de réfraction du milieu d’'immersion et de
I'’échantillon, ainsi que de déviations potentielles des autres parametres du
systeme optique par rapport a leur valeur nominale, constitue un aspect
déterminant pour les modeles physiquement réalistes. Dans des condi-
tions expérimentales typiques, ces aberrations varient en fonction de la pro-
fondeur dansI'échantillon, ce qui induit une dépendance par translation ax-
iale dansla PSF. Cette propriété est exploitée dans une approche a maximum
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de vraisemblance pour lalocalisation tridimensionnelle de fluorophores in-
dividuels a travers leur figure de diffraction. La variance axiale de la PSF en-
code de maniere unique sa position, qui peut ainsi étre estimée a partir d'une
seule image avec une précision nanométrique.

Les molécules fluorescentes immobiles lors de I'acquisition d’image
produisent une figure de diffraction qui est hautement caractéristique de
l'orientation du dipole électromagnétique constitué par le fluorophore. La
localisation est alors étendue a l'estimation additionnelle de cette orienta-
tion tridimensionnelle. 1l est démontré que la formation d’image pour les
dipdles peut étre représentée a travers la combinaison de six fonctions, a par-
tir desquelles un filtre orientable 3-D est dérivé pour l'estimation conjointe
de l'orientation et de la position. Une validation expérimentale démontre la
faisabilité de cette approche, avec des résultats d'une précision de I'ordre du
nanometre pour la position et de I'ordre du degré pourl'orientation. Des lim-
ites théoriques pour la précision de localisation sont établies dans le cadre
d’'une analyse statistique basée sur des bornes de Cramér-Rao. Un mod-
ele de bruit pour la microscopie a fluorescence basé sur une distribution de
Poisson décalée est proposé.

Dans le cadre de ces méthodes de localisation, les parametres
d’aberration dans la PSF sont supposés connus. Cependant, les modéles
de PSF physiquement exacts dépendent d’'un nombre élevé de parametres
qui ne peuvent généralement pas étre déterminés avec une précision
suffisante, ce qui peut limiter leur application pour la localisation ou la
déconvolution. Un algorithme d’estimation analogue a la localisation
est proposé pour le calibrage d'un modele par rapport a des mesures
expérimentales; basé sur une expression légérement simplifiée, le modele
résultant reproduit correctement le comportement variant par décalage des
PSFs expérimentales.

Finalement, il est démontré que ces méthodes peuvent étre adaptées a
des expériences plus complexes, telles que 'imagerie d’échantillons épais en
microscopie a champ large. Un algorithme de profondeur de champ éten-
due pour la fusion d’information focalisée extraite d'images acquises a dif-
férentes positions focales est présenté. Il est basé sur une représentation de
la surface de I'échantillon en fonctions spline, et produit une version con-
tinue et super-résolue de la topographie de I"échantillon.

Mots-clés

Déconvolution, Extension de profondeur de champs, Filtres orientables,
Fluorescence, Imagerie 3-D, Microscopie, Molécules individuelles, Orien-
tation, Réponse impulsionnelle, Super-résolution
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Chapter 1

Introduction

The discovery of the green fluorescent protein (GFP) in a jellyfish species by
Osamu Shimomura in 1961 is at the origin of a series of breakthroughs that
enabled the labeling of single proteins in living cells. In 1993, Martin Chal-
fie used newly developed gene cloning techniques to express GFP in C. ele-
gans, which demonstrated fluorescence labeling in a living organism for the
first time. Subsequently, Roger Tsien showed that GFP and similar naturally
occurring proteins can be engineered to fluoresce at different wavelengths,
leading to a wide variety of alternative fluorescent markers. As a result of
these innovations, which were awarded the 2008 Nobel prize in Chemistry, it
has become feasible to study in vivo protein dynamics and interactions using
fluorescence microscopy. Resolution limits restricted these studies to pro-
cesses occurring at the scale of sub-cellular structures, however. This moti-
vated the development of optical imaging techniques that could circumvent
or break the diffraction barrier of classical optics, and played a key role in
fostering the development of modern fluorescence microscopy.
The diffraction limit was defined by Abbe as

d= A (1.1)

2nsina’

where ) is the imaging wavelength, n is the refractive index of the medium,
and « is the angular aperture of the system [1]. For a typical high-end sys-
tem using an oil-immersion objective with a high numerical aperture (NA =
n sin «), the limit is approximately 200 nanometers. Objects that are closer
than this distance can therefore not be resolved. A system capable of dis-
cerning individual molecules would require a resolving power greater by at
least an order of magnitude.

High-resolution imaging can be achieved with electron microscopy,
where the wavelength of the electron beam is sufficiently small to resolve
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2 Introduction

molecular and even atomic structures. Unfortunately, the energies associ-
ated with these wavelengths are destructive for biological samples, and pre-
clude electron microscopy from imaging living specimens. Furthermore,
electron microscopy lacks highly specific markers analogous to fluorescent
proteins.

Inrecentyears, several optical imaging approaches succeeded in bypass-
ing the diffraction barrier. They can be broadly categorized into two com-
plementary classes: purely physics-based methods where resolution is im-
proved through minimization of the excitation volume, and hybrid methods
that combine novel illumination schemes with image processing in order to
produce super-resolved images. Approaches from both categories take ad-
vantage of the fact thatlight emission in fluorescent samples can be precisely
controlled through excitation, and their application is thus intrinsically lim-
ited to fluorescence microscopy.

1.1 Super-resolution in optical microscopy

Physics-based methods comprise some well established techniques, includ-
ing confocal microscopy [2], 2-photon microscopy [3], and 4-Pi microscopy
[4]. These are primarily designed to improve axial resolution, in order to
achieve better optical sectioning of thick specimens. A breakthrough was
reached with the invention of stimulated emission depletion (STED) mi-
croscopy [5], which exploits the quantum properties of fluorescence to gen-
erate highly confined excitation volumes that are considerably smaller than
a diffraction-limited spot. Recent refinements of STED have led to isotropic
resolutions slightly below 50 nanometers [6]. Despite the improvement
in resolution over conventional optics, however, resolutions at the single-
molecule scale are still beyond the scope of these techniques. Deconvolu-
tion can be applied to further improve image quality [7], but due to noise
and the lack of high frequency information, the potential gain in resolution
is not sufficient to resolve individual fluorophores.

Structured illumination is one of the first hybrid techniques to rely on sig-
nal processing to produce an image; by fusing frequency information from
a set of images acquired through modulated excitation [8, 9], recent incar-
nations of the technique achieve resolutions down to 100 nm, both in the
lateral and axial directions [10, 11].

1.1.1 Super-resolution through localization

The image of a single fluorescent molecule corresponds to a section of the
three-dimensional (3-D) point spread function (PSF) of the microscope. As-
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Figure 1.1 Illustration of model-based super-resolution localization. (a) Simulated acqui-
sition of a single fluorescent molecule. The image corresponds to a noisy section of the PSE.
(b) A Gaussian fit to the acquisition yields a precise a sub-pixel position. The shape of the
Gaussian is determined by the PSE (c) The super-resolved Gaussian peak. Its standard de-
viation corresponds to the localization accuracy, which essentially depends on the detected
number of photons (and thus by on the SNR of the image) and on the validity of the Gaussian
approximation of the PSE Pixel size: 100 nm.

suming that it is possible to formulate a model of the PSF, the position of
the fluorophore can be computed by fitting this model to an image of the
molecule. If the model is correct, this results in a localization accuracy that
is well the beyond the size of the original diffraction-limited spot [12]. In the
case of 2-D imaging, the in-focus section of the PSF is well approximated by
a Gaussian function, which renders the localization of individual molecules
straightforward and computationally efficient. The general principle behind
the ensuing gain in resolution is illustrated in Fig. 1.1. For localization-based
techniques, resolution is generally defined in terms of localization accuracy,
which essentially depends on the number of photons emitted by the fluo-
rophore, and, consequently, on the signal-to-noise ratio (SNR).

Single molecule localization techniques were initially applied in the
context of single particle tracking (SPT), where the gain in resolution en-
abled the study of single protein dynamics [13-15]. In particular, it ren-
dered imaging-based studies of molecular motors moving at nanometer and
sub-nanometer scales possible. Yildiz et al. used Gaussian-based local-
ization to precisely analyze the motion of actin molecules and to deduce
their displacement mechanism in an investigation of the progression of actin
molecules on myosin V [16]. Localization accuracies of 1.5 nm were reported
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in that study, and are among the best localization accuracies obtained to
date in an experimental investigation of a biological process. The localiza-
tion technique was termed fluorescence imaging with one nanometer accu-
racy (FIONA). The success of these methods led to rigorous investigations of
the limits on localization accuracy in SPT [13,17, 18].

Most SPT experiments are carried out in total internal reflection fluores-
cence microscopy (TIRFM), which combines the advantage of good optical
sectioning properties (100-200 nm depth below the coverslip) with a weak
background excitation. Relatively high SNRs for single molecules can be
achieved in TIRFM, but studies are essentially limited to 2-D processes. The
PSEF varies little over the imaging range and is assumed to be well approxi-
mated by a Gaussian.

1.2 Fluorescence localization microscopy

Imaging of individual fluorophores within densely labeled samples became
possible with the discovery of fluorophores that can be photo-activated (e.g.,
photo-activatable GFP [19]) or switched between a fluorescent and a dark,
non-fluorescent state (e.g., Cy3-Cy5 pairs [20]). Upon excitation at a spe-
cific wavelength, these molecules become fluorescent at a (usually) differ-
ent wavelength. The switching/activation process is stochastic, with its rate
depending on the energy of the excitation pulse. By appropriately tuning
this energy, the activation of a sparse subset of fluorophores in the sample
can be triggered. Individual molecules then appear as isolated spots, and
can be imaged until they bleach or switch back to their dark state. Subse-
quently, the Gaussian localization techniques developed for SPT can be ap-
plied to estimate the position of each molecule with super-resolution accu-
racy. By repeating this process for a sufficiently large amount of fluorophore
subsets and by combining the resulting positions into a single frame, a super-
resolved image of the sample can be generated. This process forms the basis
of fluorescence localization microscopy (FLM).

The first experimental demonstrations of FLM were the result of si-
multaneously developed approaches called photo-activated localization
microscopy (PALM) [21], fluorescence photoactivation localization mi-
croscopy (FPALM) [22], and stochastic optical reconstruction microscopy
(STORM) [23]. These methods are based on standard TIRF excitation, which,
combined with the high acquisition times required to record the fluorophore
subsets, initially limited their application to imaging 2-D sections of fixed
cells.

Many recent developments have improved on these initial limitations,
rendering FLM much more versatile. Advances in chemistry are yielding
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Resolution Method Excitation Modality Year
Lateral | Axial
1.5 nm N/A FIONA [16] TIRF Localization | 2003
20 nm N/A PALM [21] TIRF Localization | 2006
20 nm N/A STORM [23] TIRF Localization | 2006
20 nm N/A Pointillism [24] Widefield Localization | 2005
20nm | 20nm iPALM [25] 4-Pi Hybrid 2009
25 nm — STED [5] STED Optical 1994
30nm | 60nm | 3D STORM [26] TIRF Hybrid 2008
30nm | 75nm | BPFPALM [27] Widefield Localization | 2008
50nm | 50 nm isoSTED [6] STED Optical 2008
50 nm N/A PALMIRA [28] Widefield Localization | 2007
65 nm N/A live PALM [29] TIRF Localization | 2008
80 nm N/A FPALM [22] Widefield Localization | 2006
100 nm | 100 nm I°S [10] Widefield | Struct. illum. | 2008
100 nm | 350 nm 2-photon [3] 2-photon Optical 1990
200 nm | 100 nm 4-Pi [30] 4-Pi confocal Optical 1990
200nm | 100 nm I°M [9] Widefield | Struct. illum. | 1999
200 nm | 500 nm Confocal [2] Confocal Optical 1957
200 nm | 700 nm | Diff. limit. [1, 31] Widefield Optical 1848

Table 1.1 Resolution across imaging modalities. For the localization methods, resolution is based
on localization accuracy. The diffraction limited resolution criterion is given for A = 450 nm. N/A
for axial resolution signifies that the method as published is limited to 2-D imaging. A dash indicates
absence of published information. Hybrid methods combine a specific optical setup with localization.
The widefield denomination stands for standard epifluorescence microscopy.

a wider range of switchable fluorophores compatible with FLM [32, 33].
Notably, FLM approaches relying on photo-switching of a single dye have
been reported: PALMIRA based on rs-FastLime molecules [28] and dSTORM
based on Cy5 [34]. Combinations of different photo-switchable fluorophores
have enabled extensions of FLM to multispectral imaging [33, 35-37].

Extensions to 3-D based on astigmatic imaging have been suggested
[26, 38]. Inclusion of a cylindrical lens in the optical train of the micro-
scope results in an elliptically distorted PSE whose shape and orientation
depend on the molecule’s axial position. Axial localization is then performed
through a combination of bivariate Gaussian fitting and empirical calibra-
tion. Although these approaches demonstrate the feasibility of axial local-
ization based on the PSF, they are limited in range and subject to bias due to
theirreliance on an empirical reference. FPALM based on polarization imag-
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ing was developed in order to recover the orientation of single fluorophores
in addition to their position [39].

Long acquisition times are another intrinsic limitation of FLM. The
initial results obtained with PALM required imaging over several hours
to generate a single image. Significant accelerations of the switch-
ing/activation/bleaching cycles have now reduced acquisition times by an
order of magnitude. Further pushing acquisition times will eventually re-
sultin the activation of denser sets of fluorophores, with a higher probability
of overlap between their images. While essentially all implementations of
FLM rely on Gaussian fitting, other alternatives that prove more effective in
isolating individual molecules have been suggested. An approach based on
independent component analysis that exploits the blinking nature of quan-
tum dots to segment and localize individual sources in dense groups yields
resolutions of the same order as Gaussian localization-based methods [24].

With the acquisition time reduced to the scale of minutes, recent proof-
of-concept experiments have demonstrated live-cell imaging in the context
of slowly evolving cellular processes [29, 40, 41]. Adapting FLM and espe-
cially STORM-based techniques to in vivo imaging remains a challenge due
to the toxicity of sample preparation.

The resolutions achieved by the various imaging approaches presented
in this overview are summarized in Table 1.1. For most of the localization-
based methods, resolution was assessed in terms of structures with known
dimensions, and is not necessarily equivalent to localization accuracy.

To date, the highest resolutions are achieved by methods that are essen-
tially limited to 2-D imaging. This can be attributed to the difficulty of extend-
ing Gaussian-based localization techniques to 3-D; the principal obstacle is
the lack of a similarly simple model which approximates the PSE

Due to the relative complexity of the PSF of modern microscopes, few
PSE-based methods for 3-D localization have been proposed. However, axial
localization based on the radius of the outermost diffraction ring observed in
defocused images of single fluorescent particles was experimentally shown
to reach accuracies at the nanometer scale [42]. Although this approach
makes some simplifying assumptions that limit its applicability, it demon-
strated the possibility of axial localization based on a more sophisticated
model.

Furthermore, as will be discussed in Chapter 7, the Gaussian approxima-
tion of the PSF is not necessarily valid for fluorophores that lie in the focal
plane of the microscope. If the molecule is immobile during image acquisi-
tion, the observed diffraction spot may be shifted by as much as several tens
of nanometers with respect to the fluorophore’s position, inducing a severe
bias in Gaussian-based localization results [43].
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1.3 Contributions of the thesis

The research presented in this thesis was instigated by an investigation of the
feasibility of super-resolved axial tracking (that is, localization in the depth
dimension) based on an accurate PSF model. Various results demonstrate
the potential of this philosophy to outperform instrumentation-based FLM
techniques for both 3-D and orientation-based imaging. The contributions
of the thesis fall into the following categories:

« Single molecule localization A framework for super-resolution lo-
calization of single fluorescent molecules based on a physically accu-
rate image formation model is described. It contains two central re-
sults: a maximume-likelihood method for 3-D localization [44] and a
method for the joint orientation and position estimation of fluores-
cent dipoles [45]. Orientation estimation in the latter is described as
the optimization of a 3-D steerable filter. Both methods are based on
off-focus imaging; the second relies on fluorophores that are immobile
during image acquisition. Theoretical limits on localization accuracy
are formulated using Cramér-Rao bounds. These bounds show that
nanometer-scale accuracies are possible, and help establish the ex-
perimental conditions under which these accuracies can be reached.
Experimental results that corroborate these theoretical limits are pre-
sented; accuracies of the order of one nanometer for lateral localiza-
tion, ten nanometers for axial localization, and one degree for orienta-
tion estimation are reported.

These results demonstrate the feasibility of super-resolved 3-D single
molecule position and orientation estimation based on a physically re-
alistic PSF model for the first time. The reported estimation accuracies
suggest that this type of localization approach has the potential to out-
perform currently existing super-resolution fluorescence microscopy
techniques.

o Image formation in optical microscopy A physically realistic
depth-dependent PSF model is formulated in such a way that it can be
applied to super-resolution axial localization, as well as shift-variant
deconvolution. The model is extended for fluorescent dipoles and
shown to decompose into six basis functions that decouple from the
dipole’s orientation, which renders the calculation of dipole diffrac-
tion patterns highly efficient [45]. An algorithm for the estimation
of unknown parameters in these PSFs is proposed; it relies on a
maximum-likelihood framework analogous to the one introduced for
localization [46]. A fast numerical implementation of these models is
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described; it accelerates computations by at least an order of magni-
tude with respect to competing approaches.

o Extended depth offieldimaging Dueto the shallow depth offield of
high-NA objectives, high-resolution brightfield imaging of thick sam-
ples usuallyrequires multiple acquisitions that each capture a different
section of the sample in focus. Analysis of the resulting image stack is
cumbersome, and topographical information reduced to discrete po-
sitions in the stack. The fusion of in-focus information and genera-
tion of a continuous topography is formulated as a 2.5-D deconvolu-
tion problem in a setting that extends the previously introduced lo-
calization methods to more complex object models [47]. This is the
first extended-depth-of-field method designed to estimate a continu-
ous and super-resolved topography of specimens, enabling their 3-D
visualization and facilitating their analysis.

1.4 Organization of the thesis

In Chapter 2, we present a general introduction to fluorescence microscopy
that includes a historical overview and a discussion of present and future
challenges for the development of hybrid signal processing and optics-based
imaging techniques. The various microscopy modalities discussed in this in-
troduction are also described in greater detail. Chapter 3 is a comprehensive
review of image formation in optical microscopes, where we show how state-
of-the-art PSF models are derived from Maxwell’s equations and expanded
to accurately reproduce the axially shift-variant behavior of experimentally
observed PSFs. In Chapter 4, we compare Gaussian- and PSF-based localiza-
tion techniques, and show that the latter present advantages over the former
under most conditions, except when fluorophores are imaged perfectly in
focus, where both approaches lead to statistically equivalent results. Based
on the PSF model presented in Chapter 3, we describe a method for super-
resolved axial localization of single fluorophores in Chapter 5. We discuss
extensions of this method to 3-D localization in Chapter 6, and expand lo-
calization to incorporate orientation estimation for fluorescent dipoles in
Chapter 7. In Chapter 8, we present an algorithm for matching an axially
shift-variant PSF model to experimental measurements. Finally, in Chap-
ter 9, we propose an algorithm for extended-depth-of-field imaging based
on z-stack acquisitions. We conclude the thesis with a summary of results
and a discussion of potential directions for future research.



Chapter 2

Fluorescence microscopy

2.1 Introduction

The discovery of fluorescent labels suitable for in vivo use and the develop-
ment of high-resolution microscopes have transformed the fluorescence mi-
croscope into a mainstream tool, bringing about a revolution for biological
imaging, and having a profound impact on the way research is being con-
ducted in the life sciences. Among a myriad of new imaging possibilities,
sub-cellular components and processes can now be visualized in vivo, both
structurally and functionally. Observations can be made in two or three di-
mensions, at different wavelengths (spectroscopy), and, for the investigation
of dynamic processes, using time-lapse imaging.

The observation of many biological processes relies on the ability to iden-
tify and locate specific proteins within their cellular environment. Cells
are mostly transparent in their natural state, and the immense number of
molecules that constitute them are optically indistinguishable from one an-
other. This makes the identification of a particular protein a very complex
task—akin to finding a needle in a haystack. However, if a bright marker
were attached to the protein of interest, it could very precisely indicate its po-
sition. Much effort has gone into finding suitable markers for this purpose,
butitis only over the course of the past decade, with the advent of fluorescent
proteins, that this concept has been revolutionized. These biological mark-
ers have the crucial properties necessary for dynamic observations of living
cells: they are essentially harmless to the organism, and can be attached to
other proteins without impacting their function.

This chapter is based on: E Aguet et al., “An introduction to fluorescence microscopy:
basic principles, challenges, and opportunities,” in Microscopic Image Analysis for Life Science
Applications, J. Rittscher, R. Machiraju, and S. T. C. Wong, Eds. Artech House, 2008, ch. 4, pp.
85-114, [48,49].
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Fluorescence microscopy was invented almost a century ago, when mi-
croscopists were experimenting with ultraviolet light to achieve higher res-
olutions. In the very beginning, observations were limited to specimens
that naturally fluoresce!. Rapidly, fluorescent dyes for staining tissues and
cells were investigated. But it was not until the 1940s that fluorescence mi-
croscopy became popular, when A. Coons and M. Kaplan introduced a tech-
nique to label antibodies with a fluorescent dye to study antibody-antigen
interactions, which profoundly changed the field of immunohistochemistry
[50]. The discovery that really brought fluorescence microscopy to the fore-
front came in 1994, when M. Chalfie et al. succeeded in expressing a natu-
rally fluorescent protein, the now famous green fluorescent protein (GFP),
inliving organisms [51]. This was a landmark evolution in the field, fostering
a whole new class of tagging methods.

While genetic engineering is at the origin of this new methodology, a
number of innovations from the fields of physics, optics, mechanical and
electrical engineering have been combined to provide the necessary instru-
mentation. Impressive enhancements in classical microscopy have been
achieved, and new imaging systems are actively being developed. A key ele-
ment for the evolution of microscopy in general was the shift to digital imag-
ing in the 1990s, with the availability of affordable high-sensitivity acquisi-
tion devices and powerful computer hardware.

The capabilities of today’s systems often lead to enormous data sets that,
in most cases, require post-processing for their interpretation. Signal pro-
cessing methods for biological research are only at their prelude; the needs
are considerable and most probably not even clearly formulated yet. It is
thus predictable that signal processing will be one of the main challenges of
fluorescence microscopy in the forthcoming years.

The ambition of this chapter is to provide the reader with an introduction
covering the key aspects of modern fluorescence microscopy. We begin by
recalling the principles of fluorescence, and review the history of discover-
ies thatled to the instruments and techniques in use today. Next, we present
the optics and examine various types of detectors used in fluorescence mi-
croscopy. A further section is devoted to a discussion of signal and image
processing challenges in fluorescence microscopy, and finally, we highlight
some current developments and future perspectives in the field.

!This property is called autofluorescence or primary fluorescence.
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Figure 2.1 Representation of typical excitation/emission spectra of a fluorophore (in rela-
tive intensities). The excitation spectrum shows the emission intensity as a function of ex-
citation wavelength, and the emission spectrum shows the relative emission intensities as a
function of emission wavelengths for an excitation at the peak absorption wavelength. Ex-
planations on the filters are given in Section 2.3.

2.2 Fluorescence

2.2.1 The physical principles of fluorescence
Definition

Fluorescence is a phenomenon by which a molecule, upon illumination at
a specific wavelength, reemits light at another (typically longer) wavelength.
A molecule that has the ability to fluoresce is called a fluorophore or fluo-
rochrome?. It has distinctive excitation and emission spectra (see Fig. 2.1),
although in practice, it is often characterized by the two wavelengths corre-
sponding to the respective peak intensities of these spectra.

A molecule can exist in a variety of energetic states, which, for the most
part, are determined by the configuration of its electrons and the vibrational
agitation of its atomic nuclei. If a photon with sufficient energy is absorbed
by a fluorophore, the latter moves from its ground state to an excited elec-
tronic state (see Fig. 2.2a). Fluorescence occurs when the excited molecule
returns to the ground state by releasing energy through emission of a photon.
Because some of the energy gained during excitation is converted to heat,
the emitted photon has a lower energy than the absorbed one. This explains
the difference in wavelength mentioned earlier (since £ = hv = hc/)),
which is also known as the Stokes shift. Fluorophores whose spectra present
alarge Stokes shift are usually preferred since their emitted light can be sepa-
rated from the excitation light more easily by the means of optical filters (see
Fig. 2.1).

%Specifically, the former describes an atomic compound responsible for fluorescence,
while the latter is a more general term for a dye that renders a body fluorescent.
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Figure 2.2 Jablonski diagrams representing the energy-level transitions involved in fluo-
rescence. Thick lines represent electronic energy levels; thin ones are associated vibrational
energy levels. (a) Upon absorption of a photon at a specific wavelength (blue), the molecule
moves from the ground state Sy to the excited state S; (1). Vibrational energies are imme-
diately converted into heat in a process called vibrational relaxation (2). When the molecule
returns to the ground state, the remaining energy is released via emission of a new photon at
a longer wavelength (green). (b) In two-photon excitation, the simultaneous absorption of
two photons at twice the excitation wavelength (1) leads to the same excited state and thus to
emission at the same wavelength (2) as in single photon excitation.

Related phenomena

When in an excited state, a fluorophore can be forced to the ground state
in a process called stimulated emission. Upon absorption of a second pho-
ton at the excitation wavelength, the molecule returns to the ground state by
emitting two photons that are in phase and whose wavelengths are identical
to the second photon’s wavelength. This phenomenon is relevant to some
of the concepts discussed later, but is best known as the light-amplification
principle behind lasers.

Another important concept is that of multiphoton excitation. A fluo-
rophore can also be excited by the simultaneous absorption of two or more
photons, given that the combined energy of the photons corresponds to the
energy required for single-photon excitation (see Fig. 2.2b). In this particu-
lar situation the excitation wavelength is longer — in the case of two-photon
excitation, twice as long as the single-photon excitation wavelength.

2.2.2 The green revolution

The developments that had the biggest impact on biological research and
made fluorescence microscopy ubiquitous took place during the past two
decades. Consequently, we shall focus on this period for the remainder of
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this section. However, these recent developments could not have occurred
without previous discoveries and inventions in a variety of fields, starting in
the 16th century. An overview of events that played an essential role in con-
tributing to the development of modern fluorescence microscopy is given in
the form of a timeline in Tables 2.1 and 2.2.

In the early 1990s, fluorescence labeling techniques such as immunoflu-
orescence® and covalent marking* were already widely in use for imaging.
However, a straightforward means for selectively labeling a given protein
with a non-perturbing fluorescent marker was not yet available. Only such
a tag would make the in vivo observation of interactions between a specific
protein with other proteins and the environment feasible.

The breakthrough came in 1994, when Chalfie et al. [51] succeeded in
expressing a fluorescent protein that naturally occurs in a jellyfish species
in other organisms by modifying their genome to code for this protein. At
the origin of this innovation, accordingly dubbed “the green revolution” [63],
was the discovery of GFP by Shimomura et al. in 1961 [64]. During their stud-
ies of the jellyfish aequorea victoria, whose fluorescing nature was described
for the first time in 1955, they discovered that the source of the fluorescence
was a naturally produced protein. Its chemical structure was reported by
Shimomura in 1979, and in 1992, Prasher et al. cloned and determined its
genetic sequence [65], paving the way for the work of Chalfie et al.

Since the first experiments with GFP, many variants have been engi-
neered and discovered. From the naturally occurring GFP, called wtGFP
for wild-type GFP, and from similar fluorescent proteins occurring in other
marine organisms, new, more powerful mutants have been derived. Their
properties range from different excitation and emission spectra® to stronger
fluorescence and higher resistance to photobleaching [66]. Two widespread
examples are cyan fluorescent protein (CFP) and yellow fluorescent protein
(YFP), named for their characteristic emission spectra.

Biologists can label virtually any desired protein with a fluorescent pro-
tein by means of straightforward procedures. The first step leading to the cre-
ation of a labeled protein is to append the marker protein’s sequence to that
of the target. The resulting sequence is then introduced into cells, where its
transcription results in the synthesis of a fusion protein. A common means

3A technique (also called immunostaining) for detecting an antigen (protein) with a
fluorochrome-labeled antibody.

*Proteins are purified, covalently labeled with a fluorescent molecule, and then intro-
duced into cells.

*The currently available fluorescent protein tags offer a wide choice of wavelengths within
the visible spectrum.
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1565 Nicolds Monardes observes luminescence in the extract of the wood
lignum nephriticum, a substance then used for treating kidney ailments.

1609 Galileo Galilei develops the compound microscope.

1646 Athanasius Kircher relates that an infusion of lignum nephriticum reflects
blue and transmits yellow light.

1800 Frederick William Herschel discovers infrared radiation.

1801 Johann Wilhelm Ritter discovers the ultraviolet region of the spectrum.

1833 David Brewster observes red radiation in a solution containing chlorophyll
upon illuminating it with white light.

1845 John E. W. Herschel (the son of E W. Herschel) discovers the phenomenon
of fluorescence in a quinine solution.

1852 George Gabriel Stokes describes the luminescence observed in the
fluorspar mineral as fluorescence, and formulates the Stokes law.

1871 Adolf von Baeyer discovers and synthesizes fluorescein, still widely used
as a dye.

1873 Ernst Abbe formulates the theory that links resolution to the wavelength
of light, and proposes the use of ultraviolet light to increase the resolution
of microscopes [1].

1904 August Kohler and Moritz von Rohr develop the ultraviolet microscope.
Autofluorescence observed in the visible domain starts the era of fluores-
cence microscopy.

1905 Albert Einstein describes the photoelectric effect [52].

1908 August Kohler and Henry Friedrich Wilhelm Siedentopfbuild and demon-
strate the first fluorescence microscope.

1911 Max Haitinger coins the term fluorochrome to describe dyes that render
non-fluorescent objects fluorescent. Numerous investigations into fluo-
rescent dyes begin.

1911 The first commercialized fluorescence microscopes, using carbon arc
lamps, are produced by Reichert (Otto Heimstadt and Carl F. W. Reichert,
1911) and Carl Zeiss (Heinrich Lehmann, 1913). Observations are limited
to specimens that present autofluorescence.

1929 Philipp Ellinger and August Hirt propose a fluorescence microscope with
epi-illumination for the observation of living organisms. They use the fluo-
rochromes fryptaflavine, which stains cell nuclei, and fluorescein, to study
kidney function [53].

1935 Alexander Jablonski presents his model to explain fluorescence.

Table 2.1 History of fluorescence microscopy, Part I.
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1935

1941

1946
1957
1958
1960
1961

1969
1978

1980

1983

1990s

1990

1991

1994

1994

2006

The first photomultiplier tube is built by Harley E. lams and Bernard
Salzberg [54].

Albert Coons and Melvin Kaplan introduce immunofluorescence, a label-
ing method still in use today [50].

Theodor Forster discovers fluorescence resonance energy transfer [55].
Marvin Minsky submits his patent for the confocal microscope [2].
Arthur L. Schawlow and Charles H. Townes invent the laser [56]

The first functioning laser is built by Theodore Maiman [57].

Osamu Shimomura et al. discover aequorin and GFP in the jellyfish
Aequorea [58].

George Smith and Willard Boyle invent the CCD.

Colin J. R. Sheppard and Rudolf K. Kompfner propose the concept of two-
photon fluorescence microscopy [59)].

John G. J. Bauman et al. introduce fluorescence in situ hybridization
(FISH), amethod for localizing specific genetic sequences by labeling RNA
molecules with a fluorochrome [60].

Modern Era

David A. Agard and John W. Sedat reconstruct chromosomes from
Drosophila larvae using computer deconvolution [7].

Affordable digital imaging hardware becomes available, launching a new
era in microscopy.

Winfried Denk, James H. Strickler, and Watt W. Webb experimentally
demonstrate two-photon microscopy [3].

Joseph R. Lakowicz et al. describe fluorescence lifetime imaging (FLIM)
[61].

Martin Chalfie et al., and Satoshi Inouye and Frederick Tsuji express GFP
in living organisms (E. coli and C. elegans) [51] [62].

Stefan Hell and Jan Wichmann invent STED microscopy [5].

Localization-based fluorescence microscopy [21-23] is made possible by
the discoveries of photoactivatable [19] and photoswitchable [20] fluo-
rophores. The resolutions achievable by these techniques rival electron
microscopy. Current developments include extensions to 3-D imaging
[26,27], molecular orientation imaging, and time-lapse imaging [40, 41].

Table 2.2 History of fluorescence microscopy, Part II.



16 Fluorescence microscopy

Figure 2.3 Image of a neuron where specific receptor proteins (delta opioid) have been
fused with eGFP and appear in green. The red dots (GABA immunostaining) correspond to
intracellular proteins located inside the neuron and its extensions. The nuclei of surrounding
cells are stained in blue with DAPI, a fluorochrome that specifically binds to DNA. Courtesy
of G. Scherrer, P. Tryoen-Toth and B. L. Kieffer, IGBMC, Illkirch, France.

for doing this is by placing the gene onto a plasmid®, which can then be taken
up by a cell. Such plasmids exist for a wide range of fluorescent proteins and
are available from specialized companies.

The fusion protein (Fig. 2.3) is expressed throughout the lifetime of the
cell, as long as its sequence is present in the cell’s nucleus. Note that this
procedure typically results in the expression of both the fusion and natural
versions of the protein, since the genetic sequence of the former does not
replace that of the latter. Although the function and localization of the two
variants are in most cases identical, it is necessary to verify that the label has
no influence on cellular functions. For further details, we refer to [67, 68].

The availability of fluorescent protein tagging techniques led to a funda-
mental change in the way biological research is conducted and to an ex-
plosion of experimental possibilities (see also Section 2.6). For instance,
within the past 10 years, the relative number of experiments dealing with live
samples at the IGBMC imaging center (Illkirch, France) increased almost a
hundred-fold.

®Plasmids are small, circular, double-stranded sequences of DNA that naturally occur in
bacteria and are part of their genome. They can easily be introduced into cells, where they are
expressed in the same fashion as chromosomal DNA. Plasmids are not replicated upon cel-
lular division; however, in some cases they are integrated into the cell’s chromosomal DNA.
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2.3 Microscopes

We now turn our attention to the instrumentation for fluorescence imag-
ing. This section provides a brief description of the two main types of im-
age forming systems: widefield and confocal microscopes. While the former
are usually less expensive than the latter (depending on the configuration),
their optical resolution is intrinsically more limited, especially in the axial
(i.e., z) direction. Both systems can yield volume images of the sample under
inspection, possibly with the help of deconvolution. However, in widefield
microscopes the volume is acquired plane by plane (as opposed to point by
point in standard confocal systems), which allows for faster acquisitions.

2.3.1 The widefield microscope
Principle

Widefield microscopy is based on the paradigm of Kéhler illumination,
according to which the sample is observed under a uniform light beam.
Fig. 2.4a shows how this is obtained in a simplified epi-illumination micro-
scope: the light source (an arc or filament lamp) is magnified by the collector
lens and projected onto the iris diaphragm. This aperture is located in a con-
jugate plane of the objective’s back focal plane. Therefore the latter acts as a
condenser lens and the intensity from the iris is uniformly distributed onto
the sample.

Let us now consider a single point of the sample. It will reemit light by
reflection and possibly by fluorescence. Iflocated in the focal plane, this will
generate a beam of parallel light rays through the microscope tube. The im-
age is formed by integrating the effect of all secondary point sources within
the specimen; it can be observed through the eyepiece, or recorded by plac-
ing a CCD sensor in the image plane.

One of the critical parameters in this setting is the numerical aperture
(NA); that is, the angular opening of the light cone emerging from the ob-
ject and collected by the objective. The magnification effect results from the
combination of the objective, tube and ocular lenses.

Components for fluorescence imaging

Fluorescence imaging requires specific additional components for control-
ling the spectrum of the light (see also Fig. 2.1). While usual lamps produce
“white light” (covering the whole visible spectra, with some peaks at char-
acteristic wavelengths), the fluorescent sample has to be illuminated with
a specific excitation wavelength. This is ensured by inserting an excitation
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Figure2.4 Schematics of widefield (a) and confocal (b) fluorescence microscopes, showing
their main components. The illumination path is shown in blue (excitation at 395 nm) and
the image-forming path in green (emission at 509 nm), to suggest the spectral composition
of the different light beams in the case of a GFP-tagged sample.
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Figure 2.5 Cross-sections of the image of a fluorescent point source with a 1.4 NA objective
(ideal 3-D intensity PSF). An isosurface representation of the 3-D PSF is shown on the left. The
upper row corresponds to a widefield microscope (|h»,,,|?), and the lower row to a confocal
system (|, |2 |Poen |?)- Here Aex = 395 nm and Aem = 509 nm, which are the excitation and
emission wavelengths of GFP. Scale bar: 1 um; units are given in object space.

filter in the illumination path. The emission filter, on the other hand, en-
sures that only the wavelength corresponding to fluorescence emission gets
transmitted to the sensor or to the eyepiece, whereas reflected light (at the
excitation wavelength) is discarded. A dichroic mirror helps to achieve this
by reflecting light below a certain transition wavelength (which is chosen to
be between the excitation and emission wavelengths of the fluorophore) and
transmitting light above that wavelength.

Incoherent point spread function

Because of the random nature of photon emission, fluorescence microscopy
is an incoherent imaging process. This means that each point of the sample
contributes independently (without interference) to the light intensity distri-
bution in the image space. Moreover, in the paraxial approximation, mov-
ing the object does not influence its image, except for a shift. From a signal-
processing standpoint, a widefield microscope can thus be modeled as a lin-
ear space-invariant system in intensity. In other words, the light intensity
(which is the physical value measured by a photodetector) in the neighbor-
hood of the primary imaging plane (= = 0) is given by a convolutive expres-
sion:

x Y z

2
I(2,y,z) o /R3 ‘h,\em (M —U,M _U’W —w)‘ x(u, v, w) dudvdw
(2.1)

where M is the magnification of the objective (note that the axial magnifica-
tion is M?). Here, y is the characteristic function of the object; it describes
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its ability to convert incident light into fluorescence intensity at the emis-
sion wavelength \em and is thus mostly related to the fluorophore concen-
tration. The impulse response |k, |? is called the incoherent (or intensity)
point spread function (PSF), since it defines the image of an ideal point ob-
ject (x(x,y,2) = 0(x,y, z)). For a given wavelength \ it is defined by a 2-D
Fourier transform:

—jkz(&? + n2)> exp <jk(x€ + yn)

hA(az,y,Z)z/R2 P(&n)exp( 2/2 f

) ¢ dn.

In this expression, f is the focal length of the objective and k£ = 27” is the
wavenumber. P represents the pupil function, which is an indicator func-
tion that corresponds to the circular aperture of the objective. Its radius r
is related to the focal length by NA ~ r/f. Note the presence of the depth
coordinate z in the phase factor — it accounts for the defocusing effect illus-
trated in Fig. 2.5. A complete development of this expression is provided in
the next chapter.

2.3.2 The confocal scanning microscope
Principle

In a confocal microscope (Fig. 2.4b and [69]) the illuminating point source
is usually obtained from a laser. The latter illuminates a pinhole located in
a plane conjugate to the sample. In this way, the light is focused onto a very
small volume in the sample, and the returning fluorescence radiation is col-
lected by a photomultiplier tube (PMT [70]). The essential difference with a
widefield microscope is the detection pinhole, which drastically reduces the
proportion of light coming from out-of-focus points, especially in the axial
direction.

Since only one point is observed at a time, the object has to be scanned.
In the z and y dimensions, this is achieved by using a scan mirror, which
deflects the illumination beam, hence moving the illumination spot in the
same plane. In the z direction, the sample is usually moved mechanically by
means of a motorized stage. The ability to resolve different planes within the
object is called optical sectioning and leads to a complete volumetric repre-
sentation (a stack of 2-D images).

A critical parameter in this setting is the pinhole diameter, which is usu-
ally expressed in Airy units (AU)”. One Airy unit corresponds to the size of
the central disc of the PSF of the system (Fig. 2.5, second image in the bot-

" After back-projection into object space, i.e. dividing the effective diameter by the mag-
nification factor.
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tom row). The smaller the pinhole, the better the resolution; however, this
also means that less light is collected, implying a higher noise level.

Incoherent point spread function

The imaging process of fluorescent material can be modeled as follows: first,
we have to take into account the effect of illumination, which consists in mul-
tiplying the fluorescence strength of the object by the PSF of the objective
(taking into account the scan coordinate (xg, o, 20)). The reemitted light in-
tensity is then given by

[P (T — T0,y — 0, 2)[2x (2, y, 2 — 20) (2.3)

where )\ex denotes the excitation wavelength. The intensity at the detector
is the convolution of this expression with the objective PSF, evaluated at the
origin (the position of the detection pinhole):

/3 |h)\em($0 —Z,Y% Y, —z)|2|h,\ex(x—x0,y—yo, Z)|2X($7y7 Z_ZO) dz dy dz
R

(2.4)
where A\, denotes the emission wavelength. Note that we did not indicate
the magnification factors here, which is equivalent to back-projecting the
image into object space; also, the returning light beams are descanned when
they hit back on the scanning mirror. Since h ), is symmetric in x and y, the
final intensity PSF of the system is |hy hy,,, |% illustrated in the lower part of
Fig. 2.5. It shows that a confocal microscope has a PSF that is more concen-
trated in space than a widefield one; i.e., a better resolution, especially in the
axial direction.

2.3.3 Sample setup and aberrations

In an ideal optical system, wavefronts propagate without undergoing phase
distortions, also called aberrations. Modern microscope optics are highly
sophisticated and are corrected to high levels of precision to avoid such dis-
tortions. The optical properties of the sample play an important role in the
formation and correction of aberrations. Samples are usually placed onto a
glass slide and need to be covered with a glass coverslip for use with most
objectives. As shown in Fig. 2.6, there is an immersion layer between the ob-
jective and the sample (to increase resolution, an immersion medium with
a high refractive index, such as oil, is used). To minimize aberrations, each
objective is designed for a specific setup, corresponding to parameters such
as the refractive index of the immersion medium, the coverslip thickness,
and the imaging depth. Small deviations from these optimal values (e.g.,
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Objective

Immersion oil
Coverslip
Sample

Figure 2.6 Schematic representation of a typical sample setup.

due to temperature changes or incorrect sample preparation) can introduce
aberrations. A common and often unavoidable source of aberrations is the
imaging depth in situations where the refractive indices of the specimen and
immersion layers are mismatched. In the case where this mismatch is sig-
nificant, it may result in the PSF becoming shift-variant, especially along the
axial direction z [71].

2.4 Detectors

Fluorescence imaging can sometimes be a real challenge due to very low
light conditions. Especially for live samples undergoing fast biological
changes, it may not be possible to integrate more than a few tens of photons
at each sampling position. Such conditions call for very sensitive detection
devices with very accurate synchronization and control.

2.4.1 Characteristic parameters of detection systems

Most detectors are actually designed for specific applications and provide
increased accuracy along the corresponding dimensions. In what follows,
we briefly review the main characteristics of a detection device with respect
to different parameters.

Wavelength

One of the critical parameters of a detector is its quantum efficiency; i.e.,
the average rate of incoming photons that are converted into an electronic
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charge. This rate strongly depends on the wavelength, and is therefore also
called spectral sensitivity.

Intensity

Some detectors operate by internal amplification of the light signal they re-
ceive, which leads to the notion of gain. Detectors with gain adjustment offer
increased interscene dynamic range, that is, the range of intensity levels that
they can adapt to, for different imaging situations. The intrascene dynamic
range characterizes the range of intensities to which the sensor can respond
linearly, for a given imaging situation. The maximum value, divided by the
noise level, defines the peak signal-to-noise ratio (PSNR). The quantization
precision (number of bits per sample) must be chosen accordingly.

Spatial resolution

For array/line (resp. point) detectors, the pixel size (resp. detection aper-
ture) represents a tradeoff between resolution and noise level. Another pa-
rameter is the effective photosensitive area, which may not cover the whole
detector.

Temporal resolution

Long integration times will reduce noise but slow down the acquisition pro-
cess. High readout speeds will allow faster frame rates/scan frequencies. For
fluorescence lifetime measurements, one needs to precisely know when a
given event occurred, which requires high synchronization and timing ac-
curacy.

Operating temperature

Cooling is often mandatory to reduce electronic noise.

2.4.2 Detection technologies

We can distinguish between two main types of detectors for fluorescence mi-
Croscopy:

Semiconductor detectors

They are based on an internal photoelectric effect and are most often en-
countered as 2-D or 1-D array detectors. Typical examples are CCD (Charge
Coupled Device, [72]) cameras for widefield microscopy.
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Fig. 2.7a presents the structure of a CCD sensor. Its elementary building
block (pixel) is a MOS (Metal-Oxide-Semiconductor) photocapacitor, whose
role is to convert photons into electric charge. While the internal conversion
process can achieve rates close to 100 %, the transmission coefficients of the
electrodes and the insulating layer limit the overall quantum efficiency of
the detection to 40 % at most. To improve upon this value, the photocapac-
itor can be illuminated from the silicon substrate side, or back-illuminated.
However, this requires a complex (and expensive) etching process to reduce
the substrate thickness.

The accumulated charge is essentially a linear function of the number of
incoming photons, until a saturation level is reached. Above that level, addi-
tional charges may diffuse to neighboring pixels, an effect known as bloom-
ing. The maximum number of electrons, divided by the average number of
electrons generated by noise (see below), gives the peak SNR. High sensitiv-
ity cameras can reach ratios of 30000:1 or better.

In CCD detectors, the charges are read-out using an analog shift-
registerg. In the full-frame transfer scheme illustrated in Fig. 2.7a, the
charges of each pixel row are sequentially moved towards the shift register
by adjusting the gate voltages P;, P» and P in a periodic pattern. At the reg-
ister, each row is again sequentially “emptied” and the charges are converted
to voltages which are amplified and digitized.

Photomultiplier tubes

PMTs [70, 73] are based on the photoemissive effect. They have no intrin-
sic spatial resolving power and are thus mostly used in combination with a
scanning system and a detection aperture, typically in confocal microscopes.
Fig. 2.7b shows the schematic diagram of a PMT.

When photons with sufficient energy hit the photocathode, they may ex-
cite electrons and induce their release inside the tube. These are directed
towards the first dynode by means of a focusing electrode. There, some are
reflected, while others are absorbed and can excite secondary electrons. The
number of reflected and secondary electrons divided by the incoming elec-
trons defines a single dynode gain g. In total, a series of n dynode stages (typ-
ically a dozen or more) is traversed before the anode finally collects the elec-
trons that have been produced. This principle can lead to very high gains, "
being of the order of 10° to 108.

The photocathode is a key element as it determines the quantum effi-
ciency of the system (for the most part). Typically, less than 30 % of the in-

8As opposed to digital shift-registers used in CMOS detectors, which allow each pixel to
be accessed individually, at the expense of a reduced photosensitive area.
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Figure 2.7 Examples of detectors for fluorescence imaging. (a) MOS photocapacitor in a
full-frame-transfer CCD array. Two layers of a semiconductor silicon crystal with (P-type or
N-type) impurities are separated by insulating silicon dioxide (SiO2). When a photon pen-
etrates into the substrate, it can excite electrons that are part of the crystalline structure. By
applying suitable voltages at the electrodes (or gates) P;, P> and Ps, these are “trapped” un-
der the SiO- layer. (b) Transmission-mode PMT, composed of a vacuum tube and several
electrodes that are submitted to a voltage gradient. The first one is protected from outside
oxidation by a window that is transparent to light.

coming photons are effectively “converted” into electrons, depending on the
wavelength.

2.5 Limitations

Two sources act as the principal limiting factors in fluorescence imaging: 1)
the instrumentation, which, apart from its inherent resolution limitation, in-
troduces measurement noise, and 2) the sample itself, whose optical prop-
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erties and emission characteristics are often non-ideal.

2.5.1 Noise sources
Photon shot noise

The fundamental limitation of any photodetector resides in the random na-
ture of photon emission. The arrival of photons at the detector is well de-
scribed by a Poisson process whose (statistical) intensity is proportional to
the (physical) intensity of the fluorescence signal.

Background noise

The ambient radiation, especially in the infrared domain, can also be a sig-
nificant source of noise; it often requires the use of additional filters at the
detection stage.

Dark current

Among the numerous internal noise sources in a detector, thermal agita-
tion is the most important. The higher the temperature, the higher the ki-
netic energy of the electrons. For semiconductor detectors, this results in
so-called dark currents (that exist even in the absence of light), which tend
to charge the photocapacitors when the integration time and/or the temper-
ature are too high. For point detectors such as PMTs, thermal energy can
trigger spontaneous electron emissions. Consequently, high-sensitivity de-
tectors are very often cooled down to reduce thermal noise.

Auxiliary noise sources

For semiconductor devices, additional noise is generated at read-out time.
In particular, the charge transfer in CMOS sensors is less efficient than in
CCD chips. Both technologies are subject to amplifier noise. For PMTs, there
can be fluctuations in the internal gain of the unit, which also result in noise.
Finally, any detector with digital output produces quantization noise.

2.5.2 Sample-dependent limitations
Photobleaching

An important property of fluorophores is that they are more chemically reac-
tive in their excited state. Depending on the environment, they can undergo
reactions thatlead to permanent changes, by which the molecule loses its ca-
pability to fluoresce altogether, or becomes non-absorbent for the specified
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excitation wavelength. This effect, called photobleaching, limits the total in-
tensity of light, and accordingly, the exposure time, until loss of fluorescence
occurs. As a result, the observation time of a fluorescence-tagged specimen
is limited. Photobleaching is a cumulative effect; this means that reducing
the exposure time or excitation intensity will not prevent it, but merely re-
duce the rate at which it occurs.

Autofluorescence

Many organic molecules are naturally fluorescent, and thus even unstained
biological samples can emit fluorescence in the visible domain. This autoflu-
orescence is an important source of noise when it overlaps with the emission
of a selected fluorophore, especially when the latter is sparsely expressed or
exhibits weak fluorescence. This interference can render the detection of a
signal very difficult.

Absorption and scattering of the medium

In a biological specimen, the intensity of the fluorescence signal decreases
as the fluorophore’s depth within the specimen increases. This attenuation
is due to the absorption and scattering® of light; it strongly limits both the
depth at which a fluorophore can be excited and the depth at which a flu-
orescence signal can be detected!?. These effects are not always negligible.
Therefore, to obtain truly quantitative measurements, it may be necessary to
develop reconstruction algorithms that take into account the space-varying
and complex nature of the refractive index.

2.6 Fluorescence Techniques

Besides standard imaging that involves the quantitative analysis of local flu-
orophore concentrations, there exist more sophisticated experimental tech-
niques for studying protein-protein interactions and for investigating bio-
logical processes at the molecular scale. Among the techniques presented
below, FLIM and FRET can be performed on both widefield and confocal mi-
croscopes. The photobleaching techniques, however, are usually performed
with lasers and often require the ability to precisely define the region to be
bleached; they are therefore mostly implemented on confocal microscopes.

%Scattering is the phenomenon by which particles with a refractive index different from
the medium’s index partially diffuse electromagnetic radiation in all directions. It commonly
occurs when the particle sizes are comparable to the wavelength.

Typically in the 100 zm range for one-photon confocal microscopy.
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Donor Acceptor

Figure 2.8 The principle of FRET between a suitable donor-acceptor pair: the energy of the
excited donor molecule is transferred (without emission of a photon) to the acceptor after
vibrational relaxation (1). For FRET to occur, the distance between the two molecules must
typically be in the range of 1-10 nm [66].

2.6.1 FRET

Protein-protein interactions take place at scales that are too small to be re-
solved by optical microscopy; however, they can be detected by exploiting a
mechanism called fluorescence resonance energy transfer (FRET). This pro-
cess is a direct transfer of energy (i.e., it does not involve the emission or
absorption of a photon) between a suitable donor and an acceptor, as il-
lustrated in Fig. 2.8. FRET is only possible between two fluorophores if the
emission spectrum of the donor overlaps with the excitation spectrum of the
acceptor. An example of a suitable pair of fluorescent proteins is the afore-
mentioned CFP/YFP couple.

The efficiency of FRET strongly depends on the distance that separates
the two molecules (the rate is inversely proportional to the 6 power of
the distance) and on the relative orientation of their dipole moments. This
means that FRET can be used to study the optical subresolution colocaliza-
tion of a labeled protein pair of interest. FRET can also serve as an indica-
tor of conformational changes in a protein: if complementary markers are
placed at the extremities of the protein, then an energy transfer can occur
when the protein folds [74]. Fig. 2.9 illustrates a FRET experiment.

2.6.2 FRAP

Although photobleaching has already been mentioned as a limitation, it can
be exploited to study the intracellular dynamics of proteins. FRAP (fluores-
cence recovery after photobleaching) consists in intentionally bleaching a
small region of a cell using high-intensity light, thereby rendering it non-
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(b) (c)

Figure 2.9 Images from a FRET experiment, showing the (normalized) donor (a) and ac-
ceptor (b) channels. From these images, a computer-generated FRET-efficiency image is ob-
tained (c). In this case, the scientists were interested in the average FRET efficiency inside a
region of interest corresponding to the cell nucleus. Courtesy of M. C. Rio, A. Baguet, and P.
Kessler, IGBMC, Illkirch, France.

fluorescent. The region then regains its fluorescence as fluorophores from
the surroundings enter and pass through it, which yields information about
the diffusion and mobility of the labeled protein [75].

2.6.3 FLIM

All of the techniques discussed up to this point rely on intensity-based mea-
surements. In the presence of autofluorescence, or when multiple fluo-
rophores with similar emission spectra are used, it can be difficult to dis-
criminate among the different signals. Intensity-based imagingis also highly
dependent on fluorophore concentration.

In fluorescence lifetime imaging microscopy (FLIM), image contrast is
generated based on the lifetime of fluorophores, which is the average time
a fluorophore remains in the excited electronic state. The key point is that
every fluorophore has a unique lifetime. A common method for measuring
fluorescence lifetimes consists in exciting fluorophores with a picosecond
pulsed laser source and recording the arrival times of the emitted photons
with a high speed photodetector.

The lifetime of a fluorophore is sensitive to many environmental factors
such as oxygen concentration, pH, and calcium ion concentration. Thus,
FLIM can be used to obtain information about the local environment of a
particular fluorophore. FLIM can also serve as an experimental verification
that FRET occurs (see Fig. 2.10).
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NO FRET

Fluorescence lifetime

Figure 2.10 FLIM experiment for confirming the occurence of FRET. The images show the
fluorescence lifetime of the donor over two regions of interest corresponding to different cell
nuclei. In the presence of FRET (left-hand side), the fluorescence lifetime is significantly re-
duced, due to the energy transfer to the acceptor. Courtesy of C. Rochette-Egly, S. Lalevée
and P. Kessler, IGBMC, Illkirch, France.

2.7 Signal Processing

2.7.1 Data size and dimensionality

Modern research in biology requires quantitative experimental data. As a
consequence, microscopes have developed into sophisticated digital image
acquisition workstations that are capable of acquiring very large data sets of
high dimensionality.

To get a better feeling of what is involved, consider an experiment mon-
itored with a confocal microscope that requires the periodic (time-lapse)
3-D acquisition of a sample labeled with two fluorophores. This yields a
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Figure 2.11 3-D projections of a nematode worm embryo (C. elegans) [76]. Courtesy of L.
McMahon, J.-L. Vonesch and M. Labouesse, IGBMC, Illkirch, France.

5-D data set indexed by the space coordinates z, y and z, the time ¢, and
the wavelength parameter A. Assuming that each image has a resolution of
1024 x 1024 and that 32 slices are acquired per volume every 20 minutes over
24 hours with a 12-bit quantizer, the whole experiment results in nearly 7 gi-
gabytes of data. If a comparative analysis is performed, this figure must be
multiplied by the total number of samples.

Studies involving comparable or even larger amounts of data are becom-
ing commonplace. Even with today’s performance levels of computer hard-
ware, the storage, extraction, manipulation and representation of such data
sets remain complex. One major challenge lies in the design of database sys-
tems and compression formats allowing for efficient retrieval and visualiza-
tion (projections, 3-D rendering — see the example in Fig. 2.11).

But most importantly, signal processing is becoming increasingly indis-
pensable for the analysis and understanding of quantitative biological exper-
iments; in fact, itis increasingly considered part of the experimental protocol
itself, as a way to infer the validity of a biological model.

Without claiming exhaustiveness, we give examples of current image
processing problems in biology among five main categories: image prepara-
tion, image restoration, image registration, image segmentation, and quan-
titative image analysis.

2.7.2 Image preparation
Image calibration

Calibration is an important step both for image analysis and visualization.
It can involve various preprocessing tasks such as histogram equalization,
inhomogeneous illumination compensation, background correction, or im-
age rescaling. While these tasks may appear relatively simple, some of them
can rely on advanced signal processing.
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Image simplification

In some cases, biological structures are too complex to be processed directly
and an image simplification step is required. To preserve the objects of inter-
est, the operator can choose among the wide range of available tools (mor-
phological operations, filtering, multiresolution structures, diffusion equa-
tions, etc.); application-specific solutions can also be envisaged.

Feature detection

Biological images often present characteristic elements such as particles and
filaments. The detection of these features may require the development of
optimized filters [77, 78], as well as multiresolution methods [79]. Here, a
challenging aspect is the shape variability observed in live-cell imaging.

Experimentalists should at least be aware of the aforementioned prepa-
ration operations; otherwise, they run the risk of a significant loss of infor-
mation, thereby leading to questionable results. Algorithm designers, on the
other hand, should put more efforts into education and the development of
user-friendly imaging software.

2.7.3 Restoration

Restoration encompasses the classical problems of denoising and deconvo-
lution.

Denoising

Simple methods such as median filtering often need adaptation; for exam-
ple, a 3-D stack may exhibit lower SNR levels as deeper portions of the ob-
ject are imaged, due to absorption and/or autofluorescence. More gener-
ally, restoration methods should be based on physically realistic noise mod-
els (e.g., Poisson statistics) and take into account various noise sources (see
Section 2.5). Advanced algorithms, relying on wavelet-domain thresholding
strategies [80], PDE and variational formulations, or statistical frameworks,
are just starting to be used in the field of bioimaging, and deserve more ex-
ploration.

Deconvolution

This operation requires an adequate characterization of the underlying
imaging system, which can be either theoretical (involving a PSF model) or,
frequently, experimental. In the latter case, the PSF is obtained by imag-
ing subresolution fluorescent beads, under conditions as close as possible
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to the actual biological preparation. By averaging, possibly with simplifying
assumptions (e.g., symmetry), a relatively noise-free PSF can be obtained.
For further details concerning algorithmic deconvolution methods, we refer
to [81,82].

One of the main challenges is the design of computationally tractable
methods that take into account the nonstationarity of the PSE, especially in
the axial direction (see Section 2.3.3). A recent attempt is the EM-algorithm
proposed by Preza and Conchello [83]. In their image-formation model, the
objectis divided into several layers that are associated with a series of (depth-
dependent) PSFs. The image of each layer is then obtained from classical
(stationary) convolutions.

Other inverse problems

Restoration can also be considered in the wider framework of inverse prob-
lems.

One example concerns relatively thick objects with surface labeling, ob-
served under a widefield microscope. Because of the 3-D conical extension
of its PSF (Fig. 2.5, top row on the left), such a system has a limited depth of
field; that is, only a small slice of the object around the focal plane appears
sharp. To compensate for this, images at different focal depths can be taken
and fused together so as to obtain a single, entirely sharp image!®. State-of-
the-art (so-called extended-depth-of-field) algorithms are decribed in [84]
and in Chapter 9. Such methods can also be used to extract 3-D maps of the
object’s surface.

Another problem of interest is related to the detection and localization of
subresolution particles [85]. New methods take into account the 3-D shift-
variance of the PSF to achieve precision in the nanometer range (see Chap-
ter 5).

2.7.4 Registration

Registration is a frequently-needed post-acquisition step. Here, researchers
can take advantage of the availability of high-quality registration algorithms
that were initially developed for medical imaging [86].

Mosaicing

Because of the limited field of view of high-magnification objectives, it can
be necessary to acquire multiple images of a sample; for example, in a mo-

"'This process should not be confused with deconvolution, which yields a 3-D stack instead
of a single image.
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saic scheme. Despite the high accuracy that sample stages can achieve, per-
fect alignment is never possible. Rigid-body registration algorithms can cor-
rect this, provided that the acquired images or volumes overlap slightly [87].
Within a given stack, it might also be necessary to compensate for pixel shifts
between successive images. In addition, refractive indices — and thus focus-
ing depths — are wavelength-dependent, which can necessitate the realign-
ment of the different fluorescence channels.

Imaging live samples

During time-lapse acquisitions, spatial drifts can occur due to thermal pro-
cesses; the sample itself might also be subject to motion. Therefore, even if
the parts of interest lie in a relatively thin slice, they may not be observable
in a unique focal plane over the whole experiment. This implies that either
a stack of neighboring planes must be acquired and the planes of interest
must be extracted (or fused); or a real-time focusing algorithm must be used
to control the stage.

More sophisticated elastic registration may be required for compensat-
ing the deformation of living tissues, or for matching specimens of compa-
rable shape [88].

If a periodic biological process is too fast to be imaged with sufficient
time-resolution (such as the repetitive 3-D flow of blood cells in the heart),
a registration approach may also be applied: in [89], images over several pe-
riods are recorded and reassembled so as to obtain a single period at a high
frame-rate.

2.7.5 Segmentation

Segmentation is a mandatory step for image analysis. User interaction for
the manual delineation of regions of interest is time-consuming and lacks
reproducibility. The need for automated segmentation methods is therefore
important, e.g., for local intensity measures, object and event counting, as
well as tracking.

While simple approaches such as prefiltering and thresholding are avail-
able in commercial software packages, advanced techniques — for instance
active contours [90] — have not yet been much exploited in the context of
biological image analysis.

The most accurate segmentation methods are often application-
dependent and typically require specific developments. For example, the
tracing of neuronal dendrites can be improved using graph-optimization
techniques [91].
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In the context of live microscopy, it also makes good sense to adapt the
segmentation methods so that they exploit temporal coherence, e.g., for the
labeling of cells.

2.7.6 Quantitative analysis
Data preprocessing

In multispectral imaging, each pixel consists of (possibly a large number of)
intensity measures at different wavelengths (obtained using different filter
sets, an interferometer, or a diffractive system). If several fluorophores are
used, their spectra are likely to overlap, and channel-crosstalk must be ex-
pected. This gives raise to unmixing problems [92] that can be solved by
taking separate reference images of each fluorophore (to measure its con-
tribution to each channel) and using, for example, a singular-value decom-
position [93]. Blind separation methods may also be applicable. As a gen-
eral observation, the correct normalization of spectral data is critical for the
interpretation of fluorescence images. Quantitative assessments using FRET
or ratio imaging (comparing the relative intensities of different wavelengths)
require careful preprocessing based on physical parameters such as spec-
trum overlap or fluorophore concentration.

Model fitting

Other advanced fluorescence techniques are based on the fitting of paramet-
ric models: in FLIM, the fluorescence lifetimes are obtained by fitting (possi-
bly multiple) exponential trends to the photon arrival densities; in FRAP, the
diffusion coefficients characterize fluorescence recovery curves [94]. Gener-
ally speaking, quantitative research often relies on the mapping of physical
or biochemical models in the image and/or time domains, especially for dy-
namic processes.

Motion assessment and tracking

The diffusion of fluorescent proteins can be characterized by estimating mo-
tion fields. In many instances, it is interesting to track individual objects,
which can also be a challenging task. We refer the reader to other sources
that cover the broad field of movement analysis [15, 95].

Pattern recognition and classification; screening

Screening experiments consist in a systematic, automated study of a large
number of samples (up to several hundreds of thousands), e.g., for the study
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of gene function or for drug discovery. This can involve terabytes of data and
several weeks of computerized analysis. Pattern recognition and classifica-
tion algorithms play a major role in this analysis. In particular, one must
identify how the biological characteristics of interest translate into measur-
able image features. Computational complexity is a strong limiting factor,
while the reliability of the methods must be thoroughly validated [96].

2.8 Trends

In addition to the signal processing tools that have been discussed in the pre-
vious section, both the probes [66] and the instrumentation are being refined
constantly. We therefore close our discussion with a description of current
trends and future directions in the field.

2.8.1 Fluorescentlabels
Quantum dots

Among the most recent developments are quantum dots [97], labels com-
posed of a core nanometer-sized semiconductor crystal and an external pro-
tective shell. Their main advantages with respect to earlier fluorophores
are their broader absorption and narrower emission spectra, resulting in
brighter fluorescence. Also, they are more stable chemically and thus less
subjectto bleaching. These inorganic structures can be used for in vivo imag-
ing, although they cannot be expressed by cells [98].

Labeling of recombinant proteins

The principle of this technique is to create fusion proteins that are not fluo-
rescent by themselves, but which express a receptor to which a specific label
can be added at a later time [99]. The label can be chosen from a wide range
of fluorophores, with properties that GFP-type proteins may not be able to
provide (such as higher resistance to photobleaching and stronger fluores-
cence). The receptor continues to be expressed in newly synthesized pro-
teins, but only the stained proteins exhibit fluorescence, which allows for the
selective labeling of a protein population at a given point in time.

Enhanced fluorescent proteins

New fluorescent proteins are being developed that provide increased quan-
tum efficiency (e.g., enhanced GFP, or eGFP, with a 35-fold increase in
brightness with respect to the original GFP) or whose emission spectra are
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closer to infra-red wavelengths (700 nm and above). These wavelengths are
generally less absorbed by biological samples, hence allowing deeper obser-
vation. They are also less masked by cell autofluorescence occuring in the
visible spectrum.

Photocontrollable proteins

Recent research has also been devoted to the design of photoactivatable [19]
and photoswitchable [100, 101] proteins. The former exhibit little fluores-
cence in their initial, quiescent state. When exposed to a strongirradiation at
a specific wavelength (usually lower than the fluorescence excitation wave-
length), a 100-fold or higher increase in fluorescence brightness can be ob-
served. For switchable proteins, strong irradiation changes both the excita-
tion and emission spectrum. For example PS-CFP [102] is sensitive to irra-
diation at 405 nm, which produces a 1500-fold increase in its green-to-cyan
ratio. Both types of labels can be used to activate and observe proteins in a
specific region of a cell, without the interference of newly synthesized pro-
teins or proteins outside of the selected region. This property is useful for
protein lifetime and tracking as well as cell lineage studies.

2.8.2 Advanced microscopy systems

We conclude this section with some of the more advanced developments in
the field of optics.

Faster scanning - slit detectors and Nipkow-disks

To cope with the high speed of some biological processes, the traditional
confocal scanning microscope equipped with a point detector is often not
sufficient. To accelerate the scanning process, a whole line can be imaged
simultaneously by replacing the pinholes and the PMT by slit apertures and
a linear camera. More generally, using e.g., a Nipkow-disk system [103], a
2-D illumination pattern can be shifted accross the sample, allowing time
lapse imaging at up to 120 frames per second. This comes with a significant
tradeoff in terms of resolution, due to crosstalk between the different detec-
tion apertures.

Deeper imaging - multiphoton microscopy

In a multiphoton microscope [3], optical sectioning is achieved by properties
of the illumination; as a consequence, there is no need for a detection pin-
hole in such a system. Very short laser pulses (in the pico- to femtosecond
range) are sent to the sample in brief intervals (of the order of nanoseconds).
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The probability that two photons encounter the same molecule, hence bring-
ing it to its excited state and making it fluoresce, is significant only in the very
central region of the illumination spot. A key advantage is that the corre-
sponding infrared wavelengths are less absorbed by biological tissues so that
samples can be imaged much deeper than with traditional confocal systems
(at a comparable resolution). Photobleaching and toxicity are also reduced
because the excitation intensity is effectively concentrated at the focal spot.

Improved optical sectioning - TIRF microscopy

Background excitation due to the axial extent of the PSF is especially prob-
lematic in single molecule imaging experiments, where it further reduces
the intrinsically low SNR. Total internal reflection fluorescence (TIRF) mi-
croscopy exploits the evanescent wave generated by total internal reflection
to achieve significantly improved optical sectioning [104]. Due to the expo-
nential decay of this wave, only fluorophores within approximately 100 nm
of the interface are excited. Initial implementations of TIRF microscopy re-
lied on mounting the sample between the coverslip and a prism; high-NA
(1.45 or greater) objectives have enabled a more practical approach through
objective illumination [105].

Increased axial resolution - 4Pi microscopy

Since the numerical aperture has such a fundamental influence on resolu-
tion, Hell et al. proposed to insert the sample between two objectives, so as
to send and collect light from both sides; accordingly, they called the method
4Pi microscopy [4]. Using computational methods, an improvement in axial
resolution by a factor of six can be achieved. Such systems are commercially
available, but they suffer from limitations on the sample thickness and sen-
sitivity to differences in the length of the two optical paths. More recently,
these ideas have been applied to widefield microscopy (I°M, [9]).

Super-resolution - STED microscopy

One of the most advanced microscopy techniques to emerge from the quest
for increased resolution is called STED, which stands for stimulated emis-
sion depletion [5] (see also Section 2.2.1). The principle is to prevent fluo-
rescent molecules outside the very central region of the illumination spot
from emitting light by forcing them back to their fundamental state. This
is achieved by dividing the excitation into two brief successive laser pulses,
where the second pulse is red-shifted and doughnut-shaped, having zero in-
tensity at its center. Superimposed on the focal spot of the initial pulse, it
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induces stimulated emission, dramatically reducing the excitation volume,
hence augmenting the resolution.

Super-resolution - localization-based techniques

Fluorescence localization microscopy, which comprises PALM, FPALM, and
STORY, is a novel approach to super-resolution microscopy based on imag-
ing and localizing sparse subsets of photo-activatable or photo-switchable
fluorophores (see Section 2.8.1). An in-depth overview of these techniques
is presented in Chapter 1.

Other developments

Another promising technique to improve the resolution of widefield systems
is structured illumination. Illuminating the object with sinusoidal patterns,
combined with adequate processing, can result in a two-fold or higher [106]
improvement of the microscope’s spatial bandwidth. It also yields optical
sectioning properties and the processing can be done on specific hardware
for real-time observation [107].

Another approach proposed by Stelzer et al. (selective plane illumina-
tion microscopy (SPIM) [108]) consists in projecting the light onto the object
perpendicularly to the optical axis, in a diffraction-limited plane; then only
fluorescence from molecules within this excitation plane is collected using
a traditional CCD sensor. This system provides true optical sectioning for
widefield systems.

2.9 Conclusion

Although this panorama is necessarily incomplete, we hope to have con-
vinced the reader of the invaluable role of fluorescence microscopy in mod-
ern biology. It owes its current popularity to the GFP-like fluorescent pro-
teins that are the key ingredient for in vivo studies of molecular processes in
cells. These are currently opening up a plethora of experimental possibilities
that have only begun to be explored.

This colored revolution could clearly not have happened without numer-
ous technological advances. In particular, progress in optics and instrumen-
tation has been considerable in recent years; there is now a consistent trend
towards non-linear techniques, such as multiphoton and saturated illumi-
nation imaging, which, with the help of computational methods, are con-
tributing to overcoming Abbe’s resolution barrier.

Signal processing is also at the heart of these developments and is ex-
pected to play an ever-increasing role in the field. It is already an integral
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part of optics and is becoming an essential tool for biologists, who rely more
and more on imaging software to quantitate their data.

Therefore, a crucial aspect of the research lies in the successful collab-
oration between signal processing engineers and biologists. In modern re-
search institutes, imaging core facilities are expected to play an important
mediating role in this interaction. Our advice to colleagues that want to be
part of this effort is that they try to understand the physics and, to some ex-
tent, the biology in order to design better and more useful algorithms. We
believe that it is truly worth the effort.



Chapter 3

Image formation in optical
microscopy

An accurate theoretical description of the point spread function (PSF) of op-
tical microscopes is a crucial aspect of most of the methods presented in this
thesis. The literature on PSF modeling is extensive, and characterized by a
large number of approximations with varying degrees of accuracy. One par-
ticular challenge in representing the PSF of a microscope is the lack of de-
tailed information about the exact design of the objectives. Indeed, the only
parameters that are usually known are the overall optical characteristics of
the objective (i.e., magnification, numerical aperture, etc.) and the exper-
imental conditions for which it is designed (i.e., refractive index of the im-
mersion medium, working distance). It is therefore desirable to obtain a for-
mulation of the PSF that relies only on these known parameters, accordingly
treating the objective as a black box. A significant contribution in this direc-
tion was made by Gibson and Lanni [71], who proposed a scalar model based
on a calculation of the optical path difference (OPD) between experimental
conditions and the design conditions of the objective. The residual aberra-
tions arising as a result of a mismatch between these conditions are a cen-
tral aspect of image formation, and even though some applications require
a more accurate, vectorial expression of the PSE, the calculation proposed
in [71] is equivalent to those found in these more advanced models [109].
The vectorial theory was established by Wolf and Richards [110, 111] on the
basis of Maxwell’s and Debye’s [112] results, and later expanded by Torok et
al. [113] and Hell et al. [114]. In this chapter, we provide a review of the theo-
retical developments behind the aforementioned methods. First, we discuss
the characteristics of the PSF for the principal imaging modalities in optical
microscopy. Following that, we derive the expressions of scalar and vecto-
rial image formation, starting from the fundamentals of diffraction theory.

41
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Our discussion here is centered on the scalar PSF model proposed by Gib-
son and Lanni; in Chapter 7, we formulate a state-of-the-art vectorial image
formation model to compute the diffraction patterns observed when imag-
ing single fluorescent dipoles.

3.1 Imaging modalities

The formation of an image in an incoherent optical system (see Chapter 2)
can be mathematically expressed as

I(z) = /R o(t)h(@;t)dt, (3.1)

where the object o(x), the system’s PSF h(x), and the observed image I (x)
are positive, real-valued functions representing intensities. Under appropri-
ate hypotheses, the system can be assumed to be shift-invariant, such that

I(z) = /R o(t)h(@ — t)dt = (oxh) (), (3.2)

although this assumption is sometimes limited! to the = and y dimensions.
Due to the intrinsically incoherent process (at a wavelength scale) of photon
emission in fluorophores, any form of fluorescence microscopy can be rep-
resented by one of these models, and thus, the system’s imaging properties
are reflected by the PSF alone. Specific examples of the PSF for widefield,
confocal, and 2-photon excitation are

Widefield: h(zx) = |hy,, (x)|?
Confocal:  h(z) = |hy, (2)]?(|hren (2)|? * pr(z,y)) (3.3)
2-photon:  h(z) = |hy,(z)|*,

where \¢x and A\ denote the excitation and emission wavelength, respec-
tively, and where p,(x, y) is the pinhole function, i.e.,

1 ify\/a?2+y2 <,
pr(z,y) = { Y (3.4)

0 otherwise,

where r is of the order of 1.22\/NA, which is also called an Airy Unit. For
larger values of r, the PSF tends towards the widefield model. Note that, in
this notation, h) () is the coherent model of the impulse response at wave-
length A.

'The reasons behind the axially shift-variant behavior of the PSF are detailed in the dis-
cussion of the Gibson and Lanni model, in Section 3.2.
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Figure 3.1 Hierarchy of the most significant PSF models in terms of contributions and ac-
curacy. Derived from Maxwell’s equations, vectorial models provide a rigorous treatment of
diffraction in microscopes. Their scalar counterpart was used to formulate an accurate model
of the aberrations arising during image formation. The most common type of aberration is
due to defocus, which forms the basis of the simplest and most widely used model (Born and
Wolf [115], Hopkins [116]).

By contrast, for coherent or partially coherent systems, image formation
is expressed as
2
I(x) = / o(t)hx(zx;t)dt
R3

)

where both h(x) and o(x) are described in amplitude and phase. Brightfield
microscopy, where image formation is a partially coherent process [117],
employs light sources designed for uniform emission over the visible spec-
trum. This can be modeled by integrating the PSF over the domain of visible
wavelengths:

h(x) = /hA(w) dA. (3.5)

The amplitude PSF h) (x) is identical across the different imaging modal-
ities discussed above, irrespective of image formation being coherent or not.
This is simply due to the fact that the key optical components of these sys-
tems are the same. In the next section, we review the foundations of diffrac-
tion theory, starting from Maxwell’s equations, after which we derive several
expressions with various degrees of accuracy for the amplitude PSF; the hi-
erarchy of these models is illustrated in Fig. 3.1.
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3.1.1 Fresnel-Kirchhoff diffraction

In the absence of free charge — specifically, for a linear, nondispersive, ho-
mogeneous, and isotropic medium — Maxwell’s equations are given by

Vng—u(?{ V.c£=0
88’5 (3.6)
Vx’H—sa V-uH =0,

where £ is the electric field, 7 is the magnetic field, x is the permeability
of the medium, and ¢ is the permittivity of the medium. By combining the
equations in £, one obtains the wave vector equation

VieE-——Z =0, (3.7)

where ¢ = 1/,/2op10 is the vacuum speed of light and n = \/(ep/(gop0) is
the refractive index of the medium (an analogous expression exists for H).
Each component of the electric field £ and the magnetic field ‘H can then be
shown to satisfy the scalar wave equation
2 52
2 n* 0“u
———= =0. 3.8
Viu 2 ot? (38)

By further assuming that this scalar field is a monochromatic wave, i.e.,
u(x,t) = Re{U(x)e ™!}  where U(x) = A(z)e 9@ (3.9)

and substituting this expression into (3.8), one finds that U (x) must satisfy
the Helmholtz equation
V32U + kU =0, (3.10)

where k = 27/ = 27vn/c = wn/c.

The essence of the diffraction problem consists in expressing the value
of U(xy) at a point of observation x4 behind an aperture (see Fig. 3.2) as a
function of the value of U (x) within that aperture. Its solution is given by the
integral theorem of Kirchhoff and Helmholtz [118], which states that

oU ezks 8 etks
Ul@a) T ir // <8n s 8n s )d& (3.11)

where 0/0n is the directional derivative in the direction of the normal n to
the aperture 3, i.e., ‘g—g = n- VU, and where k = 27n; /) is the wavenumber
for a medium of refractive index n;. Since

o eiks
on s

= cos(n, s)e'** <zk - 1> ) (3.12)

S



3.1 Imaging modalities 45

Zo

Figure 3.2 Diffraction by a planar aperture. Kirchhoff’s theorem expresses the field at the
point x4 as a function of the field in the aperture ¥; the Fresnel-Kirchhoff diffraction formula
is based on the further assumption that the aperture is illuminated by a point source located
in xo.

and provided that the distance from the x, to the aperture is large compared
to the wavelength (i.e., s > \), the approximation

9 e iks
%? ~ ik cos(n, s)e (3.13)

is valid, and consequently

1 U ¢tks eths
U(xy) = 47T//2 (8715 —ikU cos(n,s)— . ) ds. (3.14)

Considering now that the aperture is illuminated by a point source situated
in x( (see Fig. 3.2), the value of the field at a point x, in the aperture is

eikr
U(wa) = AT (315)

Substituting this into the preceding equation, we obtain the Fresnel-
Kirchhoff diffraction formula

U(xq) = o // et (cos(n,r) — cos(n,s)) dS. (3.16)

Ifwe further assume that both the source and detector points are distant from
the aperture, i.e., that cos(n,r) ~ 1 and cos(n,s) ~ 1, the previous expres-

sion reduces to
A eik(r+s)
Ulzyg) = & / / T s, (3.17)
iAN))y s

This result can now be generalized for an arbitrary source, such that

1 eiks
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where we introduce the aperture coordinates £ and 7. This result is the
expression of the Huygens-Fresnel principle, which considers the field in
U(xq) as the superposition of spherical waves generated by point sources
in the aperture.

Before continuing with the development of a diffraction formula that ap-
plies to microscopes, we briefly recall the well-known approximations to the
Fresnel-Kirchoff integral by Fresnel and Fraunhofer. Specifically, with the
approximations

(z—&>+(y—n)?

s~ 2+ (3.19)
2z

and 1/r ~ 1/z, introduced by Fresnel, we obtain the Huygens-Fresnel inte-
gral

Uza) = e / /2 U, n, 0% (@O0 ) qeqy. (3.20)

If, furthermore, it can be assumed that the screen is at a very large distance
from the aperture, i.e.,
k 2 2
2> (5—'_277)“‘“7 (3.21)

the quadratic terms in aperture coordinates can be neglected (Fraunhofer
approximation), and the integral further reduces to

Ulwa) = et [ ven ot eemaca,  @22)

which, up to a multiplicative phase factor, is the Fourier transform of the
wavefront in the aperture.
3.1.2 Diffraction in the microscope: Born & Wolf model

In order to construct a model of the microscope’s PSE we consider an
adapted version of the Fresnel-Kirchhoff integral (3.16), where, instead of
a point source illuminating the aperture, a spherical wave with focal point
x s is converging onto the aperture, while keeping the observation point z4
unchanged (see Fig. 3.3):

—ik(r—s)
U(xg) = i //E U(f,n,O)eT(cos(n, s) —cos(n,r))dS. (3.23)

Using the same approximations as above, we thus obtain

1 Um0 4s 24
—/\//Z (&, )T . (3.24)
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Lq = (Id7 Ya;, Zd)

Figure 3.3 Kirchhoff diffraction for a converging spherical wave viewed through an aper-
ture. This representation corresponds to the configuration in a microscope.

If, furthermore, the amplitude is assumed to vary slowly over the aperture
with respect to  [119], i.e., U(&,1,0)/r =~ A, then

A —ik(r—s)
Ulwa) = 5 / /Z e s, (3.25)

S

The next step consists in expressing the distances

s=(Ta— €2+ (ya—1)? + (24 — ()2

3.26
r= & 42+ (2 — 0 2

as a function of the focal distance z; and defocus 0z = z4 — z;. This is only
possible through approximations, and has led to the development of a vari-
ety of models (a review can be found in [119]).

The first rigorous scalar model of diffraction in the microscope was pro-
posed by Born and Wolf [71, 115]. This model is still often cited as a refer-
ence, and is frequently resorted to when the PSF is assumed to be 3-D shift-
invariant. It is based on the approximations

za +yan (& +n)(za — 2y)
zf 223 (3.27)

s~ zp+ (2a — 2f) —
r=Zzf

as well as the assumption that 1/s ~ 1/z¢, such that

zk&z _Zk f-rd + 773/d) _ik(£2 + 7]2)52’
U(zq) = Z/\Zf // [ 5 } exp [22“]20] d¢dn.

(3.28)
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Since the aperture in a microscope is circular, the above model can then
be simplified using the cylindrical coordinates £ = apcosf, n = apsin,
xq = T Cos P, yq = 1 sin ¢, where a is the radius of the aperture:

1 pr27 s _ ilen2 42
Ulay) = .A eik‘sz// exp[ ikapr cos(6 qﬁ)} exp[ ika 5 52] 0 dp
tAzy 0 Jo 2z

Zf §
21A Lok —ika®p?6

=2 e’k‘sz/ Jo( apr)exp L a2p z pdp,
tAzy 0 2y 225

(3.29)
where Jy(z) is the Bessel function of the first kind of order 0. If, in addition,
the aperture is small with respect to the focal distance, i.e., a < zy, then
Zlf =sina = %, and
—ikodzNA2p?

2’)7,1‘

27A
_ ezkdz

1
Ula) /0 Jo(korNAp) exp [ ] pdp,  (3.30)

iz i
which is the classical defocus model established by Born and Wolf. In the
last development, note the distinction between k and kg, the wavenumber
in vacuum, where k = n;ko. Finally, the intensity PSF for the Born and Wolf
model is given by

oA 2

h(xg;6z) = -

—ikgd2NA?p?
2052’0} pdp (3.31)

1
/0 Jo(korNAp) exp { o

3.1.3 Defocus model

The phase term in the Born and Wolf model arises from the approximations
of the distances r and s as a function of defocus. Alternatively, it can also be
derived by considering the aberration in a defocused system with respect to
a perfectly focused one. Specifically, the aberration at an arbitrary point in
the exit pupil of a system is defined as the optical path difference between
the aberrated wavefront and the spherical reference wavefront at that point,
ie.,

A = né, (3.32)

where n is the refractive index of the medium?, and ¢ is the distance travelled.
Using the geometric construction in Fig. 3.4, an approximation of the optical
path difference as a function of the defocus distance can be found, using the
same assumptions on the angles as in the development of the Born and Wolf
model, suchthat R0z = zandd+ R ~ z—dz cos 6. Thus 6 = §z(1—cos§),

*In a continuous medium, Fermat’s principle implies A = [ n(s) ds.
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Figure 3.4 Geometric construction for the computation of the optical path difference in a
simple defocus model. The red curve represents the defocused wavefront.

r2

57, We obtain 6 = 52%. Finally,

and using the approximation cos § ~ 1 —

substituting the normalized radius p = r/a, and % ~ %, we obtain
02zNA?p?
A(p,bz) = = (3.33)
27%

which corresponds to the phase term of the Born and Wolf model (since
O(p,02) = koA(p,02)).

3.1.4 Resolution and depth of field

Evaluated at the in-focus position, the Born and Wolf model is equivalent to
the Airy disc function

1 2
h(z,y,0;0) = ‘A/ Jo(korNAp)pdp
0

_ jap (D1UorNA) 2
N korNA ’

(3.34)

which also corresponds to Fraunhofer diffraction at a circular aperture [120].
This model was used by Rayleigh to establish his well-known resolution cri-

terion, defined as
~0.61A

dp = ——.

" NA
This distance corresponds to the location of the first zero in the Airy function
(i.e., two overlapping Airy functions are not resolvable if they are closer than

(3.35)
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Figure 3.5 Geometric construction for the computation of the optical path difference be-
tween experimental and design conditions in an optical microscope.

d,). Similarly, under the Born and Wolf model, the axial intensity profile is
described by

2, 2

! —ikoz YAZ
h(O,O,z;T):‘A/O e i pdp

B anz 1 ( kozNAZ2 )
= 7k(2]z2NA 1 cos o))

The criterion for axial resolution analogous to Rayleigh’s is therefore

(3.36)

. 2)\711‘
© NAZ

d, (3.37)

Depth of field is often defined as half of this value, i.e.,

. )\ni
~ NA?Z

dy (3.38)
Another approach is to define depth of field as the axial region within which
the PSF’s diameter is smaller than the Rayleigh criterion, which, by modeling
the PSF envelope as a double cone, is given by

0.61\ 0.61>\\/nz2 — NAZ?

ds = = . 3.39
! nsin o tan o NA2 ( )
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3.2 Gibson & Lanni Model

The Born and Wolf model is accurate for a perfect system, where the only
aberrations are due to defocus. Modern microscope objectives are designed
to provide optimal imaging conditions for sources located directly on the
coverslip, in which case the Born and Wold model holds. By contrast, these
conditions are not necessarily met for fluorescent sources that are located
at an arbitrary distance from the coverslip, which may give rise to spherical
and higher order aberrations [115, 121]. The assumption made by Gibson
and Lanni is that all observed aberrations are generated by factors external
to the objective, and therefore originate in the sample/coverslip/immersion
medium combination. By analogy to the defocus model, these aberrations
can be characterized by the optical path difference between a ray in a per-
fect system and aray under experimental conditions, as illustrated in Fig. 3.5.
In addition to source depth-dependent mismatches/aberrations, typical fac-
tors that induce aberrations are the coverslip thickness, which may deviate
up to 10% from design values, and the refractive index of the immersion
medium (especially for oil), which can be sensitive to temperature. For the
reference conditions, the optical path length is given by

- t* t*
PQRS = n; —— + nf —— +nyv, (3.40)
cos 67 cos 0

where

v=RS =sinb (ts tanfs + ty,tan 0, +t; tang; — t;tan9; -t taan) ,
(3.41)
and for a sourcelocated at an arbitrary depth z, that corresponds to a sample
layer thickness ¢, it is equal to

ABCD = ny—2— 4 ny—2 4 p;—i (3.42)
cos 0, cos Oy cos 0;

The optical path difference A is then equal to

INC. ) R T R . Uy .
22y, T) =1 n n; -n —n}
P ® cos 0, 9 cos by ‘cos b; 9 cos 0% ‘ cos 0F
—nysin 6, (zp tanf, +t,tanf, + t; tan 6; — t; tan 9; — t; tan Hf) ,
(3.43)

where the thickness and refractive index of each layer are labeled as illus-
trated in Fig. 3.5. An angle 6 with subscript indicates the angle between the
ray and the optical axis in the corresponding layer, and an asterisk denotes
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an index or layer thickness in the design configuration; n; is the refractive in-
dex of the front lens of the objective. By applying the Snell-Descartes law for
each layer with respect to the immersion layer — i.e., for the sample layer,
where n; sin §; = ng sin 6 and

NsZp

— nyts tan O sin ) = 2,\/n2 — n? sin? 0, (3.44)
cos O,
— we rewrite the OPD as

2

i

+ti\/n? —n?sin?0; — ty/ni — n?sin?6; (3.45)
+ tg\/ng —n? sin® 6, — 1 /n?]* —n? sin® 6;.

3.2.1 Original analysis

A0, 25 2p, T) = 2zpy/n2 — n?sin” b

In their paper, Gibson and Lanni proceed to expand the optical path differ-
ence as a function of the normalized radius in the exit pupil, which is the
standard approach to characterize aberrations [122, 123]. To this end, the
OPD is expressed in terms of exit pupil coordinates using

n;sin@; = M sin ¢, (3.46)
where ¢ is the angle between the converging ray and the optical axis in image

space, and M is the magnification of the objective. Furthermore,

r

)
/2 2
e+ 2

where r is the radius at which the ray intersects the exit pupil, and z, is the
distance of the detector plane from the exit pupil. When r is equal to the
aperture radius q,

sin ¢ = (3.47)

Sin Pax = L %, (3.48)
R
where NA is the numerical aperture of the objective. Then,
2
2 a2 (M;U;QNA ) (3.49)
and
M?sin? ¢ = NA®? : (3.50)

2
(PP —1)+1
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where p = r/a. Since 1}L—?j(l — p?) < 1, the approximation
NA2p2

~ NA2p? (3.51)
NAT(p? — 1) + 1

is always valid. According to these changes, the OPD becomes

A(p; 2p, T) = 2p\/n2 — NAZp2 + tg\/n2 — NAZp2 +t;1/n; — NA?p2
—tg\[n0e — NAZp2 — 54 /n2 — NA?p2,

The reference value for the immersion layer thickness, ¢7, corresponds to the
working distance of the objective, which is known. The actual value ¢, is vari-
able, however, and depends on the focal setting of the system. Therefore, it
is desirable to express this parameter as a function of defocus. To this end,
consider the Taylor expansion of the optical path difference around p = 0:

(3.52)

A(p; 2p, T) = nszp + ngty +niti — gty — njt;
NAZp? <z,, Ll b et )

2 ng  MNg N Ngr Ny

 NAY <zp+ ty  t tge ti*>

-2 _|_ _— =
8 ndoond o ond o ondo nd (3.53)
6 6
NNttt t
5 5 5 5 5
16 ng o ng oong o Mg M

In the above, the second order term in p corresponds to the phase difference
generated by defocus [71,124], i.e.,

§2zNAZp?
Aox(p.7) = == . (3.54)
n;
By identification, Gibson and Lanni define
5 ¢ t;, th ot
e L (3.55)
ni  ns Mng n; Ny N
and consequently
) tx t tr
(0GB
nl ng ng ni nS
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The final expression for the optical path difference is then given by

t ty  t
A(p, z;2p,T) = <zp —z+mn <—Z” -2+ 24 1)) \/n? — NA?p?
ng ng N n

g 7

+ zp\/ng — NA?p2 + tg\/ng — NA?p2

—tg\[n2 — NAZp2 — t71/n2 — NA?p2,

where we substituted 0z = z — 2, z being the axial coordinate of the focal
plane. With the phase ®(p, z; z,, ) = koA(p, 2; 2, T) the PSF becomes

(3.57)

2

1
h(z; )y, T) = ’A/ "2, ™) 1o (korNAp) pdp (3.58)
0

3.2.2 Alternative formulation

The aim of the development used by Gibson and Lanni was to enforce the
defocus constraint in order to eliminate the dependency on the unknown
parameter t;. Their final result uses an approximation of (3.45), which can
be avoided by substituting (3.56) directly. Then, instead of integrating over
the radius of the exit pupil, the domain is changed to the angular aperture in
the immersion medium, i.e.,

2 « 2
n—i2 / etkoA(0:z:2p,7) 1o (korn; sin @) sin 6 cos 0 dG‘ ,
NA<® Jo
(3.59)
where o = sin~! I\TITA' and where we dropped the index ¢ from the angle §; for
ease of notation. Aécordingly, the OPD becomes

ty |ty T
A,z 2p,T) = (zp—z—&-ni (_zp - g+g+1*>> n; cos 0
n

ng ng n

h(@: @y, ) = ]A

*
g 7

+ zp\/n? — n?sin® 0 + tg\/n2 — n? sin® (3.60)
—tg\[n2e —n} sin® @ — ¢71/n2 — n?sin? 6.

The two expressions for the PSF in (3.58) and (3.59) are approximately equiv-
alent through the relation pNA ~ n; sin 6;, where p is the radius in the exit
pupil. If, however, p is instead defined as the normalized radius in the en-
trance pupil, the previous relation becomes an equality. In that setting, the
defocus constraint remains an approximation, having been derived for the
exit pupil. Nevertheless, it can easily be transposed to entrance pupil co-
ordinates, yielding the same result. The exit pupil conventions need not be
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Figure 3.6 Axial intensity profiles corresponding to scalar and vectorial PSF calculations
with different apodizations, for a 63, 1.4 NA oil immersion objective. The scalar model
with cos 0 (red dashed line) is much closer to the vectorial result than the model using v/cos 6
(green dashed line).

enforced here, since simply an expression of ¢; as a function of defocus is
sought, rather than a characterization of the system’s aberrations. Conse-
quently, under the hypothesis of an analogous expansion of aberration or-
ders in entrance pupil coordinates, the formulation in (3.59) is exact. Fur-
thermore, it enables us to comment on the link between this model and the
vectorial analysis by Richards [111] whose formulation based on conserva-
tion of energy between object an image space resulted in the appearance of
the apodization function v/cos 6 in place of the cos 6 term in (3.59). It has
been suggested to correct this in the Gibson and Lanni model [109]; a closer
inspection of the effect of this correction reveals that the original formula-
tion is a closer approximation of the vectorial model, however. The effect of
the apodization terms on the axial intensity profile of the PSF is illustrated in
Fig. 3.6.

Until the introduction of a vectorial approach in Chapter 7, or unless
mentioned otherwise, all results presented in this thesis are based on the an-
gular version of the Gibson and Lanni model (3.59). In the next section, we
briefly introduce a state-of-the-art vectorial PSF model based on the analysis
of Richards and Wolf, after which we conclude by discussing some relevant
characteristics and comparisons between scalar and vectorial PSF models.
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3.3 Vectorial Models

The reliance on small angle approximations in the development of a scalar
PSF model limits its validity for high numerical apertures. For many appli-
cations, including super-resolved localization, the Gibson and Lanni model
is sufficiently precise, but in other cases, it is necessary to incorporate the
vectorial nature of the electric field into the PSF calculation. In Chapter 7,
we present a method for the localization of individual fluorescent dipoles,
whose diffraction patterns can only be predicted using vectorial calcula-
tions, for which we introduce an appropriate model. In this section we
briefly recall the model introduced by Wolf and Richards, which laid the
foundations for PSF calculations based on the propagation of the electric
field vector in an optical system. The following three integrals are defined
according to our formulation in Chapter 7, and rely on the same parameters
as the Gibson and Lanni model:

(), T / By(0, x; @y, T) (1 t2) ¢ ( )t(2) n2 — n?sin?0) o
Uxr
(), T / B0, x;xp, T )(tg)tl(oz)n—s 81110) de
(3 p, T / By(0,z;xp, T )( (1)th) — t](gl)t}?)niwng —n? sin? 9) dé,
) (3.61)
where
B (0, z; xp, T) = Vcos O sin 0, (krn; sin H)e"kA(az?ZP”'). (3.62)

The Fresnel coefficients

W0 _ 2n; cos 6,

ny cos ) + my4q cos 041 (3.63)

40 _ 2n; cos b,

nyy1 cos 0 + nycos 041

are the transmission coefficients for orthogonal and parallel polarization be-
tween the different layers in object space. The electric field in the detector
plane is

—iA(Ip + Iz cos(2¢4))

€= —i Al sin(2¢4) (3.64)
—2AI cos(¢qg)
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Figure 3.7 Radial (top) and axial (bottom) intensity profiles of the ideal PSF for a 63, 1.4
NA oilimmersion objective, resulting from scalar and vectorial calculations. Theradial profile
illustrates the principal difference between the two models: with the vectorial approach the
intensity does not reach zero after the central peak.

where ¢, is the azimuth angle in the detector plane. The corresponding ob-

served intensity for linearly polarized light in the x direction is thus given by
1

&2

167 |

Al?
_ 4] (’IO|2 + |Io|* 4 2Re{Io I3 } cos(2¢a) + 4|11 |* cos® ¢d)

167
(3.65)

The image intensity for unpolarized light is obtained by integrating over ¢,
ie.,

h(w; iCp, 7-) =

B 1 21
h($;$p,’7') = % 0 h($;$p,’7') d¢d

AP

= Tgr (DI + 2107 + 5P).

(3.66)

3.4 PSF characteristics

As the developments in the previous sections have shown, the aberration in
the PSF is strongly influenced by the axial position z, of the point source,
and thus results in an axially shift-variant behavior. Its importance in local-
ization problems will be discussed in later chapters, but in order to provide
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Figure 3.8 x-z cross section of the PSF for a 63 x, 1.2 NA water immersion objective gener-
ated by a source located in z, = 0 pm in a medium of index n, = 1.46.
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Figure 3.9 z-z cross section of the PSF for a 63 x, 1.4 NA oil immersion objective generated
by a source located in 2, = 0 m in a medium of index n, = 1.46.
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Figure 3.10 -z cross section of the PSF for a 63, 1.2 NA water immersion objective gen-
erated by a source located in z, = 10 wm in a medium of index ns = 1.46.
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Figure3.11 z-zcrosssection of the PSF fora 63 x, 1.4 NA oil immersion objective generated
by a source located in 2, = 10 m in a medium of index n, = 1.46.
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the reader with some intuition of the PSF’s appearance, some examples are
provided here. For the sake of completeness, the results for both scalar and
vectorial calculations are shown. Given a source located in z, = 0, and in
the absence of any refractive index or thickness mismatches, the Gibson and
Lanni formulation is equivalent to a standard defocus model. In Fig. 3.7, the
corresponding radial and axial intensity profiles are shown. The axial pro-
files from the scalar and vectorial calculations match perfectly, however, for
the radial case the vectorial model does not correspond to the Airy disc func-
tion.

A more complete picture is given, for the same configuration, in Fig. 3.8
for a Leica HCX PL APO 63x 1.2 NA water immersion objective, and in
Fig. 3.9 for a Zeiss Plan-Apochromat 63x, 1.4 NA oil immersion objec-
tive. Under the same assumptions concerning mismatched indexes or thick-
nesses, but for a source located away from the coverslip-specimen interface
in a medium whose refractive index differs from the index of the immersion
medium, depth-dependent aberrations are observed in the PSE This is il-
lustrated in Fig. 3.10 for a water immersion objective and in Fig. 3.11 for an
oil immersion objective, assuming a source located at z, = 10 nm. In both
cases, a shift of the order of several hundred nanometers of the observed in-
tensity maximum with respect to the source position occurs; the magnitude
of this shift is related to the mismatch between n, and n;, albeit in nonlin-
ear fashion. Itis also nonlinearly linked to other PSF parameters, such as the
source’s axial position z, and the wavelength, as illustrated in Fig. 3.12. Due
to the magnitude of this intensity maximum shift, it is crucial to use a model
that correctly reproduces this behavior when axial localization accuracies at
nanometer or 10-nm scales are desired.

3.5 Implementation

The evaluation of the expressions for the PSF models discussed in this chap-
ter is rather involved due to numerical integration. However, by taking ad-
vantage of the radial symmetry in the integrals, and by judiciously choosing
the integration step size, highly efficient implementations can be achieved.
Via Simpson’s rule, the integral in h(x; x,, T) is approximated by evaluating

a o n/2—1 n/2
| 1@ 2 1) +2 3 02+ £(02s0) + ()]
=1 j=1

(3.67)
where f(0) is the integrand of h(x; x,, 7). The key to an efficient evalua-
tion of h(x; x,, 7) lies in determining the minimum number of samples n
required to accurately approximate the integration. Both the optical path
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depth z, and refractive index ns of the specimen. (c) Effect of the wavelength. (d) Shift of the first

intensity minimum and secondary maximum.

difference A(6, z; x,, ) and the Bessel function can be highly oscillatory;
for the latter, the oscillation frequency is determined by its argument (i.e.,
wy = korn;), and for the former, it can be determined by considering the
cos(ikoA(6, z; 2, T)) component of the complex exponential in h(x; x,, T).
By taking a first order Taylor expansion of A around the angle 6, (chosen at or
close to «, where the exponential term presents the strongest oscillations),
ie.,

cos (koA(0, z; 2, 7)) & cos (ko (A(6o, ; 2p, T) + A (60, 23 2, 7) (0 — 60)) ),
(3.68)
the corresponding frequency wex, = koA’(6o, 2; 2z, T) is obtained. Accord-
ingly, the required number of samples is N = coawpax/m, where wpax =
max (wexp, wy), and co is the number of samples needed to integrate cos over
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\ Computation time [s] ‘

Gaussian model 0.085

Reference method [125] 20.87
Scalar model 0.22
Vectorial model 0.61

Table 3.1 Performance comparison between a state-of-the-art PSF implementation and
the proposed implementation of the scalar and vectorial formulations described in this chap-
ter. The reported computation times are averages for the evaluation of 3-D PSF volumes com-
prising 10° samples each. Timings were measured on a 2.66 GHz Intel Xeon dual-core CPU.

aperiod; in practice, ¢y = 8yields sufficiently accurate results. The sampling
stepis s = o/ N. A performance comparison between this approach and a
state-of-the-art implementation [125] is given in Table 3.1; an approximately
100-fold acceleration is achieved. Fast computation times are the principal
reason behind the reliance of FLM techniques on Gaussian fitting. These re-
sults show that it is possible to achieve comparable speeds in the evaluation
of accurate PSF models, rendering their use in FLM algorithms feasible.

3.6 Conclusion

In this chapter, we reviewed image formation models for optical microscopy
and showed how they are derived from Maxwell’s equations. The final
scalar and vectorial formulations are equivalent to state-of-the-art models
in the literature. An efficient implementation of these models was proposed,
which enables their use in iterative localization algorithms. In the next chap-
ter, we compare Gaussian- and PSF-based approaches in terms of localiza-
tion accuracy.



Chapter 4

Localization accuracy in the
plane—A comparison between

PSF- and Gaussian-based
approaches

To date, most FLM techniques have relied on 2-D Gaussian fitting (see, e.g.
the supplement of [21]). Indeed, due to the close resemblance of the in-focus
PSF of a microscope to a Gaussian, this assumption works well for imaging
fluorophores that are in or very close to the focus. The principal advantage
of using a Gaussian (matched to the in-focus section of the PSF) for perform-
ing the localization is mainly computational, since the calculation of a 2-D
Gaussian function is less costly than the evaluation of a PSF model, which
involves numerical integration (see Chapter 3). In order to retain the advan-
tages of Gaussian-based localization, 3-D extensions of FLM based on astig-
matic imaging have been proposed!, where axial localization is performed
by fitting an elongated Gaussian to the elliptically distorted image of the
PSF [26, 38]. However, these approaches are limited to samples (or thin sec-
tions) in which the PSF is axially shift-invariant, and require experimental
calibration of the Gaussian covariance matrix.

A more general method for axial localization that relies on standard mi-
croscope optics and an accurate PSF model will be introduced in the next
chapter. Here, we present a brief discussion of localization in 2-D, highlight-
ing a comparison between PSF- and Gaussian-based approaches. In the pro-

!"This achieved by introducing a cylindrical lens in the microscope optics. The resulting
distortion depends on the direction of defocus, i.e., the direction for positive defocus values
is orthogonal to the distortion for negative values. This provides a straightforward means of
identifying the axial location of the source relative to the focal plane.

63
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cess, we identify the conditions under which the Gaussian model is a valid
approximation; i.e., when the localization accuracy reaches the theoretical
limits predicted using the appropriate PSF model. In a review of several ba-
sic localization methods aimed at particle tracking, Cheezum et al. [13] dis-
cussed the limitations of Gaussian-based localization in terms of signal-to-
noise ratio (SNR), based on simulations. These results confirmed earlier ob-
servations by Kubitscheck et al. [126] in experiments involving the localiza-
tion of single GFP molecules; they will be used as a reference in the compar-
ison between PSF- and Gaussian-based approaches.

This chapter is organized as follows: in the next section, we briefly in-
troduce a measurement noise model that will be developed in greater detail
in subsequent chapters. Following this, we discuss SNR measures to assess
image quality. In Section 4.3, we present the statistical tools based on which
the theoretical bounds on localization accuracy are established. Following
this, we compare the localization accuracies obtained through Gaussian-
and PSF-based fitting against these bounds, and conclude with a discussion
of the results.

4.1 Image formation

For the sake of simplicity, a shift-variant PSF as well as ideal experimental
conditions are assumed. Here, we use the notation h(x; z,, 7) for the de-
focus model described in the previous chapter. For a single molecule, the
intensity s(x) at the detector, formulated in object space, can be written as

s(x) = h(x;zp, 7) + b. (4.1)

The PSF h comprises an amplitude factor A, and b accounts for a back-
ground signal due to, i.e., autofluorescence of the sample (a more detailed
description of potential background contributions will be discussed in the
next chapter).
The average number of photons ¢ corresponding to this intensity is ex-
pressed as
() = c- s(z), (4.2)

where ¢ is an appropriate conversion factor that accounts for the system’s
detection efficiency. A detailed noise model for fluorescence microscopy
will be presented in the next chapter; for the present analysis, we assume a
photon-limited noise scenario, where the probability of observing ¢ photons
at a point x in the detector plane is given by

67Q(m;mP7T)q(w; mp7 T)q

p (4.3)

Pq(a:;a:p,‘r) (Q) =
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4.1.1 Discretization and pixelation

Discretization of the PSF needs to take the pixelation of the detector into ac-
count. Due to the physical size of a pixel compared to the oscillations in the
PSF model, a sampled version of the PSF can be significantly different from
a model that takes integration over the pixel area into account. This is no-
tably the case around the focus, where the intensity is concentrated in a small
number of pixels. Ideally, the discretization of h(x; x,, 7) thus amounts to
computing

slk] = c/ﬁs(w) dex, (4.4)

where Q C R? is the neighborhood of a pixel centered on the detector co-
ordinate k. To make the computation tractable, several simplifying assump-
tions are made, however. The assumption of contiguous pixels can be made
without a notable loss in accuracy; incorporating the fill rate does not sig-
nifiantly alter the numerical evaluation of the PSF model. Furthermore, the
integration can be efficiently approximated by oversampling and averaging
the PSF model.

4.2 Signal-to-noise ratio

Image quality depends on the energy of the fluorophores (which is reflected
in the amplitude A of the PSF), the background value b, the factor ¢, and
on possible extraneous noise sources. The SNR is a convenient measure for
quantifying quality when the underlying signal is known. Due to the usually
dominant contribution of the background, such a criterion should only be
applied to the signal above the mean background level; i.e., to h, which for
the standard definition of SNR yields

201512 2
c[[h]l 1Al
SNR =101 =101 _— 4.5
e e [ Ll P R
In our notation, s represents the measured image and || - || stands for the

f2-norm; the discrete versions of signals are pixelated versions of their con-
tinuous counterparts. A notable problem with this definition lies in the influ-
ence of the support of / (the constant component of the support is generally
much larger than the support of the fluorescent signal). It is therefore prefer-
able to rely on the peak signal-to-noise ratio (PSNR), where this influence is
reduced. It is defined as

max(h)?

N
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where N is the number of pixels in s.
An alternative definition of SNR used in the localization literature [126]

is given by

max(3§)

\/Jg + Var(s — b),

where ag is the variance of background-induced noise. The equivalent log-
arithmic expression

SNR = (4.7)

max(

2
SNR =10 logm 2 (4.8)
r(s —

s

ar(s — b)
closely resembles the definition of the PSNR given above, up to the back-
ground variance term. Since the latter can be assumed to be constant for the
duration of an experiment, the two definitions yield the same information.
Another similar criterion is given in [13], where the mean value above back-
ground is used for the signal term, and the mean square error (MSE) is used
to compute the noise term.

4.2.1 Simulations

For the purpose of simulations, it is more convenient to define image quality
in terms of the PSNR than in terms of photon counts. This can be achieved
by expressing c as a function of the PSNR, whose expectation is equal to

2
E{PSNR} = 10log;, M (4.9)
N2S$
Solving for ¢ yields
1
PSNR 77 Z S
=10 10 M= 4.10
c=10 max(h)? (4.10)

Simulated acquisitions of a single fluorophore for a range of PSNR values are
shown in Fig. 4.1. Contrary to the values obtained on natural images in the
image processing literature, PSNRs up to 35 dB correspond to strong noise
levels.

4.3 Localization accuracy

Localization accuracy is generally defined in terms of the standard deviation
of the position estimator Z,, [12]. The Cramér-Rao bound (CRB) establishes a
limit on the variance of any unbiased estimator, and can be used to define a
theoretical limit on localization accuracy [127]. For a multivariate estimator,
these bounds are calculated using the Fisher information matrix.
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Figure 4.1 Image of a point source at different levels of PSNR, for a 63, 1.4 NA objective
under ideal conditions, recorded with a 6.45x6.45 um? pixel CCD at 100 nm defocus. Scale
bar: 500 nm.

4.3.1 Fisher information and the Cramér-Rao bound

For a parameter estimation problem involving a set of [V, unknown param-

eters = {V1,...,0y,}, the Fisher information matrix is defined as
F,;=E 0 In f (X)ilnf (X) (4.11)
A T R A T M '

where f is the probability density function of the underlying process. For
the Poisson noise model described in (4.3), this expression reduces to

0 _ .0 B -
Fij—E{aﬂi(—quqlnq)&%(—quqlnq)}. (4.12)

Evaluating the expectation in this result finally leads to [128]

1 0 0q
Fii= | -0 g, .
ij /quaﬂif)ﬁjdw (4.13)

There exists no closed-form solution for the integral (due to the form of the
PSF model in ¢), and the following discretization is used:

109G 9g
F, = - —, 4.14
keS

where the model and derivatives take pixelation into account. The Cramér-
Rao bound on the estimators of the elements of ¥J; are then given by the di-
agonal of the inverse of the Fisher information matrix, i.e.,

Var(d;) > [F . (4.15)

For the scalar case, the CRB is given directly by

_\ 2
Var() > 1//11%2(1] (gg) de. (4.16)
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Figure 4.2 Top row: image of a point source at different levels of defocus, for a 63x, 1.4
NA objective under ideal conditions, recorded with a 6.45x6.45 pum? pixel CCD. The corre-
sponding PSNR levels are 30.01, 29.23, 26.86, 22.58, 19.96, 7.90, 5.03, 1.27 dB. Bottom row:
underlying continuous intensity distribution. Scale bar: 500 nm.

Bounds for 2-D localization

In the 2-D localization problem, the parameter set reduces to ¥ =
(p,yp, A). Due to the circular symmetry of the PSF, the non-diagonal el-
ements of the Fisher information matrix for this parameter set are equal to
zero, and the CRBs are accordingly given by

_\ 2
Var(ip) > 1//}R2 1 (;Z) dz (4.17)

q
Var(jy) > 1//]1%2 (5;)2 dz (4.18)
Var(A) > 1//]1%; <gj>2 dz. (4.19)

An in-depth analysis of these bounds was carried out by Ober et al. [18].
These authors established the conditions under which the CRBs are mini-
mal for 2-D localization, and discussed the influence of the imaging system’s
properties on the bounds. In their approach, they relied on an ideal PSF de-
fined by the Airy function to perform the fitting. Here, we take defocus into
account, which allows for small variations in the images of fluorophores that
are within the depth of field, as illustrated in Fig. 4.2. With a 63 %, 1.4 NA oil
immersion objective, fluorophores within a focal range of approximately 600
nm appear as highly similar spots. The focus of the remainder of this chap-
ter is to assess the effect on localization accuracy when the exact model is
replaced by a Gaussian.
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Figure 4.3 Comparison of PSF- and Gaussian-based localization accuracies as a function
of PSNR. Results are shown for 100 realizations of noise at each PSNR level.

4.4 Results and discussion

In this section, we rely on the optimization of a least-squares criterion to per-
form the localization, i.e.,

(2p,9p) = arg max ||s — §[|?, (4.20)

Tp,Yp

which is the approach commonly used in FLM. A more accurate (with re-
spect to the Poisson-based noise model) maximume-likelihood criterion is
presented in the next chapter. The model term s is adjusted depending on
whether the exact PSF model or a Gaussian approximation thereof is used
for the localization.

In Fig. 4.3, we compare the localization accuracy for these approaches
in terms of the PSNR. Both begin to break down at PSNR values around 12
dB, although the PSF-based approach remains significantly more accurate
at lower PSNRs (which is expected since the model is exact in this case). In
the results by Cheezum et al. [13] and Kubitscheck et al. [126], the reported
threshold values were SNR = 4, which corresponds to 12 dB (see (4.8).

In Fig. 4.4, we compare the localization accuracy between Gaussian- and
PSE-based approaches for particles at different focal positions. Up to de-
focus values of 400 nm, which corresponds to particles that are within the
depth of field of the objective, there is no significant difference between the



70 2-D Localization: PSF- vs. Gaussian-based approaches

50 T T T T T T T
——CRB « "
40f o PSF std. .
*  Gauss. std. °°,9

CRB(x ) [nm]
S

10
o
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
z [um]
4H © PSF mean x 1
B * Gauss. mean * x
g 2r 000 o 9
"o ® o 08 x o °
x 000051#006ﬁv**c‘997{{?99;7fof 0;3****6‘
c x ]
8 -2 : -
1S
-4} x
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
Z [um]

Figure 4.4 Comparison of PSF- and Gaussian-based localization accuracies as a function
of defocus. Results are shown for 100 realizations of noise at each PSNR level.

two approaches; both are near-optimal and reach the CRB. For larger values
of defocus, Gaussian localization accuracy decreases due to the presence of
diffraction rings in the PSE While this result confirms the validity of a Gaus-
sian approximation for 2-D localization, it also illustrates the resulting dis-
crepancy between axial and lateral resolution in 2-D localization, which can
reach two orders of magnitude compared to a factor of approximately 3.5 for
a widefield system.

In the next chapter, we will show how the depth of field ambiguity can be
circumvented through off-focus imaging.



Chapter 5

A maximum-likelihood
formalism for subresolution
localization of fluorescent
nanoparticles

5.1 Introduction

Luminescent markers such as fluorescent proteins and quantum dots have
become an invaluable tool in biology, where they enable studies of molecu-
lar dynamics and interactions in living cells and organisms. Such studies are
usually performed with a fluorescence microscope configured to acquire a
time-series of two or three-dimensional data, the latter generally in the form
of a stack of images taken at different focal distances. These are then pro-
cessed using particle tracking techniques, which aim to establish the parti-
cles’ trajectories from their position in individual acquisitions. Determining
these positions with a high level of precision is essential for obtaining bio-
logically significant results; the typical sizes of the commonly employed flu-
orophores are of the order of 10 nm, which is significantly smaller than the
optical resolution of the system.

This implies that a fluorescent particle can be assimilated to a point
source, and thus, that its image corresponds to a section of the microscope’s
three-dimensional point spread function (PSF), degraded by various types
of noise. In essence, the localization task then amounts to determining the
position of the particle by fitting a model of the PSF to such an image.

This chapter is based on: E Aguet et al., “A maximum-likelihood formalism for subreso-
lution axial localization of fluorescent nanoparticles,” Opt. Express, vol. 13, pp. 10503-10522,
2005, [44].
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In the lateral directions, for particles that are in focus, this is a relatively
straightforward task for which several methods have been proposed. Axial
localization is more challenging, however, since even when the specimen
can be optically sectioned with an arbitrarily fine step !, localization is made
difficult by the poor axial optical resolution, the fact that the PSF of a mi-
croscope is non-stationary along the optical axis [114], and the presence of
noise [129].

These factors are not only limiting in the case of particle localization, but
in any 3D imaging application in microscopy. Consequently, various ap-
proaches for improving the resolution of optical microscopes, such as I°M
[9], 4-Pi Microscopy [4], and STED [5], have been proposed in recent years,
showing that Abbe’s resolution limit can be broken. Alternatively, a system
specifically destined for particle tracking localization was introduced by Kao
et al., who proposed the use of cylindrical optics to encode a particle’s ax-
ial position [38], and reached axial resolutions down to 12 nm. The down-
side of these methods is that they require customized hardware, which cur-
rently still limits their widespread applicability. In this chapter, we show that
via computational means, particles can be localized with a precision that
is clearly beyond the limit traditionally imposed by optical resolution. The
method is destined for widefield fluorescence microscopy, which makes it
widely applicable.

5.1.1 Review of computational approaches

The model-based methods proposed for lateral localization typically rely on
a simplified diffraction model, or some Gaussian approximation of the PSF
(see, e.g. [12,13]). Notably, Thompson et al. proposed an iterative method
based on the minimization of the least-squares difference between an image
of a particle and a Gaussian model of the PSF [17], and Ober et al. studied
the theoretical limits of lateral localization [18]. By computing the Cramér-
Rao bound (CRB) for the lateral position, they confirmed that, although the
images of single particles are limited by the microscope’s resolution, itis pos-
sible to estimate the lateral position with sub-resolution accuracy. In some
cases, nanometer-scale localization can be achieved.

To date, only few studies have dealt explicitly with the issue of sub-
resolution localization in the axial direction. This can be partly attributed to
the scarcity of simple but accurate PSF models for optical microscopes. Sev-
eral attempts to circumvent the use of a PSF model have been made. Van Oi-
jenetal. [130] proposed a method involving a high-resolution z-stack acqui-

'In practice, the number of possible optical sections is constrained by the exposure time,
the dynamics of the biological process under study, and photobleaching of the fluorescent
labels.
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sition of the particle (i.e. a series of images taken at different focal distances
with regular intervals). It is based on identifying the slice for which the ra-
dial size of a Gaussian fit to the diffraction-limited spot is minimal within the
z-stack. There are several limitations to this approach, however. It can only
work properly if the movement of the particle during the acquisition process
is sufficiently slow, and localization is limited by the size and resolution of
the z-stack. Additionally, the section of the PSF whose radial size is minimal
does not necessarily correspond to the situation where the particle is in the
focal plane (we will emphasize this in the following section). Also, for the
estimation algorithm to be as fast as possible, it is desirable to localize par-
ticles from only one or few acquisitions, without needing to process entire
high-resolution z-stacks.

Speidel et al. demonstrated the feasibility of sub-resolution localization
by experimentally showing that the axial position of a particle can be deter-
mined from a single defocused image of the particle [42]. When the particle
is sufficiently out of focus, it gives rise to diffraction rings. These authors em-
pirically established a linear relation between the radius of the outermost
diffraction ring and the axial position of the particle, which allows them to
estimate its position with nanometer precision. This is especially attractive
since the estimation becomes possible from a single acquisition. The down-
side of the approach is again related to the non-stationarity of the PSE, mean-
ing that the linear relationship may vary as a function of the particle’s depth
within the specimen. It is also constrained to the localization of particles
that are sufficiently out-of-focus such that rings are present in their diffrac-
tion patterns.

In principle, it is possible to obtain an analytical solution to axial lo-
calization by using a theoretical PSF model to estimate a particle’s position
from one or few out-of-focus acquisitions (the diffraction pattern increases
in complexity as a function of defocus, thus containing more “information’,
but also less signal). In a preliminary report, we have investigated the via-
bility of such an approach by establishing the fundamental theoretical limits
with respect to the precision that can be expected in the estimation [131].

5.1.2 Organization of the chapter

In this chapter we present a refined particle localization method, built upon
a non-stationary theoretical PSF model. We first introduce an image forma-
tion model, which also includes the effect of noise. Next we establish the
Cramér-Rao bound on axial localization, which gives us the fundamental
precision that can be achieved with such an image formation model, inde-
pendently of the estimator used. We hereby extend the methodology pre-
sented by Ober et al. [18] to three dimensions. Subsequently, we derive a
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maximum-likelihood estimator for the axial position, and show that, un-
der ideal circumstances, it reaches the precision predicted by the theoret-
ical bound. In the final part of the chapter, we incorporate lateral localiza-
tion into the maximum-likelihood estimator, and show the validity of our
approach by demonstrating the axial localization with sub-resolution preci-
sion of fluorescent beads. We also discuss the possibility of optimizing ac-
quisition parameters based on the CRB.

5.2 Materials and methods

5.2.1 Notations and conventions

To formulate the mathematical expressions throughout this chapter, we use
an absolute coordinate system placed in the object space of the microscope.
We make the hypothesis that a standard microscope setup is used, mean-
ing that the sample consists of a specimen mounted between a microscope
slide and a coverslip. We define the origin of our system at the interface be-
tween the coverslip and specimen layer (see Fig. 5.1). The optical axis (z-
axis) points from the objective towards the sample, such that distances into
the specimen are positive. We denote the position of a particle by (z), y, 2p),
and a point of observation (corresponding to a point on the focal plane) by
(x,y, z). When multiple acquisitions at different focal positions are consid-
ered, (z,y, z,,) corresponds to a point on the nth acquisition. In the first part,
where we concentrate on axial localization, we assume that the particle is
located in (0, 0, z,,) for the sole purpose of making expressions as simple as
possible. For the sake of consistency, we also express the pixel coordinates
of acquisitions in object space (imagine acquisitions being demagnified and
projected onto the focal plane). This results in a direct link between the PSF
and the image generated on the CCD. Finally, all figures showing xz-sections
of PSFs are logarithmically adjusted for intensity in order to emphasize de-
tails in the diffraction pattern.

5.2.2 Simulation parameters and experimental setup

The implementation and simulation of the algorithms were performed us-
ing the Matlab programming environment (The Mathworks, Natick, MA).
Experimental measurements were carried out on a Zeiss Axioplan 2 micro-
scope system. Both theoretical and experimental results were computed
for a 63 x magnification, 1.4 NA Zeiss Plan-Apochromat oil-immersion ob-
jective. For experimental validation, we prepared samples using fluores-
cent nanobeads by drying dilutions of TetraSpeck fluorescent microspheres
(Molecular Probes, Eugene, OR) onto a slide, and subsequently embedding



5.2 Materials and methods 75

=
SBIM“ objective

047

— ?
R immersion medium
n; . S~
Ng coverslip
0 N
//________________:7
-7 © x, = (Tp,Yp, 2p) Particle plane
Zpdel m e e~ e

- focal plane
z =

Figure 5.1 Coordinate system and notational conventions used in this chapter.

them under a coverslip using a solid mounting medium of refractive index
1.46. The excitation and emission peaks of these beads are 365 nm and
430 nm, respectively. In conjunction with this, we used a DAPI beamsplitter
corresponding to an excitation wavelength of 365 nm and an emission wave-
length of 450 nm. The physical pixel width of the AxioCam CCD mounted on
the microscope is 6.45 pm.

In order to verify the estimated position of the particles in our sample
during experimental validation, we used a Leica TCS SP2 AOBS confocal mi-
croscope, configured to record 50% of the light reflected by the specimen. In
this way, the beads along with the coverslip-specimen and specimen-slide
interfaces are visible in acquisitions. The microscope has the capability of
scanning a single line through the sample, which results in an xz-acquisition.
The latter confirmed that all beads were adjacent to the microscope slide.
Distance measures on such acquisitions are accurate within 100 nm, which
is sufficient to indicate the validity of our experimental results.

5.2.3 Image formation model

We now briefly describe the theoretical PSF model, and put forward an im-
age formation model that incorporates noise.
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PSF model

The dominant source of aberrations in modern optical microscopes origi-
nates from a mismatch between the refractive index of the specimen and
those of the immersion and coverslip layers. Objectives are designed for use
with a specific immersion medium and coverslip, but cannot compensate
for the wide variety of specimen types occurring in practice. In fact, they
only produce aberration-free images for sources that are positioned at the
coverslip-specimen layer interface. For sources at an arbitrary depth within
the specimen, the optical path of light rays differs from the path for a source
located at the aforementioned interface. This optical path difference (OPD)
then generates spherical aberrations in the images produced by the system.
Most importantly, the amount of aberration depends on the distance be-
tween the source and the coverslip, implying that the PSF is non-stationary
along the optical axis.

In practice, most biological samples feature refractive indices closer to
that of water than that of immersion oil (which is required for high NA ob-
jectives). Even for objects that are located only a few micrometers below the
coverslip, the aberrations induced by the mismatch of refractive indices be-
come non-negligible. Much effort has gone into establishing suitable theo-
retical models that account for these aberrations. The most accurate ones
use vectorial computations based on either the Huygens-Fresnel principle
[114] or the Debye approximation [132]. It was recently shown that these
two approaches are equivalent in the case of an infinitely high Fresnel num-
ber [133], which is a reasonable assumption in biological microscopy. How-
ever, when evaluated at the resolutions provided by the sensor grid of cur-
rently available CCDs, these models do not yield significant improvements
over scalar formulations of the OPD, especially when considering the com-
putational advantages of the latter. This aspect will be further justified in the
discussion section.

Gibson and Lanni [71] proposed a scalar PSF model that is reasonably
simple and has the advantage of depending only on the standard parameters
of the objective and the optical properties of the specimen, both of which
can be determined with adequate accuracy. According to this model (for-
mulated in object space), the response to a point source located in x, =

(p, Yp, 2p) is given by

a 2
h(x; xp, T) = ‘A/ kA 0z32p,T) 1 (krn;sinf)sinfcos6df| , (5.1)
0

where A(6, 2; z,, T) is the OPD, k is the wavenumber of the emitted light, a
is the angular aperture of the microscope objective, n; is the refractive in-
dex of the immersion medium, and A is a constant complex amplitude. Due
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to the hypothesis of spatial invariance in planes orthogonal to the optical
axis, the PSF is radially symmetric and expressed as a function of the radius
r=+/(z — 2p)2 + (y — yp)?. The detailed expression for the OPD is derived
in Chapter 3. Note that when imaging a source located at the interface be-
tween the coverslip and specimen layers, the PSF corresponds to the stan-
dard defocus model [134], where A(6, z; 0, T) is proportional to —z. When,
in addition to this, the system is in focus, W (A, 0;0,7) = 0, and h(x; ), T)
becomes the familiar Airy function.

Noise model

In fluorescence microscopy, noise from a variety of sources contributes to
the recorded images of a specimen, depending on the nature of the speci-
men and the type of image acquisition setup used. The three main sources
of noise occurring in CCD devices are photon noise (also called shot noise),
darknoise, and read-out noise. For high-performance cameras the latter two
can be considered negligible. Photon noise results from statistical variation
in the arrival rate of photons incident on the CCD. As a result of the nature of
this variation, the recorded signal at a given pixel on the CCD follows a Pois-
son distribution. Note that the effect of photon noise is particularly impor-
tant when the energy of the photon-emitting source is low, implying a lower
photon flux. We thus define an image formation model where the photon
count at a given pixel on the CCD follows a Poisson distribution whose mean
is proportional to the intensity predicted by the PSF model. We characterize
the ratio between the expected photon count and the predicted intensity by
introducing the conversion factor ¢, defined as the amount of photons corre-
sponding to a unitary increase in measured intensity. This factor, along with
the constant amplitude |A|?, depends on various properties of the experi-
mental setup used, such as the energy of the fluorescent particle, the sensi-
tivity of the CCD sensor (a fixed property of the camera), and the exposure
time. Let ¢ denote the expected number of photons corresponding to the
measured intensity due to a point source located at (0, 0, z,). Clearly

(x;xp, T7)=c (Ah(w; Ty, T)+ b) (5.2)

where the PSF is given by (5.1). The probability of observing ¢ photons emit-
ted by a particle located in (0, 0, z,,) at a point (z, y) in the focal plane posi-
tioned at z, is then given by
e_‘j(m;mpﬂ-)q X, Ty, T q
Pty (1) = q!( pT) , (5.3)
which constitutes the basis for our image acquisition model. Thus, the prob-
ability of observing a given spatial distribution ¢(z, y, z,,) of photons due to
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a particle located in x,, is then given by the joint probability

N
H H PQ(m;iUp,T) (q(.’lj‘, Y, Zn))7 (54)

n=1z,yesS

where S is the set of points in object space corresponding to pixels in the
CCD array, and N corresponds to the number of acquisitions of the particle.
In order to simplify the notation, we shall refer to the photon counts ¢ and ¢
without explicitly writing their arguments (x; x,, 7).

Pixelation

The effects of pixelation of the detector have been extensively covered by
Ober et al. [18]. In our notation, it is assumed hereinafter that a point of
observation x represents a pixel on the CCD, and thus that, when appro-
priate, functions of « incorporate integration over the pixel’s area (pixels are
assumed to be contiguous and non-overlapping).

Model-based particle localization

Localization consists of estimating the particle’s position (x,,, yp, z;,) from the
aforementioned distribution of photons. The estimation is done by fitting
a theoretical model to the acquisition(s) of a particle. As opposed to con-
ventional approaches where a generic model such as a Gaussian is used, we
perform the localization by fitting our image formation model to the acqui-
sitions.

5.2.4 Theoretical Bounds

Having formulated the image formation model for a single fluorescent par-
ticle, we now proceed with an investigation of the feasibility of axial local-
ization. The aim is to establish the maximal theoretical precision that axial
localization can achieve. To determine this maximal precision, we compute
the Cramér-Rao bound, which is the theoretical lower bound on the variance
of any unbiased estimator. Based on the image formation model, it yields a
lower bound on the precision that can be reached in estimating the particle’s
axial position z,. Mathematically, the bound states that

: *
Var(zp) 2 1/ —E @ In H H Pq(m;mp,‘r) (Q(xa Y, Zn)) ’ (5.5)
p

n=1z,yeS



5.2 Materials and methods 79

where Z,,is an unbiased estimator of the particle’s position z,. By substituting
(5.3) into this result and simplifying, we obtain

2
Var(z,) > 1 Z Z (z;p, T -1 (aazq(a:;wp,r)> , (5.6)
P

n=1z,yeS

where the expression for 2 a is given in Appendix A.1. The practical rele-
vance of this fundamental result becomes more readily apparent when ap-
plying the bound to particular cases, and studying its relationship with the
PSE. A simple example is given in Fig. 5.2, for a source located at the interface
between the coverslip and specimen layers. Note the singular behavior of
the CRB around the origin, which is related to the depth of field of the micro-
scope. The PSF varies little within the center of that region, and localization
becomes less precise. Mathematically speaking, the singularity at the origin
is due to the derivative of the PSE, which in this particular case is zero at the
in-focus position (since z, = 0).

As indicated by (5.6), the shape of the CRB is solely determined by the
PSF model, whereas the scale depends on the amount of noise present in the
acquisitions. In fact, the amplitude of the CRB is proportional to (c|A[?)~?
As mentioned above, besides exposure time, the energy of the particle is the
determining factor for the signal-to-noise ratio. A low-energy particle emits
fewer photons, which results in a higher variability in the photon counting
process on the CCD. The recorded image will thus be noisier than for a higher
energy particle; consequently the CRB will be proportionally higher (mean-
ing that the precision of any estimator will be lower). In our model, the en-
ergy of the particle is implicitly related to the amplitude A. Another parame-
ter that influences the CRB—but to a lesser extent—is the size of the support
within which the particle is observed. At high defocus distances, the support
needs to be sufficiently large in order to include the outermost rings of the
diffraction pattern.

A more complete illustration of the CRB’s behavior in relation to the PSF
and the particle’s depth is given in Fig. 5.3. For very small changes of z,, (not
shown, i.e., in our ongoing example, up to approximately 100 nm), the PSF
can be assumed to be locally stationary. However, as the change of z, in-
creases (up to approximately 1 ;m), although the shape of the PSF remains
essentially the same, a non-negligible axial shift of the PSF with respect to
the particle’s position occurs. This phenomenon is accentuated for larger
changes of z,, where the “focal shift” increases as a function of the particle’s
depth. Incidentally, while the CRB also reflects this shift, it depends much
more on the complexity of the diffraction pattern. For sources deeper within
the specimen, the diffraction patterns become more complex and the CRB
gets lower accordingly. Thus, the bound is much higher for sections of the
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Figure5.2 (a)xz-section (top) and axial intensity profile (bottom) for a source located at the
interface between the coverslip and specimen layer, in which case the PSF is symmetric. (b)
Corresponding CRB for different values of the quantization factor ¢ (where c is given in units
of 1/| A|?). The decrease of the bound is proportional to this factor. At a defocus distance of
0.5 pum, these values of ¢ correspond to the following SNRs: 7.4, 18.0, 28.4, and 38.8 dB.

PSF that resemble a blurred spot, which is not surprising. For a given con-
figuration (i.e., set of acquisition parameters), the value of the CRB changes
as a function of the amount of defocus alone. It is minimal only for a spe-
cific interval situated approximately between the in-focus position and the
positions where the first diffraction rings appear. From this, it is readily ap-
parent that taking out-of-focus acquisitions will lead to a better precision in
the estimation.

Having established the fundamental limits on sub-resolution particle lo-
calization we now proceed with the development of an estimator whose pre-
cision reaches this lower bound.

5.2.5 A maximum likelihood estimator for axial localization

An optimal maximum-likelihood (ML) estimator for the axial position of a
particle is obtained by maximizing the likelihood of our image formation
model—in other words of (5.4)—with respect to the particle’s position z,:

5 N N 96 (q
oI I Paeem(a@yz)) =3 3 5= ( B 1> -
P pn=1zyes n=1lgyesS P q

(5.7)
The ML estimator for the axial position is then obtained by solving for z, in
the above expression. Since it is not possible to obtain a closed form solu-
tion, we deploy a Newton optimization scheme by linearizing the maximum-
likelihood around an estimate of the position. Using the Taylor expansion of
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Figure 5.3 CRBs and xz-sections of the theoretical PSF corresponding to point sources located at dif-
ferent depths z, of the specimen. ¢ = 3000 (in units of 1/ A|?).

the model, we obtain the following first order approximation of (5.7):
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where 2, is an initial estimate of the axial position. It is then obvious that the
linearization can be performed around the new estimate z,, which implicitly
leads to the following iterative expression:

£ o (26-y)

s0m) = 5(m) n=loyes . (59
% 3 ﬁ(g_l)_(ﬁ)Zi
=1 x,yes 8Z127 q 8zp (12

where m denotes the mth iteration. An adequate initialization for the algo-
rithm is crucial, since the linearization of the likelihood holds only locally. If
the initial estimate is too remote from the correct position, convergence of
the algorithm is not guaranteed. An efficient way of obtaining an adequate
initial estimate 21(,0) is to evaluate the normalized cross-correlation between
the acquisitions and a number of sections pre-computed from the 3D PSFs

corresponding to a range of possible particle positions:

N
Yo >0 (@ pg)(q — pg)

z}()o) = arg max nloyes , (5.10)
Zp N N _
> (a—ne)* X X (@—pg)
n=1z,yeS n=1z,yeS

where p, and ji; are the mean values of pixels in the acquisitions and model,
respectively. An appropriate stopping criterion for the algorithm can be de-
fined based on the absolute value of the update step. If the latter is smaller
than the CRB by an order of magnitude, further refining the estimation is
statistically meaningless and the algorithm can thus be stopped.

5.2.6 Localization in three dimensions

In practice, localizing a particle along the optical axis is not possible without
determining its position in the acquisition plane. To this end, an ML estima-
tor for the xy-position can be obtained by making the same developments
as for the axial estimator. Since the aim of this chapter is to demonstrate a
new approach for axial localization, we do not state the resulting expressions
here. Note, however, that the experimental results presented below were ob-
tained by using an ML estimator for all three dimensions.

5.3 Results

Prior to testing our estimation algorithm on experimental data, we verified
its performance in simulation. We generated phantom data by applying
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Figure 5.4 Resultofthe ML estimation from simulated acquisitions. For every point, the es-
timation was performed 50 times with a single acquisition (using different realizations of the
noise). The standard deviation of the estimates matches the CRB well, showing that our ML
estimator is optimal. The singularity around 0.25 pm is due to the mathematical properties
of the first derivative of the PSE which is close to zero when the focus is near to the particle’s
position.

Poisson noise to computed sections of the PSF corresponding to a particle
at an arbitrary depth within the specimen. The estimation algorithm was
then run with these simulated acquisitions, generated for a particle situated
atz, = 5 wm, using an initial estimate that differed by 0.1 ;sm from the actual
value. The process was repeated for various focal distances, using different
realizations of the Poisson noise. We then compared the standard deviation
of these estimations with the CRB. Fig. 5.4 shows this result for one particular
set of parameters; from other simulations, we have strong evidence that our
algorithm achieves the theoretical precision for any configuration.

In their analysis of lateral localization, Ober et al. [18] discussed the
theoretical limits on estimation precision and used a maximum-likelihood
estimator based on their approximative two-dimensional image formation
model to show that these limits can be reached. Here, we have presented an
analytical expression for a maximum-likelihood estimator based on a com-
plete, three-dimensional formulation of the image formation process, and
shown that it reaches the theoretical limits in axial localization. Although
they have not been specifically shown here, theoretical bounds on lateral lo-
calization can be established for our model as well, and the estimator can be
shown to reach these bounds.
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5.3.1 Calibration and experimental setup

Before presenting the results obtained with our localization method, it is
necessary to mention how the constant complex amplitude A (cf. (5.1))
and the photon quantization factor ¢ can be estimated in practice. The for-
mer can be easily approximated by fitting the model to the data after an ini-
tial estimate for the particle’s position has been determined using normal-
ized cross-correlation (which is used precisely because it is independent of
A). Using a least-squares fit, a sufficiently precise value of A is obtained.
While an approximation of ¢ is not required by the estimation algorithm, it
is needed when computing the CRB for experimental data. Assuming that
the measures follow a Poisson distribution, the mean is equal to the vari-
ance in every point. Since we only have a single realization per point, the
mean can be computed using the PSF model (with the estimate of A), and
the standard deviation approximated with the difference between the model
and measure. We obtain an estimate of ¢ by computing the sum of pointwise
ratios of standard deviation over mean.

Because our method relies on a non-stationary PSE it requires the
knowledge of the focal positions z, in order to estimate z,. In practice, there
are two possibilities to obtain these values. The first is to prepare samples in
a way such that the focus can be calibrated to the coverslip-specimen inter-
face. This is possible, for example, by drying reference beads onto the cov-
erslip, in order to mark the interface. Since focusing is done using a piezo
actuator, the position of the acquisition plane with respect to the interface
is then known. The other approach is to include reference beads that are
visible over a large axial range in the specimen. By acquiring z-stacks with
known relative displacements, and performing a global fit of the PSF model
to these stacks, we can determine the position of the acquisition planes to-
gether with the locations of the calibration beads. The precision of this cali-
bration increases with the number of views used in the fit (cf. discussion on
CRB). In our case, we used the latter approach with 30 views. The initializa-
tion step also gave us very precise estimates of the position of the reference
beads, which could then be used as gold standards for our experiments.

Experimental data were obtained by acquiring z-stacks with an axial
step of 100 nm of the fluorescent nano-bead preparations described in the
materials and methods section. An xz-section of such a stack is shown in
Fig. 5.5(a). The corresponding section of the theoretical PSF (Fig. 5.5(b))
shows that the model fits the data well, even for relatively difficult conditions
(high NA, depth of the particle). As apparent in the xz-section, but more
evidently so in the slices of the z-stack shown in Fig. 5.6, a non-negligible
amount of background noise is present in the acquisitions. This needs to be
taken into account for the estimation algorithm and thus requires an exten-
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Figure 5.5 (a)xz-section of a z-stack of a bead located at z, = 22.1 ym. (b) xz-section of the
PSF model corresponding to the parameters from (a).

sion of our image formation model.

5.3.2 Extension of the statistical noise model

The mean and variance of the background noise can be estimated to rea-
sonable accuracy from sections of acquisitions that are exempt of fluores-
cent sources. For the sample discussed at the end of this section, the es-
timated values for the mean and variance are, respectively, p;, = 514.74
and 02 = 177.82. From these measures it is obvious that the background
noise does not follow a Poisson distribution, which suggests that the back-
ground in our experiment is due to read-out noise (especially since a cooled
camera was used). In principle, it is possible to extend our statistical model
(5.3) such as to incorporate background noise, which is typically described
as white Gaussian in the literature. To facilitate this extension, we investigate
the possibility of approximating background noise with Poisson statistics.

A fundamental property of the Poisson distribution is that it rapidly con-
verges towards a Gaussian with equal mean and variance, given that the
latter is large enough, which is usually considered the case when p > 10.
Since the variance of the background noise is significantly higher than this
value, we make the approximation by splitting the Gaussian distribution into
a Poisson distribution and a fixed offset (equal to p;, — af), which leaves us
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with the convolution between two Poisson distributions. The convolution of
two Poisson distributions yields another Poisson distribution, whose mean
is equal to the sum of means from the original distributions. We thus obtain
the following extension of our image formation model:

e~ (@) (g + o2

" (5.11)

P(q) =

Consequently, the expression for the CRB becomes

2
Var(z,) > 1 Z Z <az T )> (5.12)

= 5
w.’L' g
n=1z,yeS » T )+ b

with the iterative estimator given by:
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To illustrate the appropriateness of this model, we compare in Fig. 5.6 a few
slices of a measured z-stack with the simulated acquisitions obtained using
the extended model. When rings are present in the diffraction model, there
is an intensity peak at the center of the pattern. If the source is aligned with
the xy-grid, this peakis recorded by a single pixel on the CCD. If, however, the
source is slightly shifted, the peak’s intensity is distributed across four pixels,
like it appears in these examples. Localization in three dimensions was used
to determine the particle’s position in the measured z-stack. This estimated
position was then used to generate the phantom data.

5.3.3 Validation with real data

In our acquisitions of the nano-bead sample described in the materials and
methods section, several dozen beads were visible. Among these, we chose
five beads whose diffraction patterns were well separated, such that estima-
tion errors due to overlap from the patterns of different beads were not pos-
sible.

For our setup, the CRB shown in Fig. 5.3 indicates that localization is
much more precise when positioning the focus below the bead, such that
diffraction rings appear in the acquisition. The xz-section of the bead con-
firms this; it is indeed much harder to differentiate two acquisitions that de-
pictablurred spot oflight than two acquisitions that present clearly disparate
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Figure 5.6 Comparison of acquisitions of a bead located at z;, = 22.1 ym with their coun-
terparts generated from the theoretical model. The distances indicate the amount by which
the acquisitions are defocused.

10 15 20 25
Acquisition no.

Figure 5.7 Localization results for three different beads. The values plotted are the devia-
tion Az = Z, — 2w, Where zf is the reference position estimated using all acquisitions. The
respective reference values are, from top to bottom: 22.050 pm, 22.073 pm, and 22.081 pm,
with the corresponging averages of the estimations: 22.046 pm, 22.069 pm, and 22.085 psm.

diffraction patterns. In order to illustrate the performance of our estimator,
we thus apply it to acquisitions that feature diffraction rings. Initial values
for the particle’s position were obtained using normalized cross-correlation
with a series of slices of the PSF model computed with the same axial spacing
(100 nm) as the experimental acquisitions.

To demonstrate the localization for acquisitions taken at various defocus
distances, the estimation was performed using pairs of acquisitions spaced
by 200 nm, for all such pairs within the acquired z-stacks. Independently of
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Figure 5.8 Standard deviation of the localization results with respect to the CRB, displayed
over the range in which the estimations were performed.

the amount of defocus, the algorithm converges rapidly, requiring 5 itera-
tions on average. Fig. 5.7 demonstrates the result of the estimation for three
beads over a range of 2.5 um. In the best case, localization precision (i.e.,
standard deviation of the estimation with respect to the reference) of 12.8 nm
is achieved. The worst result obtained with the selected beads was a preci-
sion of 23.8 nm. The averages of the estimated positions for the three beads
shown in Fig. 5.7 are 22.046 pum, 22.069 ym, and 22.085 pm, respectively.
These values are also in perfect agreement with the reference positions of
the beads (22.050 pm, 22.073 pm, and 22.081 um, respectively), which are
obtained using a global fit where all measurements are included. To further
confirm our results, we compared our estimates with those obtained using
the Leica TCS SP2 AOBS confocal microscope. This acquisition showed that
the beads were located approximately between 22.0 pm and 22.1 ym within
the specimen, which is strong evidence for the soundness of our estimations.
In Fig. 5.8 we show the CRB for the shot noise-only image formation model,
the CRB for the extended image formation model and the average value of
the precision estimation achieved with the beads.

5.3.4 Optimal acquisition settings

Beyond its theoretical applications, the CRB can also be used to determine
optimal acquisition settings that may serve as guidelines to experimentalists.
As the evaluation of the CRB showed, it is advantageous to take acquisitions
slightly defocused with respect to the particle’s actual position. In practice,
however, particles can be situated anywhere within the specimen, and it is
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therefore not possible to adequately position the focus with respect to an in-
dividual particle. Still, the study of particles is usually confined to a prede-
termined section of the specimen. In such cases, under the hypothesis that
the particle’s axial position follows an uniform distribution within the sec-
tion, optimal focal positions leading to the lowest average CRB can be deter-
mined. This optimization is non-trivial, but can be performed by solving the
following cost function:

b N 1/03\>
arg min /a 1 Z Z Lj(%) dzp, (5.14)

Z14.92N
Y n=1xz,yeS

where a and b are the bounds of the region of interest. In Fig. 5.9, we show
the results of this optimization for a variety of settings. Itis immediately clear
that the optimal settings are non-trivial. The estimation precision is signifi-
cantly higher when acquisitions are taken with an optimal focus, especially
for particles that are deeper within the specimen. At the same time, these
results also show the effect on the CRB of increasing the number of acquisi-
tions. Notice how the CRB decreases as the number of acquisitions is aug-
mented. This is expected, since increasing the amount of “information” on
the particle should implicitlylead to a better estimation precision. This prop-
erty is especially useful in highly noisy acquisition conditions.

5.4 Discussion

By investigating the fundamental theoretical limits of axial localization
from defocused acquisitions of sub-resolution fluorescent particles, we have
shown that nanometer precision can be achieved. The maximum-likelihood
estimator proposed in this chapter reaches the theoretical limit provided
that the image formation model is accurate, which we have experimentally
shown to be the case. The use of anon-stationary PSF model makes thelocal-
ization applicable to any configuration of microscope objectives and speci-
men preparation; it is especially powerful for localizing particles at any depth
within the specimen. Usually, the non-stationary nature of the PSF along the
optical axis requires approximative models that suppose stationarity to hold
for small layers of the specimen (see, e.g., [83]). Here, we developed an ap-
proach based directly on the analytical expression of the PSE thus guaran-
teeing convergence within the precision of the theoretical limits.

In our experimental tests we have shown that an axial localization preci-
sion below 15 nm can be reached. These results confirm the practical appli-
cability of the proposed approach, and demonstrate sub-resolution localiza-
tion. They also confirm the findings of Speidel et al. [42], who were the first
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Figure 5.9 Optimal focal positions for a variety of acquisition settings. For a single acqui-
sition, (a) and (b) clearly show the influence of the particle’s depth on the optimal position;
this is notably due to the focal shift that occurs as a particle moves deeper into the specimen
(here a 4 um thick section is considered). The optimal position is indicated by the vertical
bars. (c), (d) Optimal focal positions when two acquisitions are used for two different sec-
tions of the sample. (e), (f) Scenario with three acquisitions. The optimal acquisition settings
are considerably different from the uniform ones, and their effect on the CRB is substantial.
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to show that nanometer-precision axial localization from defocused acqui-
sitions is possible in widefield fluorescence microscopy. While most local-
ization and tracking approaches that claim such a precision along the optical
axis are limited to one or two particles (see, e.g., [135]), the method proposed
here can be applied to any number of particles detected within a z-stack. For
such a multiple-particle scenario, our model could be extended to account
for overlap between the diffraction patterns of particles.

An efficient method to model the combined effect of various sources of
noise was introduced, rendering the estimation possible for a wide range of
configurations. In particular, incorporating additional sources does not in-
crease the complexity of the model.

Animportant observation is that the localization algorithm performs sig-
nificantly better for acquisitions that are taken by placing the focus on the
side of the particle where the diffraction pattern is more detailed (in cases
where ny < n;, such as in our example, this corresponds to z, > z,). The
lesser performance of the estimation on the other side is consistent with the
higher value of the CRB (see Fig. 5.3); we also suspect that it may be partly
due to slight discordances between the PSF model and the experimental ob-
servations (see Fig. 5.5 in the range of -2 to 0 xm).

5.4.1 Influence of the PSF model

We briefly justify our choice of a scalar PSF model for the proposed localiza-
tion method. Our experiments with the vectorial model proposed by Térok
etal. [132] and Hell et al. [114, 133] indicate that the differences with respect
to the results obtained using the scalar model are not significant in the con-
text of our work. Studies of the CRB for the vectorial formulation show that
in some cases, it is slightly lower than its scalar equivalent (see Fig. 5.10).
However, this is only apparent for strongly out-of-focus acquisitions where
the signal intensity is weak and generally undetectable, mainly due to back-
ground noise. Also, this effect is most noticeable for less aberrated cases; as
one penetrates deeper into the specimen, the CRBs for the two models be-
come virtually equivalent.

Moreover, the scalar model has a clear computational advantage. A vec-
torial model requires three integrals instead of one for the scalar case, not
to mention the fact that the integrands are much more involved. Since the
localization algorithm also requires the second derivative of the PSE the dif-
ference in computational cost is considerable.

We note that our methodology is generic enough to accommodate for
other theoretical models as further progress is made in this field (see, e.g.,
[113,136]).
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Figure 5.10 Comparison of the Cramér-Rao bounds for the scalar and vectorial formulations of the
PSE. The xz-sections of the PSF and the dotted line in the CRB plots were obtained using the vectorial
model. As the source moves deeper into the specimen, the difference between the two models becomes
increasingly negligible.

5.4.2 Shortcomings and possible extensions of the method

In practice, when a thick section of specimen is considered, a z-stack with
sufficient axial resolution (i.e., low spacing between acquisitions) is required
to guarantee that all particles present in the specimen are recorded. As a
consequence, each particle is visible in multiple slices, which can then be
used in the localization. The analytical expression for the CRB can be used
to derive the optimal acquisition positions with respect to a particular exper-
iment, in order to maximize the performance of the localization.

A parameter not explicitly taken into account is the temporal resolution
of the acquisitions; its determining factor is the movement of the particle
during the acquisition of the z-stack. For fast-moving particles, it is still pos-
sible to perform the localization, however, by limiting the number of acqui-
sitions. The volume (i.e., depth) of observation is then reduced, and as a
consequence localization becomes less precise. Another element that can
hinder the efficiency of localization is the diffusion of light occurring within
the specimen. Although our approach permits the localization of particles at
any depth, itis in this respect limited by a factor that affects any localization
method.

The first-order approximation made in the development of the ML es-
timator holds only locally, meaning that the estimator is very sensitive to
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the initial estimate. Precision in the latter can be increased, if necessary,
by computing the normalized cross-correlation with a finer sampling step
(see (5.10)). Another possible improvement in this direction might be ob-
tained by using a higher order (e.g. quadratic) approximation of the likeli-
hood function.

These limitations aside, the methodology presented in this chapter is
promising, showing that with a standard widefield fluorescence microscope,
particles can belocalized with nanometer-scale precision. Our experimental
results confirm that the localization precision is comparable to that of spe-
cialized hardware such as the setup proposed by Kao et al. [38].
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Chapter 6

Super-resolved
maximum-likelihood
localization of fluorescent
nanoparticles in three
dimensions

6.1 Introduction

In this chapter, we extend our previous analysis on axial localization to a
complete framework for the localization of fluorophores in 3-D. In particular,
we focus on the influence of the shift-variant PSF on the localization bounds
and propose a maximum-likelihood estimator that reaches these bounds.

6.2 Theoretical bounds

We begin with an analysis of the localization accuracy attainable with an es-
timator based on the scalar image formation model described in Chapter 3.
A limit on the 3-D localization accuracy is obtained by means of the Cramér-
Rao bound (CRB), similarly to the limit derived for axial localization. As
mentioned in Chapter 4, this bound is given by the diagonal of the inverse
of the Fisher information matrix in the case of multiple parameters. Under
the assumption that the PSF is radially symmetric, the Fisher information

This chapter is based on: E. Aguet et al., “Sub-resolution maximum-likelihood based lo-
calization of fluorescent nanoparticles in three dimensions,” in Proc. 4th IEEE Int. Symp.
Biomedical Imaging, 2007, pp. 932-935, [137].
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matrix is diagonal and the CRBs for the coordinates of the particle’s position
x, are given by

Var(i,) > 1/ {8% In [ | Prwsay,r ))}, (6.1)

X€ES

where S is the set of pixels in the acquisition, and where &, is an unbiased es-
timator of the particle’s z-coordinate, with homologous expressions for the
bounds on y and z. Evaluating the bounds for our image formation model
yields

2
q(x; xp, T)
Var(z,) > 1 Z (% »7) , (6.2)
») q(x; xp, T)
x€S »T

again with homologous expressions for Var(y,) and Var(Z,). The partial
derivatives of the PSF with respect to the position coordinates are given in
Appendix A.1.

6.3 Maximum-likelihood estimator

We now introduce an estimator for a particle’s position that is optimal in the
sense that it reaches the theoretical bounds stated above. The probability
of observing a given spatial distribution ¢(x; x,, T) of photons emitted by a
source located at x,, is given by

I Plata; zp, 7). (6.3)

XES

By maximizing the likelihood of (6.3) with respect to z;,, we obtain the basis
for our estimator:

—m | J R Z o, < - 1> 0. (6.4)

xeS

Since there is no closed-form solution for z, in the above expression, we
take the first-order Taylor approximation of the maximum-likelihood func-
tion around an estimate Z,, of x;,, which gives us the following iterative ex-
pression:
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where m denotes the iteration. The second partial derivative of the PSF with
respect to x,, is given in Appendix A.1.

The proposed linearization holds only locally and thus requires an ad-
equate initialization. This can be obtained by evaluating the normalized
cross-correlation between the acquisition and a precomputed set of 3-D
PSFs corresponding to the range of possible particle positions:

> (@ = 1g)(q — pg)
&) = arg max x€s , (6.6)

wpes ¢ S (@ 1g)? X (@ ng)?

XES XES

where 11, and 5 are the mean pixel values in acquisitions and model, respec-
tively. The estimation can be stopped when the absolute value of the update
step becomes smaller than the CRB by an order of magnitude, after which
further refining the estimate becomes irrelevant.

6.4 Results

We now provide some examples of our estimator and its performance rel-
ative to the CRB for some specific situations: first in simulation and then
on experimental data. The acquisition parameters are the same for all ex-
amples provided, and are taken from the experiments, which were carried
out on a Zeiss Axioplan 2 microscope equipped with an AxioCam CCD with
6.45x6.45 yum? pixels. The objective used is a Zeiss Plan-Apochromat 1.4
NA oil-immersion objective. The test sample consisted of 100 nm-diameter
beads fluorescing at 430 nm, deposited onto a microscope slide and embed-
ded in a solid mounting medium of refractive index 1.46. The immersion oil
has a refractive index of 1.515.

6.4.1 Properties of the CRB

Analyzing the behavior of the CRBs for specific experimental parameters
gives some important insights into the imaging conditions required to max-
imize the localization accuracy.

The axial accuracy significantly improves when performed on out-of-
focus acquisitions of particles that are located deeper within the specimen
(see Fig. 6.1 for the photon-limited case without any background signal, and
Fig. 6.2 for a more realistic scenario with a 10% background level). In com-
parison, the localization accuracy in the acquisition plane evolves similarly,
but is optimal where the intensity of the PSF is maximal, in which case the
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Figure 6.1 xz-sections of the PSF shown together with the CRBs for z,, (red line) and z,, (green line)
for different axial positions z, of the particle (with x, centered on a pixel). The CRBs are shown as a
function of defocus, for shot noise with ¢ = 5, A = 100, and b = 0.

axial localization is usually poor. As the different plots show, the loss in ac-
curacy for xy-localization under imaging conditions that are optimal for axial
localization is small, and thus offers an easy compromise.

As Ober et al. have investigated, the xy-localization accuracy also varies
as a function of the particle’s position with respect to the CCD grid [18]. For
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Figure 6.2 xz-sections of the PSF shown together with the CRBs for z,, (red line) and z,, (green line)
for different axial positions z, of the particle (with x, centered on a pixel). The CRBs are shown as a
function of defocus, for shot noise with ¢ = 10, A = 90, and b = 10.

3-D localization experiments, our results show that the amount of defocus
and the position of the particle within the specimen can be at least as im-
portant in determining the localization accuracy. Nevertheless, they can be
optimized to some degree — especially when multiple particles are involved
— using prior knowledge of the particles’ distribution within the specimen
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Figure 6.3 Estimation results and CRBs for z, and z, as a function of defocus (z — z;), for
a particle located at z,, = (0.035, 0.0, 5.0) wm. The estimator reaches the theoretical limit;
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(see previous chapter).
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Figure 6.4 Experimental localization results for three beads. The plots show the deviations
Az = Z, — zrerand Ax = &, — yef, respectively, where z,.¢ and s are the reference positions
estimated using all acquisitions.

6.4.2 Estimation results

In Fig. 6.3 we compare the standard deviation of the localization results us-
ing our estimator with the CRBs for ,, and z,. As the plots indicate, the es-
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timator is optimal in the sense that it reaches the CRB. Its performance on
experimental data is shown in Fig. 6.4. A stack with a z-step of 100 nm was
acquired over the entire visible range of each fluorescent microsphere. To
derive a ground truth for each particle’s position, we performed a global fit
of the unknown parameters using all available acquisitions, which also pro-
vided us with the acquisition positions z required by the estimator, due to its
reliance on a shift-variant PSE. The details of this calibration are discussed
in the previous chapter. In the best cases, localization accuracies of 12.8 nm
axially and 7.15 nm in the acquisition plane were achieved.

Aimportant — and to a degree surprising — aspect of these results comes
from the comparison of the lateral and axial localization accuracies, where,
contrary to the differences expected in terms of resolution, the theoretical
limits are very close. In the photon-limited case, the magnitude of the limits
is identical in the axial range of the PSF where diffraction rings are clearly
visible. In the presence of a background signal or read-out noise, the bound
for axial localization increases slightly over the bound for lateral localization.
These results demonstrate the potential of 3-D FLM techniques based on an
accurate PSF model. Specifically, they show that 3-D localization based on
off-focus imaging can achieve accuracies that surpass those obtained with
Gaussian-based FLM techniques (see Chapter 1).
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Chapter 7

Super-resolution orientation
estimation and localization of
fluorescent dipoles using 3-D
steerable filters

7.1 Introduction

Fluorescence localization microscopy (FLM) has emerged as a powerful
family of techniques for optically imaging biological samples at molecular
resolutions, down to the nanometer scale [138]. This is achieved by employ-
ing specific fluorescent labels that can be activated [19], switched on [20],
or that intrinsically blink [24], which make it possible to image sparse sub-
sets of the fluorophores contained within the specimen in sequence. Flu-
orophores appear as spatially isolated spots in the resulting image frames;
their center can then be computationally localized with an accuracy that far
surpasses the resolution limit formulated by Abbe. A super-resolved image
of the specimen is generated by imaging a large number of such fluorophore
subsets, localizing every molecule within each frame, and combining the re-
sulting positions to render a composite image at a finer scale. The resolution
achieved by these techniques is thus directly dependent upon the achiev-
able localization accuracy. This accuracy in turn depends on the number of
photons collected [17] and on the image formation model used in the local-
ization algorithm.

The primary implementations of FLM proposed to date include photoac-

This chapter is based on: F. Aguet et al., “Super-resolution orientation estimation and
localization of fluorescent dipoles using 3-D steerable filters,” Opt. Express, vol. 17, pp.
6829-6848, 2009, [45].
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tivated localization microscopy (PALM) [21], fluorescence photoactivation
localization microscopy (FPALM) [22], and stochastic optical reconstruction
microscopy (STORM) [23]. Developed contemporaneously, these methods
demonstrated resolutions at the 10 nm scale experimentally. Due to the
long acquisition times required for the collection of a sufficient amount of
frames, these methods were initially designed to image 2-D sections of thin,
fixed specimens. For such samples, it is generally assumed that the image
of a single molecule corresponds to the in-focus section of the system’s 3-
D point spread function (PSF), which can be approximated by a 2-D Gaus-
sian function. Under the latter assumption, it has been shown that Gaussian-
based fitting algorithms do not result in a significant loss in localization ac-
curacy [13].

Prior to the introduction and practical feasibility (due to a lack of suit-
able fluorophores) of FLM, localization-based approaches were generally
limited to single molecule tracking applications, with inherent isolation of
individual fluorophores. In a study of the progression of the molecular motor
Myosin V on actin fibers, Yildiz et al. achieved a Gaussian localization-based
resolution of 1.5 nm, and accordingly named their technique fluorescence
imaging with one-nanometer accuracy (FIONA) [16]. In the framework of
single particle tracking, theoretical limits on the achievable localization ac-
curacy have been formulated for lateral (i.e. x-y) localization [18] and axial
localization [44]; these limits translate into a measure of resolution when ex-
tended to incorporate multiple sources.

In all of the previously cited methods, it is assumed that individual fluo-
rophores act as isotropically emitting point sources (which also implies that
their image corresponds to a section of the system’s PSF). Whereas this is
valid for molecules that freely rotate during image acquisition, it does not
hold when imaging fixed fluorophores. Their corresponding diffraction pat-
terns differ significantly from the PSE and are highly specific of the orienta-
tion of the fluorophore’s underlying electromagnetic dipole [139, 140].

7.1.1 Localization of fluorescent dipoles

Dipole diffraction patterns are generally not radially symmetric, and as a
consequence, their point of maximum intensity in the image plane is shifted
with respect to the position of the fluorophore. Applying Gaussian-based lo-
calization to such patterns can lead to a bias in the range of 5-20 nm, even
for dipoles that are imaged in focus [43]. This is especially significant in the
context of FLM, where resolutions of the same order are striven for. Due to
the complexity of the dipole patterns, avoiding this bias requires localization
methods based on a more accurate image formation model than a simple
Gaussian.
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Moreover, localization based on a physically realistic model makes it
possible to estimate the dipole’s orientation in addition to its position. So
far, this has been exploited in an extension of the FIONA technique named
dipole orientation and position imaging (DOPI) [141]. In the study of Myosin
V, the estimation of the fluorescent labels’ orientation made it possible to
characterize its progression on actin much more precisely than with FIONA.
A shortcoming of the current implementation of DOPI is its reliance on two
separate procedures for orientation and position estimation.

The current state of the art in dipole orientation and position estimation
isbased on matched filtering of defocused images. Using an advanced image
formation model for dipoles [142], Patra et al. proposed to estimate the ori-
entation based on a finite number of precomputed templates corresponding
to rotated versions of a dipole diffraction pattern for a given amount of defo-
cus [143]. The accuracy of this approach is inherently limited by the angular
sampling stemming from the finite number of templates, which is usually re-
stricted due to computational cost. As a further consequence, the matched
filtering approach limits position estimates to pixel-level accuracy. In DOP],
super-resolved position information is recovered by taking two images of ev-
ery fluorophore: a defocused image for orientation estimation, and an in-
focus image for position estimation, which uses the Gaussian-based local-
ization method proposed in FIONA.

Other methods for estimating the orientation of fluorescent dipoles have
been proposed in the literature. Often relying on specific instrumentation,
most of these methods are incompatible with a joint position and orienta-
tion approach over a reasonably large field of view. Notable techniques are
based on directimaging of the emission pattern in the back focal plane of the
objective lens (see, e.g., [144-146]), and on annular illumination [147].

7.1.2 New approach based on 3-D steerable filters

In this work, we introduce an efficient method for the joint estimation of po-
sition and orientation for fluorescent dipoles from a single (defocused) im-
age. We show that image formation for dipoles can be expressed as a lin-
ear combination of six templates weighted by trigonometric functions of the
dipole angles. As a consequence, the estimation problem can be formulated
as the optimization of a 3-D steerable filter [148]. The resulting algorithm
serves both as an initial detection of dipoles with localization accuracy at the
pixel level, and as an efficient means for iteratively updating the orientation
estimates when performing the subsequent sub-pixel localization to achieve
super-resolution. We formulate the theoretical limits on estimation accuracy
for position and orientation using Cramér-Rao bounds (CRB), and show that
our method reaches these bounds. Notably, these limits make it possible to
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establish the acquisition settings (e.g., defocus) that will lead to the highest
estimation accuracy. Our experimental results indicate that dipoles can be
localized with a position accuracy of at least 5 nm and an orientation accu-
racy of at least 2 degrees, at a peak signal-to-noise ratio (PSNR) of approxi-
mately 25 dB.

7.1.3 Organization of the paper

In the next section, we introduce an image formation model for fluorescent
dipoles and show how it decomposes into six non-orthogonal templates.
Subsequently, in Section 7.3, we use this steerable decomposition to formu-
late a localization algorithm for the estimation of both the position and ori-
entation of fluorescent dipoles. In Section 7.4, we establish the theoretical
limits on the accuracy of these estimators, using Fisher information. Finally,
in Section 7.5, we demonstrate our method on simulated and experimental
data. We conclude with a discussion of potential applications and extensions
of the proposed technique.

7.2 Image formation

A single fluorescent molecule can be characterized as a harmonically oscil-
lating dipole with moment p = (sin 8, cos ¢,, sin 8, sin ¢, cos 6,,) and posi-
tionx, = (z, Yp, 2p), Wwhere the angles ,, and ¢, are the zenith (i.e., between
the dipole and the optical axis) and azimuth angle of the dipole, respectively.
In our notation, the subscript p indicates a dipole parameter. The intensity
radiated by such a dipole is modeled by propagating the emitted electric field
through the optical system. We begin by expressing the amplitude of the
electric field in object space as

Es = <p, e;;)e;; + <p, es>esa (7.1)

where the vectors e, and e; are the p- and s-polarized components of €
in the sample layer [149], as illustrated in Fig. 7.1 (the superscript s on the e,
vector denotes the sample medium; e, remains constant throughout the sys-
tem). A constant factor representing the magnitude (see, e.g., [149,150]) has
been neglected in this expression and will be reintroduced later. We assume
a standard model for the object space, consisting of a sample layer (refrac-
tive index n,), a glass layer (corresponding to the coverslip, index n,), and
an immersion layer (index n;) [71]. After propagating through these layers
and the objective, the field is given by

£, = (p,etVtVel + (p,e,)tMtPe, (7.2)
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Figure 7.1 Electric field propagation in a microscope. The illustrated path is in direction of
the azimuth angle ¢.

where tz(,l) and tgl) are the Fresnel transmission coefficients for p-polarized
and s-polarized light from layer [ to layer [ + 1, i.e.,

0 _ 2n; cos 0,

ny41 cos 0 + ny cos ;41 (7.3)
0 _ 2n; cos 6,

"~ mycos +ngpicosbp’

where (n1, ng, n3) = (ns, ng, n;) for the configuration considered here. Note
that Eq. (7.2) can easily be generalized to an arbitrary number of strata. The
unit vectors of the relevant polarization directions, expressed in spherical
coordinates, are

0089 cos ¢, cos 0, sin ¢, — sin ;)

1 .
\/ 2 — n?sin’ 0 cos ¢, — \/ng—n?siHQQSingzﬁ,—Esine)
n n (7.4)

= (
( S S
(
(

cosqb,smgb, 0)
—sin ¢, cos ¢, 0),

where 6, is the zenith angle between the wavevector k and the optical axis in
the sample layer, 4 is the corresponding angle in the immersion layer, and ¢
is the azimuth angle (see Fig. 7.1). The wavevector is thus parameterized as

k = —kn;(cos ¢sin 6, sin ¢ sin 6, cos ), (7.5)

where k = /\ is the wavenumber. The field in the detector plane, expressed
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in object space coordinates, is given by the Richards-Wolf integral [110,111]:

—iA 2 o ) ) )
£=—1 / / E,e" %™ FMOT) /o5 O sin 6 d6 dg
0 0

) A 2 o . . ) ) .
_ S 0 / / gaezkrni sin cos(qﬁfd)d)efzkniz cos HezkA(H,‘r) m sin @ d6 de,
0 0

(7.6)
where A is the scalar amplitude of the field, ) its wavelength, and « is the
maximal angular aperture of the objective (i.e., « = sin™! (NA/n;)). The
phase component A(6; 7) describes the system’s aberrations. Its argument

) (7.7)

* * *
T = (ni,ni,ng,ng,ns,ti,t

is a vector containing the optical parameters of the setup; the subscripts on
the refractive indices n and thicknesses ¢ indicate the respective layer for
each parameter (see Fig. 7.1), and an asterisk signals a design value (i.e., n;
is the refractive index of the immersion medium under experimental con-
ditions, and n} its corresponding design value). The field £ is a function of
the point of observation & = (—r cos ¢4, —r sin ¢4, z) on the detector, where
r=+/(x—1xp)®+ (y — yp)?and ¢q = tan"' ((y — yp)/(z — zp)); = denotes
defocus. All units are expressed in object space coordinates, which allows us
to place the origin of the coordinate system at the interface between the sam-
ple layer and the coverslip in order to facilitate the expression of the phase
term A(0; ).

We describe the system’s aberrations based on the optical path differ-
ence (OPD) between actual (experimental) imaging conditions and the cor-
responding design values of the system, as proposed in [71]. Aberrations are
assumed to arise exclusively as the result of a mismatch between the refrac-
tive indices and/or the thicknesses of the differentlayers in the sample setup.
State-of-the-art vectorial PSF calculations all incorporate this phase term
(see, e.g., [113,114]), and although the formalism employed differs from [71],
these approaches lead to the same result for the phase and are considered
equivalent [109, 133]. We thus replace the aberration term A(6; 7) with the
OPD A(6, z; zp, T), defined as

ty |ty ot
A,z 2p,T) = (zp—z—kni <—Zp -2 +i+’*>> n; cos ¢
ntoon

Ng Ng g i

+ zp\/ng —n?sin® 0 + tg\/n2 — n?sin® 0 (7.8)

* 2 2 ain2 * 2 2 qin2
—tg\/ng« — nisin® 0 — 7y /ni — ngsin® 0.

Note that A (6, z; 0, ) is the phase term corresponding to the standard defo-
cus model [115].
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By substituting Eq. (7.2) into Eq. (7.6) and simplifying the result, we can
rewrite the vector £ as

£ i [ Iy + Iz cos(2¢4) I sin(2¢4) —2i1; cos(¢q)

I sin(2¢,) Iy — Iy cos(2¢g) —2il sin(¢pq) ] p, (7.9)

where
Io(z; )y, T) = /Oa By (0) (tgl)tg?) + 75](01)15;2)i n2 — n?sin? 9) de
Li(xz;xp, T) = /Oa Bl(ﬁ)tél)tz(f)% sin 6 d6 (7.10)
L(z;xpy, T) = /Oa B (0) (tgl)tg) — 16(1)13(2)i n2 — n? sin’ 9) de

with
By, (0) = Vcos0sin 0.J,, (krn; sin Q)eikA(e’z?ZP’T). (7.11)

It should be noted that these integrals are standard for vectorial PSF calcu-
lations (for equivalent expressions see, e.g. [113, 133]). The amplitude fac-
tor Ap was dropped from this formulation and will again be reintroduced
later. Due to an already involved notation, we choose to omit the argument
(x; x,, T) from functions such as |Iy|? from this point on.

The orientation-dependent intensity in the detector plane is accordingly
given by

hep,qbp(w;wpﬂ') = ‘8‘2
— sin? 9,,(\10|2 + L] + 2 cos(2¢p — 2¢d)me{1512})
— 25in(26)) cos(¢p — ¢a)IM{I; (I + I2)} + 4| 11| cos? 6,

= pTMp.
(7.12)

An asterisk denotes complex conjugation, and v stands for the Hermitian
transpose of the vector v; Re{v} and Jm{v} represent the real and imaginary
components of v, respectively. The symmetric matrix M = (m;;)1<i j<3 is
specified by

mir = [Iof* + [B|* + 2Re{I5 I} cos 264

mig = 29%8{]6([2} sin 2¢d

miz = —2cos ¢pgIm{I} (Ip + I2)}

may = | Io|* + || — 2Re{I5 [} cos 264

mao3 = —2sin (Z)djm{ff(fo + IQ)}

ma33 = 4’[1|2.

(7.13)
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The quadratic form in Eq. (7.12) is of particular interest, since it decouples
the dipole orientation from the calculation of the field propagation. The
dipole diffraction pattern can thus be modeled as the linear combination of
six non-orthogonal templates, which forms the basis of the steerable filter-
based algorithm presented in this work.

The result of Eq. (7.12) is consistent with the other vectorial PSF models
cited earlier [109, 111,113, 114, 133]: for a fluorophore that is freely rotating
during exposure, the resulting intensity is obtained by integrating the above
result over all possible orientations, i.e.,

27 T
hx; z,, T) = /0 /0 hgp@p(a:; xp, T)sinb, db, do,

(7.14)
8 2 2 2
= (1o + 21 + [1P?).
Ilustrations of the different diffraction patterns observed for different orien-
tation and defocus values are provided in Fig. C.1 and Fig. C.2 in Appendix C.

7.2.1 Noise model

In single molecule fluorescence microscopy, shot noise is the dominant
source of noise. Further potential sources include a background term due
to autofluorescence, as well as residual signals from other fluorophores in
the sample. Read-out noise in the detector may also contribute to observa-
tions. Whereas the former sources obey Poisson statistics, read-out noise is
Gaussian distributed, which presumes an additive noise model. However,
given that the Poisson distribution rapidly converges towards a Gaussian
with equal mean and variance when the variance is large enough (this is usu-
ally considered the case when o> > 10), we propose a general noise model
consisting of a shifted Poisson formulation that incorporates a term account-
ing for the read-out noise factor and the background. Consequently, we for-
mulate the expected photon count g(«; «,,, T) corresponding to a point = on
the detector (in object-space coordinates) as

q(x;xp, T) =C- (A h@m%(a:; xp, T)+ b), (7.15)

where A is the amplitude, c is a conversion factor, and b is the sum of the
background fluorescence signal and the variance o2 (in intensity) of the
read-out noise. The probability of detecting ¢ photons at x is then given by

67Q(m;mP7T)q(w; mp7 T)q

J (7.16)

Pq(a:;a:p,‘r) (Q) =
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Figure 7.2 High-resolution versions of the templates involved in the steerable decomposi-
tion of a dipole diffraction pattern. The example corresponds to a Cy5 dipole (A = 660 nm) at
an air/glass interface, imaged with a 100, 1.45 NA oil immersion objective at 500 nm defo-
cus. The template labels match the definitions given in Eq. (7.13).

.2 2
sin” 6, cos” ¢,

f(x) * h(x; zp, T)

Figure 7.3 Filterbank implementation of the steerable dipole filters.

7.2.2 Pixelation

The pixelation of the detector has a non-negligible effect on the measured in-
tensity distribution corresponding to a dipole, and must therefore be taken
into account in the implementation of the model. Hereinafter, we assume
that whenever a point of observation x represents a pixel on the CCD, func-
tions of x incorporate integration over the pixel’s area (pixels are assumed to
be contiguous and non-overlapping).

7.3 Dipole localization using steerable filters

A standard solution to estimating the position and orientation of arbitrar-
ily rotated image features consists in correlating the input data with a set of
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filters corresponding to rotated versions of the feature template. This is the
approach currently used in joint dipole orientation and position estimation
methods [141, 143]. Mathematically, it is formulated as

(05 (), ¢y (x)) = arg fnax, f(2) * 9oy.9, (@), (7.17)
where 07 (x) and ¢(x) are the optimal orientations in every point z, f(x)
is the measured data, * is the convolution operator, and ggp#)p(cc) =
he,.¢, (ac; (0,0, zp), 7-) is a feature template corresponding to the dipole
diffraction pattern for the orientation (6,, ¢,). The accuracy on 6, (z) and
¢,(x) depends on the sampling of ¢, and ¢, chosen for the optimiza-
tion—for accuracies of a few degrees, this requires convolution with hun-
dreds of templates, rendering the process very costly.

For specific feature template functions, rotation of the templates can be
decoupled from the convolution by decomposing the template into a small
number of basis templates that are interpolated by functions of the orienta-
tion. These functions, called steerable filters, were introduced by Freeman
and Adelson [148]. The best known class of steerable filters are Gaussian
derivatives, due to their applicability to edge and ridge detection in image
processing [77].

The quadratic form of Eq. (7.12) shows that the 3-D rotation of a dipole
can be decoupled from filtering; i.e., that the orientation and position es-
timation can be expressed through a 3-D steerable filter. Specifically, the
dipole diffraction pattern is decomposed into six non-orthogonal templates,
as illustrated in Fig. 7.2. Orientation estimation then amounts to filtering
measured dipole patterns with these templates, followed by optimizing the
trigonometric weighting functions that interpolate the dipole model. This
process is illustrated in the filterbank representation of Fig. 7.3.

For each spatial location x, the dipole model is fitted to the data by min-
imizing the least-squares criterion

Jis(@: 6y, dy) = /ﬂ (Ahg, o, (v @p, 7) — fl@ — v>)2 dv

= ||Ahg, s, (x; p, T) / Fl@—v) (7.18)

—2Ah9p7¢p(w;wp, ) f

where f(x) is the observed signal from which the average background value
has been subtracted, and where  C R? is the support of hg, 4,. The corre-
lation term is steerable and can be expressed as

(h9p7¢p * f Z aij (Op, &p) (mw * f)( )
ij (7.19)
= p'M;p,
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where a;;(0,, ¢,) are the weighting functions given in Fig. 7.3, and where
[My];; = myj * f. Concretely, this means that we can compute Eq. (7.19)
for each location x very efficiently by first convolving the image f with the
six templates m;;—which yields M —followed by applying the trigonomet-
ric weights a;;(6,, ¢,), which amounts to computing the quadratic form
p'M #p. Due to the symmetry of M, only six basis templates are involved
in the process.

In order to simplify the expression for the optimization of Eq. (7.18), we
rewrite the model energy term, which is independent of ¢, as

HAhg op (T T, T H Eug (7.20)
where ug, = (sin? 6, sin 26, cos? 6,,) T, and where E is defined as

(m3)  (mumaz)  (maimass)
E = <m11m13> (m%3> <m15m35> . (7.21)
(miymas) (mizmss)  (mis)
The notation (m;;) stands for integration over the support 2 of m;;(x). We
can then rewrite the cost criterion as

J(@;6p, ¢p) = A®ug Euy —2Ap' M/p. (7.22)
The data term |, f(z — v)? dv in Eq. (7.18) has no effect on the optimization
and was eliminated from the criterion.
7.3.1 Orientation estimation

The criterion in Eq. (7.22) cannot be solved in closed form for 6,, ¢,,, and A.
However, for a given set of templates corresponding to a position estimate,
an iterative algorithm is obtained by setting the partial derivatives

o o D
9 3 (7.23)
T
a% J(x;0,, pp) = —4Ap My— 8%

to zero, and alternately solving for 6, and ¢,; we found this to be more effi-
cient than a standard gradient-descent based approach. The quartic equa-
tions whose solution yields the optimal values for both angles are given in
Appendix C. The notation %v stands for the component-wise derivative of
the vector v with respect to t. Between these iterations, the amplitude is up-

dated using the least-squares estimator
p'M;p

A=
- .
uepEuep

(7.24)
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Figure 7.4 Schematic outline of the proposed detection algorithm. The steerable filter-
based component yields results that are accurate at the pixel level (*finer scale results can be
obtained by applying shifted versions of the feature templates). Every update of the position
estimates generates a new set of appropriately shifted templates, from which the orientation
is estimated at little cost by making use of the steerable decomposition.

For fixed values of x,, and z, the angles can be estimated to sufficient accu-
racy in a small number of iterations (usually less than five).

7.3.2 Sub-pixel position estimation

Discretization of Eq. (7.22) yields a filter-based algorithm that returns po-
sition estimates with pixel-level accuracy. In order to recover super-
resolved position estimates, an iterative fitting algorithm analogous to the
Gaussian-based fitting algorithms employed by FLM can be applied to
the dipole model in Eq. (7.12). In this work, this was achieved with
the Levenberg-Marquardt algorithm. An alternative would be to use a
maximum-likelihood-based cost criterion, which is optimal with respect to
the Poisson-based noise model [44]. However, the localization accuracy
achieved using the proposed least-squares criterion is near-optimal in the
sense that it reaches the theoretical limits (see Section 7.4).

7.3.3 Joint estimation algorithm

In addition to the lateral position (x,,y,), amplitude A, and orientation
(6, ¢p) of dipoles, which can be estimated using the proposed steerable fil-
ter in the minimization of Eq. (7.22), the axial position z, of the dipole and
the position of the focus z are further degrees of freedom in the model. Esti-
mation of these two parameters can be challenging due to their mutual influ-
ence in the phase term of Eq. (7.8); possible solutions for resolving this ambi-
guity were discussed in [44], in the framework of 3-D localization of isotropic
point sources.

However, for the distances z, from the coverslip that are observable un-
der TIRF (total internal reflection fluorescence) excitation, which is currently
the method of choice for FLM due to its thin depth excitation (around 100
nm), the axial shift variance in the PSF is essentially negligible. This means
that a dipole with axial position z, that is observed at the focal distance z is
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virtually undistinguishable from an identical dipole at the origin that is ob-
served at z — z,. Consequently, we set z, = 0 for our experiments.

For a given value of defocus z, the minimization of Eq. (7.22) is achieved
in two steps. The input image is first filtered with the six templates corre-
sponding to z, which yields orientation and position estimates that are accu-
rate at the pixellevel. This is followed by an iterative optimization that refines
the position estimates to sub-pixel accuracy. At each iteration, a new set of
templates corresponding to the sub-pixel position estimates is evaluated; the
corresponding orientation is computed with the method described in Sec-
tion 7.3.1. If required, the estimation of z can be included between steps of
this iterative procedure, both at the pixel level and the super-resolution level.
A simplified flowchart representation of the algorithm is given in Fig. 7.4.

7.4 Dipole localization accuracy

Resolution in FLM is defined as a function of localization accuracy. Theoret-
ical limits on localization accuracy can be established based on the Cramér-
Rao bounds for the parameters of interest (see [18,127] for an analysis of lat-
eral localization accuracy, and [44] for axial localization accuracy). The CRB
yields a lower bound on the variance of an estimator, provided that the lat-
ter is unbiased. For multi-parameter estimation, this bound is obtained by
computing the inverse of the Fisher information matrix [128]. For our image
formation model, this matrix is defined through

o 1 0q 0q
F,j_/ﬂqaz9 81901 (7.25)

where the parameters to be estimated are ¥ = (zp, yp, 0p, ¢p, 2, A). In the
matrix F, the cross-terms between ¢, and the other parameters are zero,
which slightly simplifies the inversion. The CRBs for ¥ = (z;,yp,0)p, 2, A)
are thus given by

Var(d;) > [F~ s, (7.26)

and the bound for ¢, by

Var( gbp >1//Qq<3<bp> dz. (7.27)

The partial derivatives of Eq. (7.12) relevant to the computation of the CRBs
are given in Appendix C.

An example of the CRBs for all parameters is shown in Fig. 7.5, as a func-
tion of z and 0,,. As the different plots illustrate, the bounds are relatively flat
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for alarge range of values. In-focus imaging leads to lower accuracy for ori-
entation and defocus estimation. Off-focus imaging, on the other hand, pre-
serves excellent localization accuracy in the plane, while leading to higher
accuracies for orientation and defocus estimation. Note that these obser-
vations hold true for the general case; changing the system and acquisition
parameters essentially amounts to a scaling of the bounds.

7.4.1 Performance of the algorithm

The localization accuracy of the proposed algorithm was evaluated by per-
forming the fit on simulated acquisitions generated using the image forma-
tion model in Eq. (7.15). In Fig. 7.6, we show standard deviations of the es-
timation results for each parameter compared to the associated CRB. The
standard deviations consistently match the value of the CRB, which indi-
cates that the performance of the algorithm is near-optimal. A fully opti-
mal solution for the proposed Poisson-based noise model would consist in
a maximum-likelihood formulation. However, this would lead to a compu-
tationally less efficient solution compared to the filter-based approach ob-
tained through the proposed least-squares formulation.

7.5 Results

7.5.1 Experimental setup

To demonstrate the performance of our algorithm experimentally, we im-
aged single Cy5 dipoles at an air/glass interface. Samples were prepared by
drying a solution of Cy5 molecules bound to single-stranded DNA (ssDNA)
fragments onto a coverslip (isolated Cy5 binds to the glass surface at a spe-
cific orientation, leading to limited diversity in the observed diffraction pat-
terns). These were then imaged using TIRF excitation at a wavelength of \ =
635 nm. Imaging was performed on the microscope setup described in [151]
(aPlan-Fluar 100 x 1.45 NA objective with Immersol™ 518F (Carl Zeiss Jena,
Jena, Germany)), where we added a highly sensitive CCD camera (Lucat™ S
658M (Andor, Belfast, Northern Ireland), 10x10 ym? pixels) in the image
plane (a schematic of the setup is provided in Appendix D). Images were
acquired with an EM gain setting of 100 (the shot noise variance distortion
resulting from the electron multiplying process [152] can be compensated in
the background term of Eq. (7.15) in order to conserve the Poisson statistics).
Despite weak photostability in air, individual molecules could be imaged for
several tens of seconds before bleaching.
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Figure 7.5 Cramér-Rao bounds for (a) z, and y,, (b) z, (c) 6,, (d) ¢, and (e) A. The two
surfaces in (a) are the maximum and minimum values of the bound for x,, and vice-versa for
yp; the localization accuracy for these parameters varies as a function of ¢,,. System param-
eters: n; = 1.515, n, = 1.00, A = 565 nm. Average PSNR = 35 dB, background intensity level
20%.
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Figure 7.6 Performance of the 3-D steerable filter-based estimation of (a) 2, and y,,, (b) z,
(c) 0, and ¢p, and (d) A. The solid lines show the CRB for each parameter, and the mark-
ers correspond to the standard deviation of the estimation over 250 realizations of noise for
each point. Parameters: NA = 1.45, n; = 1.515, ns = 1.00, z = 400 nm, average PSNR = 34 dB,
background intensity level 10%.

7.5.2 Evaluation

For an experimental assessment of the accuracy of our algorithm, we ap-
plied the estimation to image sequences of individual molecules taken under
identical acquisition conditions. Standard deviations on position, orienta-
tion, and defocus for such an experiment are given in Table 7.1; some frames
from the sequence used are shown in Fig. 7.7. The results are in good agree-
ment with the values predicted by the CRB. Specifically, it is the relative mag-
nitude between the different standard deviations that precisely matches the
behavior predicted by the CRB (for comparison, see Fig. 7.6). Although the
average PSNR was relatively high for these acquisitions (26.43 dB, computed
with respect to the average of all acquisitions), they provide an indication of
experimentally achievable accuracy.

In a similar experiment, we compared the estimation accuracy over a se-
ries of frames of the same dipole taken at different levels of defocus. The
resulting values, given in Table 7.2, indicate that the algorithm and image
formation model are consistent and correspond well to the observed mea-
surements. The frames from this experiment are shown in Fig. 7.8.

The performance of the steerable filter-based estimation of orientation
and position is illustrated in Fig. 7.9 for simulated data and in Fig. 7.10 for
an experimental acquisition. The image generated using the estimated po-
sitions and orientations matches the experimental measurement well, de-
spite some residual aberrations that slightly modify the observed diffraction
patterns.
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fitted model

Figure 7.7 Frames from the experiment described in Table 7.1. Scale bar: 1 pm.

Table 7.1 Mean p and standard deviation o for position, orientation, and defocus, mea-
sured over 22 images of a single Cy5 molecule. Three of these frames are shown in Fig. 7.7,
along with the fitted model.
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w| 142 um | 1.37 wm | 85.45° | 298.68° | 214.53 nm
o | 3.00nm | 6.04nm | 1.05° 2.14° 10.72 nm
S
5]
£
)
o
3

fitted model

Figure 7.8 Frames from the experiment described in Table 7.2. Scale bar: 1 pm.

Table 7.2 Mean p and standard deviation o for position and orientation measured over 4
images of two Cy5 molecules. These frames are shown in Fig. 7.8, along with the fitted model.

| o0 | | |
p| 299 um | 138 um | 86.46° | 223.77°
o | 33.16 nm | 28.62nm | 1.98° | 5.30°

| o0 | P | |
w| 140 um | 2.46 um | 67.05° | 293.26°
o | 21.48nm | 41.98 nm | 4.45° 1.61°
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Figure 7.9 Detection of dipole orientations on simulated data, using the proposed steer-
able filters. (a) Dipole patterns at random, pixel-level positions and orientations. (b) High-
resolution image generated using detected positions and orientations. Parameters: NA =
1.45, n; =1.515, ns = 1.00, z =400 nm, average PSNR = 25 dB, background intensity level 20%.
Scale bar: 1 um.

7.6 Discussion

The method proposed in this paper should be ofimmediate benefit to optical
imaging-based studies of molecular motors, as demonstrated in the DOPI
paper by Toprak et al. [141]. These authors showed that the diffraction pat-
tern of dipolar quantum dots [153] attached to myosin V can be clearly de-
tected and tracked over time. Due to the computational cost of the matched
filtering algorithm employed [143], the angular sampling of the templates
was limited to 10° for ¢, and to 15° for 6, which also required the selec-
tion of dipoles oriented almost orthogonal to the optical axis for better ac-
curacy (see supporting text of [141]). Due to a relatively small change in the
observed diffraction pattern for values of 6, between 0° and 45°, it was as-
sumed that 6, could only be determined with low accuracy using a matched
filtering approach [143]. Our theoretical analysis shows that both angles in
the parameterization of the dipole’s orientation can be recovered with high
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Figure 7.10 (a) Dipole diffraction patterns for ssDNA-bound Cy5 molecules at an air/glass
interface. (b) Diffraction patterns rendered using the orientations and positions estimated
from (a), using the proposed algorithm and image formation model. Scale bar: 1 ym.

accuracy.

DOPI requires acquisition of a pair of images: a defocused image for ori-
entation estimation, and an in-focus image for Gaussian-based localization.
As shown by Enderlein et al. [43], Gaussian-based localization applied to
dipole diffraction patterns can introduce a significant bias in the estimated
position, even for molecules that are imaged in focus. Our method removes
these limitations: it performs well over a wide range of dipole orientations
(only the estimation of ¢, for values of 6, that are close to zero remains in-
herently inaccurate), and is relatively insensitive to the amount of defocus
used, as shown in Fig. 7.5.

Recent advances in the development of FLM include expansions to 3-
D, using either a combination of cylindrical optics and bivariate Gaussian
fitting [26], or an interferometric estimation of fluorophore positions in di-
rection of the optical axis [25], as well as orientation sensitive imaging using
polarization-based techniques [39]. All of these approaches require some
modification of the imaging system; the fitting algorithm described in this
paper can be readily adapted to include 3-D localization, and is compatible
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with standard TIRF setups.

7.7 Conclusion

We have introduced an efficient algorithmic framework based on 3-D steer-
able filters for the estimation of fluorescent dipole positions and orienta-
tions. Image formation for fluorescent dipoles can be expressed as a func-
tion of six templates weighted by functions of the dipole’s orientation, lead-
ing to an effective filter-based estimation at the pixel-level, followed by an
iterative refinement that yields super-resolved estimates. Experimental re-
sults on Cy5 dipoles demonstrate the potential of the proposed approach;
estimation accuracies of the order of 5 nm for position and 2° for orientation
are reported.



Chapter 8

Experimental calibration of an
axially shift-variant point spread
function model for fluorescence
microscopy

8.1 Introduction

Deconvolution in fluorescence microscopy requires precise knowledge of
the imaging system’s 3-D point spread function (PSF) in order to yield mean-
ingful results [7, 82, 154, 155]. The PSF can either be estimated based on a
theoretical model, through experimental measurements, or by using a com-
bination of both, where a model is computationally fitted to a measurement.
The estimation is complicated by the fact that the PSF of the high-NA ob-
jectives used in fluorescence microscopy is shift-variant along the optical
axis [156]. This is primarily the consequence of a mismatch between the
refractive indices of the immersion and specimen media, which results in
increasingly strong aberrations as the point source moves deeper into the
specimen [71]. Other causes include mismatches between the refractive in-
dices in the sample setup with respect to the objective’s design values for
these parameters. Even small mismatches are significant, and in addition
to shift-variance, lead to a PSF that is characterized by a marked asymmetry
with respect to the focal plane.

Several physically realistic PSF models described in the literature aim to
accurately reproduce these aberrations (see Chapter 3); they take into ac-

This chapter is based on: E. Aguet et al., “An accurate PSF with few parameters for ax-
ially shift-variant deconvolution,” in Proc. 5th IEEE Int. Symp. Biomedical Imaging, 2008,
pp. 157-160, [46].
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count the optical properties of the system, such as the refractive indices and
thicknesses of the immersion, coverslip, and specimen layers in the sam-
ple setup [71, 113, 114]. In practice, some of these parameters are difficult
to determine, which may lead to modeling errors. As a consequence, it is
often more convenient to measure the PSF experimentally [81]. This can
be achieved in multiple ways: by imaging fluorescent beads embedded in a
mounting medium chosen to match the mean refractive index of the sam-
ple, by including such beads directly in the sample preparation [157], or
by imaging isolated fluorescence-labeled point structures in the specimen
[158]. Further possibilities include interferometric measurements of the am-
plitude PSF [159, 160].

There are two significant drawbacks to using an experimental PSF for de-
convolution, however. First, the quality of measured PSFs rarely matches
that of theoretical models, due to shot noise and the presence of background
signals (e.g., due to autofluorescence). While it is possible to obtain a suit-
able experimental PSF through averaging of several measurements [161], the
procedure can be tedious. Second, due to axial shift-variance, measured
PSFs are rarely accurate over the complete sample space.

For thisreason, a hybrid approach, where a theoretical model is matched
to experimental measurements, is preferable. While it is clear that a diffrac-
tion limited model that matches experimental observations is advantageous
for deconvolution [162], only a small number of methods that involve fit-
ting a theoretical model to measurements have been proposed (usually in
the context of parametric blind deconvolution). The most sophisticated of
these methods is based on a polynomial parameterization of the phase [163].
While the number of degrees of freedom in that model is empirically chosen
and comparable to state-of-the-art PSF formulations (see, e.g., [71,109,114]),
the resulting PSF was shown to approximate the ground truth well. However,
due to the absence of a depth-dependent term in the approximation of the
phase, applications of this method are limited to shift-invariant deconvolu-
tion.

Pankajakshan et al. [164] proposed a similar approach for confocal fluo-
rescence microscopy, where they assumed that the PSF can be approximated
by a 3-D Gaussian function [165], which has the advantage of minimizing
the degrees of freedom in the model. This approximation is also limiting,
however, since it precludes the model from accurately reproducing a shift-
variant PSE.

Haeberlé et al. [166] showed that the parameters of a physically realis-
tic scalar PSF can be estimated by fitting the model to an experimental PSF
through correlation. Although this results in a diffraction-limited model
suitable for deconvolution, the approach does not resolve potential ambi-
guities where different parameter combinations may result in near-identical
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PSFs. As a consequence, the validity of the resulting model over the com-
plete sample space is not guaranteed.

In this chapter, we present an estimation framework based on a slightly
simplified version of a state-of-the-art model that resolves these ambigui-
ties and results in a shift-variant PSF that accurately reproduces experimen-
tal observations. We first describe a vectorial model of image formation for
optical microscopes that takes into account the optical properties of the im-
mersion, glass, and specimen layers that constitute the sample setup. Subse-
quently, we proceed to show that different combinations of these parameters
produce virtually identical PSFs and propose an approximation that reduces
the parameter space of the model. In Section 8.6, we introduce a fitting algo-
rithm based on this reduced model; the algorithm requires two experimental
measurements at distinct depths in the specimen. Experimental results are
presented in Section 8.7, and followed by a discussion of applications for the
proposed framework in Section 8.8.

8.2 Image formation model

Some of the most accurate image formation models for microscopy are de-
scribed by Hell et al. [114] and Torok et al. [113], using vectorial theories of
light propagation. Based on the analysis of Richards and Wolf [111], these
equivalent calculations comprise propagation through the sample, glass
(coverslip), and immersion layers of the setup, and incorporate aberrations
arising from refractive index mismatches between these layers [133]. Micro-
scope objectives are designed for use in a specific immersion medium; since
the refractive index of the sample layer rarely matches that of the immer-
sion layer, ideal imaging conditions are only met by sources located at the
sample/coverslip interface. In their scalar formulation of image formation
for fluorescence microscopes, Gibson and Lanni expressed aberrations in
terms of the optical path difference (OPD) between the reference path cor-
responding to this design condition and the path corresponding to the actual
experimental settings. Haeberlé showed that the aforementioned vectorial
models can be formulated in terms of the OPD, which has the advantage of
yielding expressions that depend entirely on known or sample-dependent
parameters [109].

8.2.1 PSF model

The expression for the PSF resulting from the combination of these observa-
tions, formulated in object space, is given by

8
h(x;x,, T) = ?(|fo|2 + 2|11 ° + | I2]?), (8.1)
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Figure 8.1 Schematic representation of the optical path difference. Design conditions are
satisfied when the source is located at the specimen/coverslip interface, and no index mis-
matches occur. The green ray illustrates deviations from these conditions for a source located
at an arbitrary depth z,. Adapted from [71].
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where = (x,y, z) is a point on the image plane in object space (consisting
of the detector coordinates (x, y) and defocus z), and x,, is the position of the
point source. The origin is located at the coverslip/sample layer interface.
The parameter vector

T = (m‘?nf,ng,nz,ns,tf,tg,t;) (8.4)

describes the optical properties of the sample setup, which is schematically
represented in Fig. 8.1. The subscripts on the refractive indices n and thick-
nesses t indicate the respective layer; a parameter with an asterisk represents
a design value. A is a constant amplitude, r = +/(z — z,)% + (y — yp)?,
k = 27/ X is the vacuum wavenumber, where A is the emission wavelength,
and Jy denotes the Bessel function of the first kind of order zero. The inte-
grals are computed over the angular aperture o = sin~*(NA /n;). For ease of
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notation, all coordinates are expressed in object space, implying that we con-
sider image space to be demagnified and projected into object space. The

Fresnel transmission coefficients tg) for p-polarized and tgl) for s-polarized
light from layer [ to layer [ + 1, are given by

40 _ 2n; cos 6,

ny41 cos 0 + ny cos 041 (8.5)
0 _ 2n; cos 6,

ny cos 0 +nyyqcosb1’

where (n1,n2,n3) = (ns,ng, n;) for the three layers in the sample configu-
ration. The angles #; through 63 = 0 are expressed in function of the latter
via the Snell-Descartes law (see Fig. 8.1).

The phase term kA (6, z; x,, T) is defined through the optical path differ-
ence ABCD — PQRS, i.e.,

ty |ty t
A,z 2p, T) = (zp—z+ni <—Zp -2 +“i+l*>) n; cos
ntoon

Ng

+Zp\/n2—n sin? 0+t \/nz—n sin2 0 (8.6)
1/ .= N3 25in%6 — ti/n —n; sm@

and is computed according to the geometry of Fig. 8.1.

A detailed calculation of this model was provided in Chapter 7. For the
sake of completeness, we note that the fitting algorithm described in the re-
mainder of this chapter can also be implemented using the scalar formula-
tion for the PSF by Gibson and Lanni [46], which, using the previously intro-
duced conventions, is given by

a 2
h(x;xp, T) = ‘A/ ekMO0.220.0) 1 (krn;sin@)sinfcos0df| . (8.7)
0

8.3 Maximum-likelihood estimation framework

A maximum-likelihood estimation framework for the parameters in the PSF
model is obtained analogously to the approaches formulated for localization
(see, e.g., Chapter 5). Due to the similarities between the approaches, the
formulation is omitted from this chapter.

8.4 Estimation of the model parameters

Fitting the PSF model i (x; x,, T) to an experimental measurement s(x) en-
tails the estimation of x,, the acquisition positions z, and the parameter vec-
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Figure 8.2 Illustration of near-identical PSFs resulting from significantly different param-
eter combinations. The red curves correspond to the axial intensity of the simulated mea-
surement, and the blue dashed curve to the resulting model for a 63 x, 1.4 NA oil immersion
objective (n; = 1.515). Unless indicated, the PSFs correspond to a source at z, = 0. (a)
Compensation for an immersion medium refractive index mismatch by the source position
in the model. (b) Coverslip mismatch compensated by the estimated refractive index of the
immersion medium. (c) Mismatch in the refractive index of the coverslip is compensated in
the estimated refractive index of the immersion medium.

tor 7, as well as the amplitude A. The design values for the coverslip’s re-
fractive index ny and thickness ¢, together with the working distance ¢; and
refractive index of the immersion medium n; are part of the objective spec-
ifications and are assumed to be known. This leaves the parameters n;, ng,
ns, and t, in T to be estimated.

The degrees of freedom in the OPD render the estimation problem ill-
posed, in the sense that combinations of significantly different parameter
values generate virtually identical models. And while it is possible to obtain
a good fit with such a model, there is no guarantee that the resulting param-
eters are consistent with the true experimental values. As a consequence,
the model is not guaranteed to be consistent with measurements at source
depths other than the one involved in the fitting process. The fitting results
for some parameter combinations that illustrate this problem are given in
Fig. 8.2. Note that the fitted models are highly similar to the original inten-
sity profiles but not identical to them.

8.5 Simplified OPD model

In order to reduce the degrees of freedom in (8.6), we propose to neglect the
contribution of the coverslip properties to the OPD, under the assumption
that they are compensated by changes in the remaining parameters. Accord-
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ingly, we replace the expression for the OPD with

t*
A(G,z;zp,T)%(zp—z—Fni <—+ Z))mcos&
s TLZ

(8.8)

+Zp\/n2 n sin26 — \/712* —nzsln 0.

Some high-NA objectives are equipped with a corrective ring designed to
compensate for aberrations induced by a mismatched coverslip, which fur-
ther justifies the omission of the coverslip-related terms in the OPD. The re-
sult is different from a standard two-layer model (see, e.g., [114]) in the sense
that it maintains the dependence on the working distance ¢; of the objec-
tive and incorporates the effects of focusing on the immersion layer thick-
ness [71]. The inclusion of these terms partially compensates for the shift
that is observed between the true position of the fluorescent source z, and
the position where the observed intensity is maximal. This focal shift is non-
negligible and highly non-linear for high-NA objectives.

8.6 Estimation algorithm

We now present an estimation algorithm for fitting the reduced OPD-based
model to experimental measurements. To motivate the proposed approach,
we first consider fitting the model to a PSF measured at the coverslip/sample
layer interface. In this case, the set of unknown parameters is reduced to the
acquisition positions { z,, }, the refractive index of the immersion medium n;,
as well as the amplitude A and the lateral position of the source (z, y,). Due
to the non-convexity of the optimization criterion in terms of n; and {z,},
we propose to estimate the latter based on the maximum intensity position
of the PSE. However, for values of n; # n;, a noticeable focal shift occurs.

8.6.1 Focal shift compensation

The dominant factor behind the focal shift is the mismatch between the re-
fractive indices of the immersion and sample media. This depth-dependent
shift is linear for low-NA objectives [114], but becomes highly nonlinear for
high-NA objectives [167]. A similarly nonlinear shift occurs as a result of an
index-mismatched immersion medium. Both sources of focal shift are illus-
trated in Fig 8.3. No closed-form expression for the maximum intensity po-
sition of the PSF can be obtained, and the focal shift for each set of parame-
ters must be be determined numerically by maximizing the on-axis intensity
h(zp, z,T).
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Figure 8.3 Shift Azmax of the PSF intensity maximum with respect to the source position z,,
as a function of refractive indices and source depth. (a) Shift for a source located at z, = 0
as a function of immersion index variation for a 63 x, 1.4 NA oil immersion objective and for
a 63x, 1.2 NA water immersion objective. (b) Shift as a function of the source depth z, in a
medium with index ns = 1.46, for the same objectives.

In the earlier example, the acquisition positions {z, } are thus adjusted
for every update of the estimated immersion index #; by computing the cor-
responding focal shift (a curve analogous to those of Fig. 8.3(a) can be pre-
computed and interpolated to speed up the algorithm).

8.6.2 Iterative approach based on two measurements

A complete fit of the PSF model is obtained by extending the approach intro-
duced in the above example to two measurements. The first measurement
is used to estimate the index of the immersion medium 7;, as well as the ac-
quisition positions {Zz,, }, and is thus assumed to correspond to a fluorescent
source located at the coverslip/specimen interface. This is straightforward to
achieve in practice (details are given in Section 8.7.1), although we will later
show that the algorithm converges to a correct solution even when the first
source is not located at z;, = 0.

A second measurement corresponding to a source at an arbitrary depth
in the specimen (preferably at the other extremity of the sample space with
respect to the depth of the object of interest) is used to estimate 71;. As part
of this estimation, the source position x,, as well as the amplitude A of the
source need to be estimated. As mentioned at the beginning of this section,
these parameters are also part of the estimation for the first measurement.

The complete fitting algorithm is schematically represented in Fig. 8.4.

The two sources are denoted z,(,a) and z,()b)

zz(?a) = 0. The full algorithm is an iterative procedure that alternates between

, respectively, and it is assumed that
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Figure 8.4 [Illustration of the PSF calibration algorithm. The PSF h, generated by a point
source at the coverslip/sample interface is used to estimate the refractive index n; of the im-
mersion medium, as well as the positions of the acquistions {z, }. In the optimization, it is

assumed that sz’ = 0. A second PSF h;, corresponding to a source deep within the sample is
used to estimate the refractive index n, of the sample. The proposed model, parameterized
by the estimates 7;, 75, and {2, } can then be validated against further PSF measurements
hyal through 3-D localization.

the two previously described estimation methods. For the estimation of n
and :i'j(ob), the acquisition positions are computed based on the estimates of
{zn} for the first measurement.

Asindicated in Fig. 8.4, the model generated by the estimated parameters
n;, s, and {2, } can be validated against other measurements in the sample

through localization, i.e., through the estimation of the source position a:éval) .

8.7 Results

Initial validation of the proposed model and algorithm was performed on
shift-variant PSFs generated with the exact model (8.6). In results similar to
the comparisons of Fig. 8.2, the fitted model was always equivalent to the
simulated measurements in noise-free cases. Experimental validation was
performed on fluorescent beads (170 nm PS-speck microspheres from Invit-
rogen) distributed over a thick layer (> 20 xm) of mounting medium.

8.7.1 Experimental setup

A diluted solution of beads was dried onto a coverslip and embedded in a
solid mounting medium (Dako GlycerGel, refractive index ns = 1.46), which
resulted in a homogeneous distribution of beads throughout the sample.
Imaging was performed using a 63 %, 1.4 NA oil immersion objective and
a 63x, 1.2 NA water immersion objective on a Leica DM 5500B widefield
epifluorescence microscope (HCX PL APO objectives). The correction rings
on the objectives were calibrated on a Leica TCS-SP2 AOBS confocal micro-
scope, in order to minimize coverslip-induced aberrations. Complete stacks
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o omp one ont 2P [m] | zalum]

Oilimmersion | 1.5145 1.515 1.4598 1.460 17.945 9.052
Water immersion | 1.3360 1.330 1.4603 1.460 28.936 13.189

Table 8.1 Estimated parameter values for the calibration experiments of Fig. 8.5.

of the sample were acquired; PSFs were manually chosen and segmented
from these data sets. Beads that are bound to the coverslip lie in the same
imaging plane and easily be detected.

8.7.2 Calibration results

The fitting results for selected PSFs are shown in Fig. 8.5. For the oil immer-
sion objective, the PSF at the coverslip/sample interface presents a slight but
noticeable asymmetry, which illustrates the likelihood of unexpected aber-
rations even in an ideal configuration where the system was carefully cal-
ibrated and the sample is the simplest possible, i.e. a point source bound
to the coverslip. Fitting the proposed model to this measurement together
with a PSF deep within the sample layer (see Fig. 8.5(a,c)) yields a model
that fits the experimental PSF well over the complete sample space. This is
illustrated in Fig. 8.5(b,e), where the measurement is localized (i.e., only x,, is
estimated) using the calibrated PSF model. Axial intensity profiles, shown in
Fig. 8.6 further emphasize the correspondence between the measurements
and model; the discrepancies in the secondary oscillations can be attributed
to noise and are much less obvious in the xz-section comparisons of Fig. 8.5.
The values of the estimated parameters are reported in Table 8.1. It should
be noted that the PSF corresponding to the design values of these parame-
ters (i.e., assuming that n; = n} and ng = n}) is significantly different from
the model obtained through the proposed fitting algorithm.

For the water immersion objective, the PSFs (measured using the same
sample) exhibit stronger aberrations. The PSF at the coverslip interface is
shown in Fig. 8.5(g); a PSF at the opposite extremity of the sample space in
Fig. 8.5(i). The model closely replicates the measurements, despite a slight
axial tilt in some of the experimental PSFs. Due to the tilt, the secondary os-
cillations are also less pronounced in the axial profile comparison of Fig. 8.7.
A measurement at an intermediary position (Fig. 8.5(h)) is again used to il-
lustrate the validity of the calibrated model at intermediary positions, and
the parameter values resulting from the fitting are reported in Table 8.1. For
this example, a standard PSF obtained through the design values of the sys-
tem is drastically different from the experiment and would be useless in de-
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Figure 8.5 Fitting results. (a-c) Measurements with a Leica HCX PL APO CS 63 x, 1.4 NA oil
immersion objective. (d-f) PSF model calibrated to (a) and (c). (e) Validation of the model
against (b). (g-i) Measurements with a Leica HCX PL APO 63x, 1.2 NA water immersion
objective. (j-1) PSF model calibrated to (g) and (i). (k) Validation of the model against (h).
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Figure 8.6 Axial intensity profiles for the 63 x, 1.4 NA oil immersion objective results shown
in Fig. 8.5. The black curve corresponds to measurements (a-c); the dashed red curve to the
fitted model (d-f). Discrepancies between the curves are likely to be due to noise.
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Figure 8.7 Axial intensity profiles for the 63x, 1.2 NA water immersion objective results
shown in Fig. 8.5. The black curve corresponds to measurements (g-i); the dashed red curve
to the fitted model (j-1). Discrepancies between the curves are due to a minor tilt in the axis
of the measurements, as well as noise.

convolution applications.

As the estimated parameters values in Table 8.1 show, the difference be-
tween the estimations and design values are relatively small. The refractive
index of the immersion medium clearly compensates for aberration sources
that are not modeled in the OPD. On the other hand, the estimated values for
the sample layer’s refractive index remain very close to the expected index.

Computationally, the algorithm is very efficient; in our implementation,
the evaluation of a PSF on 10° points, together with the relevant derivatives
required for the parameter estimation, is achieved in less than 1.3 seconds
(on a 2.66 Ghz Intel Xeon CPU). The complete fit of the model generally re-
quires less than 2 minutes.
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Figure 8.8 Axial intensity profiles for a fit to simulations lacking a measurement at the cov-
erslip/specimen interface. The sources were positioned at z, =5 um, z, = 12 ym, and z, =
20 pm; the axial intensity of the corresponding PSFs is shown in black. The dashed red curve
corresponds to the intensity of the model fitted under the assumption that z;,, = 0 um for the
PSF located in 2, = 5 um. Although the curves are not identical, the discrepancies between
them are not significant.

8.7.3 Validity of the method for arbitrary measurements

In some experiments, it might not always be possible to measure the PSF at
the coverslip/sample interface, especially when intrinsic point sources [158]
or an aqueous mounting medium are used (in which case it can be difficult
to bind fluorescent beads to the coverslip). The simplified OPD model is suf-
ficiently general and can incorporate a depth-dependent aberration compo-
nent into the index mismatch between n; and n,. In other words, the model
can also be calibrated with two PSFs measured at arbitrary depths within the
specimen; in the estimation algorithm, it is still assumed that zl(;a) = (0. Anex-
ample for such measurements is illustrated in Fig. 8.8, where measurements
were generated for point sources located at 5, 12, and 20 pm into the spec-
imen. The setup parameters correspond to the oil immersion experiments
described earlier, i.e., with n; = 1.515 and ns = 1.46. The PSFs corresponding
to z, =5 um and z, = 20 um are used to calibrate the model, and the PSF
at z, = 12 um is used for validation, as in the previous experimental com-
parisons. In this noise-free example, the correspondence between the fitted
model and the simulated measurements is optimal.

8.8 Discussion

The quality of the experimental results described in the previous section is
highly promising for the application of the proposed model to deconvolu-
tion. In the case of shift-invariant deconvolution, the reduced number of
parameters in the PSF combined with the fitting approach are an efficient
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means of obtaining a diffraction-limited, noise-free model that matches ex-
perimental conditions. It is well established that such combinations outper-
form other solution in terms of deconvolution quality [162]. Calibrating the
model by means of isolated point source measurements in the sample is fea-
sible to implement in practice; a similar sample preparation to the one de-
scribed can be used to include fluorescent beads in a biological specimen.

The main strength of the proposed approach is its suitability for shift-
variant deconvolution problems. Although relatively few results have so far
been published on this topic due to its computational and algorithmic chal-
lenges, axially shift-variant deconvolution has been shown to greatly im-
prove upon shift-invariant deconvolution for thick specimens [156], where
depth-dependent aberrations have a particularly strong effect on the PSF
(see, e.g., Preza et al. [83] and Shaevitz et al. [168]).

Although the description of the model and fitting algorithm focused on
widefield microscopy, the proposed framework is easily extensible to other
modalities, such as confocal microscopy and 2-photon microscopy. For
the former, this simply involves replacing the expression for the PSF with
|hx, (@5 Tp, T) | Br,,, (5 T, T) %, where Aex and Ay, are the excitation and
emission wavelengths, respectively. In addition to deconvolution, the algo-
rithm can also be used in other applications where an exact model of the PSF
is critical, such as single molecule localization approaches that are based on
a PSF model, or for the quality assessment of microscope objectives.

Possible extensions of this work include, foremost, the application and
evaluation of the calibrated model both in shift-invariant and shift-variant
deconvolution. For shift-variant deconvolution, the model might be partic-
ularly useful in blind parametric approaches. Due to the minimal number of
parameters, it should provide a significant advantage over methods that rely
on more complex models (see, e.g. [163]).



Chapter 9

Model-based 2.5-D

deconvolution for extended
depth of field in brightfield
microscopy

9.1 Introduction

The limited depth of field of conventional brightfield microscopes is a sig-
nificant shortcoming when imaging specimens whose thickness and surface
profile extend beyond the system’s focal range. It is impossible to image such
samples entirely in focus with a single acquisition; only those portions that
lie within the depth of field appear in focus and sharp, whereas the remain-
ing regions are blurred by the system’s point spread function (PSF). A com-
mon way around this limitation consists in acquiring a series of optical sec-
tions of the sample by gradually moving it through the focal plane. This re-
sults in a “z-stack” of images that collectively contains all available in-focus
information of the specimen. Such z-stacks can be difficult to interpret, and
the success of an automated analysis essentially depends on its ability to cor-
rectly identify in-focus information. Many methods have been proposed for
extending the depth of field of microscopes, either by optical means [169] or
through image processing [170-172], and sometimes via a combination of
both [173]. In practice, it is often achieved via the fusion of images by means
of extended-depth-of-field (EDF) algorithms [174]. In this chapter, we pro-
pose a new model-based alternative to these approaches which combines

This chapter is based on: E Aguet et al., “Model-based 2.5-D deconvolution for ex-
tended depth of field in brightfield microscopy,” IEEE Trans. Image Process., vol. 17, no. 7,
pp. 1144-1153, 2008, [47].
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the recovery of both the texture and the topography of the specimen in a sin-
gle, global optimization process.

9.1.1 Review of previous work
Optical techniques

The first type of solution relies on modified microscope optics along with
non-standard acquisition schemes. McLachlan described a system for il-
luminating the focal plane with a sheet of light that permits integration by
axially scanning over the desired range of the specimen, and thus avoids col-
lecting out-of-focus information [175]. Similarly, Sheppard et al. later pro-
posed confocal microscopy as a means of scanning and integrating the sam-
ple along the axial direction [169]. An acquisition scheme using structured
illumination was presented by Burke et al. [176]. A further approach con-
sists in using pupil masks [177]; wave-front coding to increase the depth-of-
field has been demonstrated in [178,179]. It is also worth noting that promis-
ing results have been achieved via annular illumination in the case of two-
photon fluorescence microscopy [180].

Computational techniques

None of the above methods are practical or possible to implement for con-
ventional brightfield microscopy, and thus image processing was exploited
early on to propose alternate solutions. Regrouped under the denomina-
tion of EDF algorithms, this second type of solution facilitates the visualiza-
tion and interpretation of z-stack acquisitions by combining the in-focus in-
formation from multiple images into a single fusion image that depicts the
specimen entirely in focus. Due to the thickness and staining of samples
prepared for brightfield microscopy, it is generally assumed that the infor-
mation that appears in focus lies on the surface of the specimen (we shall
refer to this information as the specimen’s texture). Given a z-stack acquisi-
tion, the goal of EDF algorithms thus lies in determining the in-focus posi-
tion z that corresponds to the surface of the specimen for every point (x, y)
in the image plane. Almost all existing EDF methods are variations of the
following scheme:

1. Slice-by-slice application of a high-pass criterion.

2. Energy measurement in alocal neighborhood around each pixel (z, y)
in every slice z.

3. Construction of an in-focus map by selection of the slice index z with
maximal energy at every position (x, y).
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4. Generation of the EDF image based on the in-focus index map.

A notable byproduct of the above is the topographical information obtained
in the form of the in-focus index map.

One of the earliest descriptions of EDF algorithms can be traced back
to Pieper and Korpel; these authors discussed the use of pointwise criteria
based on intensity, as well as nondirectional finite difference filtering to dis-
criminate for in-focus regions [170]. Subsequently, Sugimoto and Ichioka
suggested using the variance within fixed windows of the acquired z-stack
as a possible sharpness criterion [181]. They also showed that the texture
and topography can be used to generate a stereoscopic representation of the
sample. Itoh et al. adapted this approach to account for possible intensity
variations in reflected light microscopy by introducing a cylindrical lens into
the system and evaluating the local variance according to the resulting astig-
matic aberrations [182]. Other proposals include high-pass filtering [183],
and gradient-based approaches, where the presence of sharp edges is used
to detect in-focus areas [184].

To date, the most successful approaches rely on some form of multires-
olution analysis; e.g., steerable pyramids [185-187] and wavelet decomposi-
tions [84,171, 188-191]. By applying a wavelet transform to every slice, one
automatically performs high-pass filtering at different resolutions. This ap-
proach avoids the choice of a fixed-size filter. The selection of the in-focus
slice is performed in the wavelet domain too; i.e., at every resolution level.
For a state-of-the-art wavelet approach, we refer to [174]; this work also in-
cludes a comparative evaluation of the primary EDF methods.

9.1.2 Towards a new model-based approach

The primary goal of all methods outlined above is to yield an accurate rendi-
tion of the sample’s texture. Although the map of selected in-focus slice po-
sitions for every pixel yields some topographical information, this distance
map is noisy and coarsely discretized, and is ill-suited for accurate 3-D re-
construction and texture mapping. Some approaches (see, e.g., [84]) use lo-
cal consistency checks and smoothing to improve the appearance of the to-
pography, but they do not guarantee an accurate interpretation of the spec-
imen’s surface profile, nor do they suppress the inherent “staircase” effects.

In this chapter, we propose a new algorithm for EDF that uses a paramet-
ric model of image formation to recover the specimen’s texture and topog-
raphy through an optimization process. Specifically, we assume that image
formation is the result of a 3-D convolution between the PSF of the system
and the sample, where the latter is modeled as a texture mapped onto a thin
surface, which is described by a topography map [192]. We then formulate
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the EDF reconstruction as a least-squares estimation problem, and propose
asolution by alternate optimization of the texture and the topography. Com-
pared to the previously discussed EDF techniques, the topography is not lim-
ited to discretized values anymore, since it can change in a continuous way to
maximally match the measurements. A further advantage is that the texture
estimation process is capable of acting as a deconvolution in cases where a
residual blur remains at the in-focus position, or when the true in-focus po-
sition falls in between two slices. Compared to classical deconvolution, the
texture estimation is much better conditioned since the whole z-stack con-
tributes to its estimation — hence this process can be interpreted as a 2.5-D
deconvolution operation.

9.1.3 Organization of the chapter

In the next section, we introduce our image formation model. After this, in
Sect. 9.3, we formulate the least-squares estimation problem, along with its
iterative, gradient-based solution. Subsequently, we present a simple, com-
putationally efficient Gaussian PSF model and compare it to accurate optical
models (Sect. 9.4). The proposed algorithm is then demonstrated in Sect. 9.5,
where simulations and experimental results are shown. Finally, there are a
number of practical issues raised by our technique that are investigated in
Sect. 9.6, where we also discuss the influence of the PSF model’s accuracy
on the estimation results.

9.2 Image formation in brightfield microscopy

Brightfield microscopes can be configured to use either transmitted or re-
flected light (called diascopic or episcopic configurations, respectively), de-
pending on the specimen’s optical properties. The transmission mode is ap-
propriate for samples that are sufficiently transparent, whereas the reflec-
tion mode makes it possible to image opaque specimens. Consequently, we
propose an image formation model that applies to both modalities. For an
opaque specimen imaged in reflection, the object can be modeled as a 3-D
surface, which leaves image formation unchanged. It turns out that this thin
surface model is a valid approximation for the diascopic configuration as
well, under the condition that the specimen is sufficiently thick, such that its
surface alone appears in focus. It should be noted that in the latter case, this
is a somewhat idealized representation that ignores potential out-of-focus
contributions from beneath the surface of the specimen (note, furthermore,
that these contributions vary depending the local thickness and density of
the specimen). However, it is a necessary simplification to make our ap-
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Figure 9.1 Image formation: illustration of the forward model. A texture mapped surface consti-
tutes the object, which is convolved with the 3-D PSF of the system and sampled to obtain a z-stack
acquisition. Phantom data for use in simulations was generated using this model.

proach feasible, and our experiments indicate that it does not ensue in a loss
of precision in the estimation results (see Sect. 9.5). For this approximation
to apply, transparent specimens should be significantly thicker than the sys-
tem’s depth of field, which is defined as

= NAZ’ (9.1)

where A is the illumination wavelength, n; is the refractive index of the im-
mersion medium, and NA designates the numerical aperture of the objec-
tive.

The theoretical developments below and in the following sections are
stated for grayscale or single-channel data. The extension of these results as
well as other issues pertaining to multi-channel data are presented in Sect.
9.3.5.

As mentioned, we express the sample o(z,y, z) as a 3-D surface, de-
scribed by a topography p(x, y) onto which a texture f(z,y) is mapped:

O(Q?,y,Z) :f(ZE,y)(S(Z—p(,I,y)), (92)
where the Dirac distribution represents the surface. The image formation

and acquisition process is modeled as a convolution between the object
and the microscope’s 3-D PSF h(x, y, z), yielding the volume of acquisitions

S(z,y, 2):
5(z,y,2) = /R2 f(u, v)h(m —u,y — v,z — pu, v)) du dv. (9.3)

In practice, this is followed by sampling to generate discrete data.
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9.3 Joint texture and topography estimation

We propose to recover the topography and texture based on the quadratic
cost function

J(f,p) = /]1&3 (s(x,y,z) — 3(z, v, z))2d$ dydz, (9.4)

where s is the measured image stack. Given this formulation, it is easy to see
that an estimate of the topography will depend on the texture, and vice-versa.
Therefore, we resort to an iterative two-phase optimization method that al-
ternately updates the texture and the topography, where the texture and the
topography at the rth iteration are denoted as f(7) and p(7), respectively.

Note that this solution can be interpreted in the context of maximum
likelihood. Under the hypothesis of an additive white Gaussian noise com-
ponent on the image formation model described by Eq. (9.3), the mini-
mization of (9.4) is equivalent to maximizing the corresponding likelihood
function. In that setting, the estimation is performed using the expectation-
maximization algorithm (EM) [193], where the texture represents the quan-
tity to be estimated, and the topography corresponds to the hidden state.
Specifically, the E-step performs the update of the texture given the current
estimate of the topography (i.e., the hidden state), whereas the M-step up-
dates the topography. This noise model is a valid assumption in the con-
text of brightfield microscopy, where Gaussian-distributed read-out noise is
the primary source. Nonetheless, in state-of-the-art cameras, read-out noise
can usually be deemed negligible when compared to signal intensity.

In the following sections, we present the texture and topography estima-
tion phases of the algorithm, and discuss some implementation issues. Two
methods for texture estimation are described: a general one based on a non-
separable PSF model, and a computationally more efficient one based on a
simplified, separable PSF model.

9.3.1 Texture estimation

Exact model

Given an initial or current estimation p(™) of the topography, we estimate the
texture by minimizing the cost function (9.4) with respect to f:

FU = arg min J(f,p). (9.5)

This minimization cannot be obtained in closed form, and is achieved by
performing a steepest descent on J with respect to the texture f(x,y). The
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partial derivatives, easily obtained by applying the chain rule, are given by

oJ
of (x,y)

—2/ e(z,y, z)h(w — U,y — v,z — p(T)(u, U)) dxdydz (9.6)
R3

U=z, 0=y

= — 2(6 * hT) (% y)p(T)(x’ y))7

where -7 stands for the spatial transpose; i.e., h' (z,y,2) = h(—z, —y, —2),
and where e(x,y,z) = s(z,y,z) — §(x,y, z). The gradient descent update
step then consists of

oJ
(z,y)’

F @, y) = 7@, y) - a (97)
of

where fi(;gl)(x, y) is initialized with f(7)(x,y). The factor & > 0 controls

the strength of the update; its optimal value is obtained by performing a line

search, which leads to

/6(ﬂf,y72)w(w,y,«2)dwdydz
Qopt = — R? ) (9-8)
/w(m,yjz)dedydz
R3

where

w(x,y,z) = /R2 3f((97;], ) h(x —u,y — v,z — pu, v)) du dv. (9.9)

Starting from f(7), several subiterations (index i) defined by Eq. (9.7) are
performed to finally obtain a new estimate of the texture f(7+1),

Simplified, separable model

We now consider the above developments in conjunction with the simplest
PSF model satisfactory for our image formation model, and show how this
leads to an efficient and practical algorithm. The model

h(z,y,z) = 0(x)d(y)h(z) (9.10)

can be related to the hypothesis of in-focus information being correlated
with intensity extrema along z [170]. Applying this, the forward model of
(9.3) becomes

5(z,y,2) = /]R2 f(u,0)é(z —u)d(y — v)h(z — p(u,v)) dudv
= f(z,y)h(z — p(z,y)),

(9.11)
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and the cost function accordingly simplifies to

Ho) = [ (560 = f@h(z=pew) de (@12

where x = (x,y, z). The main point is that the global cost function can now
be decomposed as

o) = [ I w9 dod (9.13)
where
J(f.p) () = /R (s(,9,2) — Fah(z —ple. ) dz (9.14)

and, consequently, the minimization can be performed in a decoupled
fashion around the current point (z,y). Specifically, the minimization of

J(f,p)(z,y) with respect to f(z,y) yields

/ s(z, v, z)h(z — p(z, y)) dz
f(:c,y) = <R 5 . (9.15)
/Rh(z —p(x,y)) dz

This expression is essentially a weighted interpolation among the slices
of the z-stack around the position indicated by the topography. The above
development can also be considered in the context of nearest-neighbor de-
convolution, where analogous assumptions concerning the decoupling of
the image formation model are made [194]. The key advantage of this sim-
plified algorithm is the stability it lends to the overall estimation when used
in conjunction with the topography estimation algorithm discussed below.
This aspect, together with the use of the gradient-based estimation algorithm
to perform deconvolution of the texture, is detailed at the end of this section
and in the discussion (Section 9.6).

9.3.2 Topography estimation

In similar fashion, the topography can be updated using the latest texture
estimate f (7+1) | To this end, we minimize the cost function with respect to
the topography:
Y = argmin J (7Y p). (9.16)
P
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The partial derivatives are also obtained using the chain rule as

oJ

_ (t+1)
8p($,y) 2f (U,U)

X/ €($7yaz)hz($—u,y—v,z—p(u,u))(hdydz (917)
R3

u=x,v=yY

= 2fT D (2, y) (e* hZ) (z,y,p(z,9)),

where h, stands for the partial derivative of the PSF with respect to z. Then,
the gradient descent update step for the topography is

(r+1) (r+1) a9J
A z,y) =p, z,Y) — .
pz-{-l ( y) p ( y) ap(l" y)

(9.18)

9.3.3 Coarse-to-fine optimization

The direct dependence of the topography update upon the current texture
estimate f("*1) can perturb the algorithm in its initial stages when strong
global adjustments are being made, and make it converge towards an er-
roneous local optimum. To deal with this potential instability, we propose
to perform the topography estimation in a coarse-to-fine framework, which
has the effect of imposing regularity and robustness to the topography up-
date, as the following development will show (see also Fig. 9.3). In our im-
plementation, we have chosen to represent the topography at resolution m
in a shift-invariant basis generated by symmetric B-splines of order n dilated
bym € N*:
n, X
pm(x) - Z Cm[k]ﬁ (m - k)a (9-19)

keZ?

with x = (z,y) [195], and where the 2-D basis functions are formed from the
tensor product of their 1-D counterparts. The minimization problem (9.16)
then amounts to finding the “optimal” B-spline coefficients ¢,, k|. The cor-
responding partial derivatives of the criterion are

0J u v
=7  _9 n_Z _f
Gt =2 [ =k = D)
x(/ e(x,y,z)hz(x—u,y—v,z—pm(u,v)) dxdydz) dudv
R3

(9.20)
— (BT + f;;ﬂmk,mw

— (B + ) (b, ),
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Figure 9.2 Downscaling and upscaling steps in the coarse-to-fine topography estimation
algorithm. (a) B-spline gradient coarsening. (b) Fine-scale interpolation of the B-spline to-
pography model.

where 3, (z) = 8"(;;). Thus the gradient on the coefficients is essentially
a smoothened and downsampled version of g—;, which can be implemented
according to the block diagram shown in Fig. 9.2(a), where the smoothing
filter b7, [k] = $"(X) is the sampled version of the basis function in (9.20).

m

Accordingly, the coefficient update at scale m becomes
. . oJ
SV 1) = D[k, 1) — as . (9.21)

The fine scale sampling of the topography (required at each iteration) is fi-
nally obtained by upsampling c¢,,, and post-filtering the result, as summa-
rized in Fig. 9.2(b).

Due to the dependence of h on pin Eq. (7.22), the line search in Eq. (9.20)
cannot be achieved in closed form. Here it is desirable to apply an iterative
minimization scheme that does not depend on a parameter regulating the
update step. Unfortunately, J(f,p — a.J),) is not necessarily convex, and
thus a bounded optimization approach (i.e., via a quadratic upper bound)
cannot be deployed. Instead, we resort to inverse parabolic interpolation,
which converges reasonably fast and can by easily controlled via Brent’s al-
gorithm [196]. In practice J(f,p — «.Jp) is smooth and has a unique mini-
mum, and thus this scheme proves to be very efficient, requiring only a min-
imal number of iterations.

9.3.4 Implementation

The joint estimation of the texture and topography from a volume of acqui-
sitions is achieved by alternating iterations of the methods outlined above.
Starting from an initialization of the texture, we iterate between estimating
the topography at scale m and refining the texture. Upon convergence at that
scale, the algorithm switches to a finer scale (m’ = m/2 in the dyadic case)
and replicates this process. This is repeated until convergence at scalem = 1
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Figure 9.3 Schematic representation of the optimization algorithm. Starting from an esti-

mate of the topography pﬁg ) at scale m, the method alternates between texture and topogra-

phy estimation until convergence at that scale, after which the process is repeated at succes-
sively finer scales.

isreached (see Fig. 9.3). In order to make this procedure as computationally
efficient as possible, the texture estimation is performed using the simplified
model at all scales except m = 1. At that stage, the higher precision and es-
pecially the deconvolution capabilities of the exact, gradient-based method
are applied to generate the final fusion image. For the description of the to-
pography, we used cubic B-splines (n = 3).

9.3.5 Refinements for processing color data

We propose to process multi-channel data sets via a straightforward exten-
sion of the algorithm above. While it would be possible to formulate our
method to simultaneously operate on multiple channels, we believe that do-
ing so during the estimation of the topography does not provide sufficient
advantages when weighted against the resulting increase in computational
cost, and, to alesser degree, the influence of further degrees of freedom in the
PSF model on the estimation result. Consequently, we chose to perform the
estimation on grayscale data, appropriately converted from the color input.
Dyes binding to a particular structure such as cell membranes or nuclei are
frequently employed in biology; as a result, large specimens tend to exhibit
a strongly dominant color after preparation. Taking this bias into account by
performing the grayscale conversion using appropriate weights (obtained,
for example, using principal component analysis) can lead to markedly im-
proved results, as shown in [84].

The only modification to the single-channel algorithm then consists of
extending the last texture estimation step (after the topography has con-
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verged at scale m = 1) to operate on all channels in parallel, i.e., by applying
each step of Eq. (9.7) individually to each channel.

9.4 Theoretical PSF model

The gradient-based algorithms presented above are not bound to any partic-
ular PSF model. In principle, it is therefore possible to use a highly accurate
theoretical model that is potentially axially shift-variant and takes into ac-
count spherical aberrations, such as the scalar model proposed by Gibson
and Lanni [71]. However, given that the problem is reasonably well-posed,
and for the sake of decreasing computational complexity, we argue for the
use of a Gaussian approximation of the microscope’s PSF. Since PSF mod-
els are usually formulated for a single wavelength, they should be integrated
over the spectrum of the light source used. In modern brightfield micro-
scopes, the light source is well balanced over the visible spectrum, which
means that the PSF needs to be uniformly integrated over the interval of vis-
ible wavelengths. The result of this integration is essentially a smoothing ef-
fect; in fact, the xy-sections of a white-light PSF for a low magnification ob-
jective closely resemble Gaussians.

At each iteration of the topography estimation, the PSF needs to be sam-
pled over a given support for each point of the topography. It is therefore
highly advantageous to use a Gaussian PSF model that is computationally
much less complex to evaluate than an optically accurate PSF that involves
numerical integration. As illustrated in Fig. 9.4, a good estimate of the PSF
can be obtained by fitting a model of the form

__ 1 & _<+y>>
h(z,y,z) = T EL p< 500 T 2] (9.22)

to a theoretical PSF evaluated according to the optical properties of the mi-
croscope used, or to an experimentally measured PSF.

A key property of brightfield microscopes consists in Kohler illumina-
tion, which is designed to uniformly illuminate the sample independently
of the position of the focus [197]. To account for this, the PSF needs to be
normalized such that the intensity within each xy-section is equal to unity.
This is not necessarily the case when the Gaussian PSF model is sampled
over the integers. In particular, when o = 79 + 71|z| tends towards zero,
Zi’ e h(i, j, ko) goes to infinity, which is physically non-plausible. In or-
der to avoid numerical blow up when o < 0.8, we further normalize h by

1 =1 =3 \2
(1—}—2622(14—6202)) , (9.23)

2mo?

which is the sum over the essential support of the Gaussian.
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Figure 9.4 Comparison between a scalar PSF model [71] and its Gaussian approximation
for a 10x, 0.3 NA objective for a CCD with 6.7 x 6.7 um? pixels. Different focal settings are
shown. For a given amount of defocus, the same dynamic range is used for illustration pur-
poses. The corresponding parameters of the Gaussian model (Eq. (9.22)) are 1o = 0.670, and
71 =0.734. A5 pm increase in defocus corresponds to a unitary increase in z.
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Figure 9.5 Simulation results for topography estimation using the variance-based, CWT-
based, and model-based algorithms.

9.5 Results

We now present estimation results obtained from several data sets, first in
simulation and then on acquisitions of biological specimens. Where appro-
priate, we compare our results to two reference methods for validation: one
based on alocal variance criterion and the other on a wavelet transform. As
mentioned earlier, the former constitutes the classical approach to EDE It
has a low computational complexity and generally yields results of reason-
able quality, which explains its ongoing popularity. Specifically, we com-
pute the variance in a 5x5 window, and filter the resulting topography using
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Method Texture SNR  Topography SNR
Variance 32.07dB 26.94 dB
CWT-EDF 32.41dB 35.89dB
Model-based 54.22 dB 53.36 dB

Table9.1 Quantitative performance comparison for topography and texture estimation for
various EDF methods

a Gaussian kernel with ¢ = 2 to enforce local smoothness.

Among state-of-the-art wavelet-based methods, we chose the complex
wavelet-based EDF algorithm of [84], co-developed by two of us (from this
point on, we will refer to it as the CWT-EDF method), which was shown to
outperform competing methods in many instances. This choice is further
justified by it being the only recent method that aims at providing a coherent
estimate of the topography by imposing local smoothness and consistency
constraints.

9.5.1 Performance comparison in simulation

In order to have a ground truth at our disposal for the comparison and qual-
itative assessment of the results produced by the above cited methods, we
performed a first series of experiments using a simulated set of acquisitions.
A z-stack ofimages was generated from a given topography and texture using
the object and image formation model, i.e., by applying the non-stationary
convolution of (9.9) (see Fig. 9.1).

In Fig. 9.5, we compare the topography estimation results obtained
on a simulated stack containing eight images of a dome-shaped object
onto which a 256 x256 texture was mapped. The latter was derived from a
brightfield image of a histological slide containing murine liver tissue. Our
implementation of the CWT-EDF method permits to control the smooth-
ness of the estimated topography; here we empirically optimize this step
to maximize the quality of the topography. As expected, the model-
based algorithm correctly recovers the topography, while the two refer-
ence methods only approximately approach the correct shape. The qual-
ity of the estimation results, in terms of the signal-to-noise ratio SNR =
101log;,(||signal||?/||noise||?), is documented in Table 9.1. The continuous-
domain formulation of the object model in our approach not only leads to
a better estimation of the topography, but also deconvolves the texture at
locations between slices, which accounts for the gain in estimation quality
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Figure 9.6 Individual image slices from the Peyer’s patches stack. Distinct in-focus areas are clearly
visible.

of both signals. Care was taken to generate phantom data containing in-
focus information for all (z, y)-positions; this explains the relatively good
quality of the texture estimation results for all methods. We initialized our
method with a flat topography, and performed iterations at the scales m =
{8,4,2,1}. In general (also for the results on experimental data) the topog-
raphy estimation typically requires around five subiterations, whereas the
texture requires only 2-3 steps of the gradient update to reach convergence.

9.5.2 Results on experimental data

We now demonstrate the potential of our method on two sets of experimen-
tal acquisitions, one for a transmission setup and the other for a configura-
tion using reflected light. The first specimen consists of a section of mouse
intestine containing Peyer’s patches, stained using a membrane-labeling
dye. The sample was imaged using a Zeiss Plan-Neofluar 40 x, 0.75 NA objec-
tive in airimmersion, with a Jenoptik ProgRes CCD camera with 4.3 x 4.3 ym?
pixels. 16 optical sections in steps of 3 pym were acquired. The acquisitions
have aresolution of 1996 x 1450 pixels, several of which are shown in Fig. 9.6.

The topography resulting from the joint estimation, shown in Fig. 9.9,
clearly reveals the heap-like structure of the sample. This result was obtained
by initializing the algorithm with the variance method, and by performing
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(b)

Figure 9.7 Comparison of texture estimation against a wavelet-based method. The spec-
imen is a sample of Peyer’s patches in the mouse intestine. (a) Texture obtained using
the complex wavelet-based algorithm described in [84], with maximal quality settings. (b)
Texture resulting from our joint estimation algorithm. The coarse-to-fine estimation ap-
proach ensures local smoothness, which prevents mis-selection artifacts that are typical of
approaches that rely on a high-frequency criterion.

iterations at the scales m = {16,8,4,2,1}. In Fig. 9.7 we compare the tex-
ture obtained with CWT-EDF and our method. At a first glance the results
look similar, but the inspection of some details (see highlights of Fig. 9.7 in
Fig. 9.8) reveals a marked improvement with our method. Notably, there is a
complete absence of color artifacts typical of wavelet-based methods. Also,
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Original

Figure 9.8 Details of the texture estimation comparison from Fig. 9.7.

the deconvolving action of the texture estimation restitutes several in-focus
regions missing from the acquisitions. This is most noticeable around the
cell boundaries, which appear much sharper (compare also with [191]).

Some artifacts are present in the topography, especially around the bor-
ders where structures are visible but out of focus in the acquisitions. These
artifacts are direct effects of the convolution between the topography gradi-
ent and the basis functions during the coarse-scale iterations. As the algo-
rithm moves to finer scales, a lack of in-focus information prevents further
adjustments in the concerned regions.

Our second test specimen consisted of acommon house flyimaged in re-
flection using a Zeiss Achroplan 4 x, 0.1 NA objective in air immersion, with
a QImaging Retiga CCD camera with 6.45x6.45 um? pixels. The acquisitions
were cropped to a 1000 x 1000 pixel region around the fly’s eye. The z-stack
consists of 32 images with a z-step of 20 ym.

The topography resulting from the joint estimation, shown in Fig. 9.11,
reveals the homogeneous structure of the eye. The peaks present in the to-
pography correspond to small hairs, which are also visible in the texture (Fig.
9.12). This result was obtained by initializing the algorithm with the variance
method, and by performing iterations at the scales m = {32, 16,8, 4,2, 1}.
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Figure 9.9 Texture mapping of the estimated texture from the Peyer’s patches stack onto
the corresponding estimated topography.

As these results attest to, recovering an accurate representation of the to-
pography not only facilitates the analysis of thick specimens, but also leads
to marked improvements in the estimated texture. Furthermore, the exper-
iments confirm that the 2.5-D deconvolution leads to a sharp estimate of
the texture when in-focus information is missing from the acquired data, or
when it falls between acquisitions.
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Figure 9.10 Individual images from the fly eye stack. Distinct in-focus areas are clearly visible.

500y [um]

Figure 9.11 Texture mapping of the estimated texture from the fly stack onto the corre-
sponding estimated topography.

9.6 Discussion

There are two key factors that can strongly impact on the performance of our
method. We begin this section by examining the influence of the parameters
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Figure 9.12 Fusion image estimated from a z-stack of a fly’s eye.

controlling our Gaussian PSF model on the quality of the results, and subse-
quently discuss the computational performance of our approach in compar-
ison to competing methods, in connection to which we briefly comment on
possible initializations of the algorithm.

9.6.1 Sensitivity to the PSF model parameters

When dealing with experimental acquisitions, it frequently occurs that the
PSF can only be approximately determined or measured. However, since
the optimization of the texture and topography is generally well-posed (this
is largely dependent upon the number of acquisitions in the z-stack), the re-
construction algorithm can be expected to be relatively insensitive to the pa-
rameterization of the PSE. This isindeed the case; to a certain extent, only the
in-focus PSF h(z,y,0) needs to be precise. Otherwise, due to our assump-
tions on the specimen, the deconvolution of the fusion image is either too
weak;, or results in out-of-focus information being falsely reallocated to the
texture. The Gaussian PSF approximation holds very well at the in-focus po-
sition, and consequently does not significantly affect the results.

In theory, an erroneous PSF can have an effect on the gain of the texture,
i.e., lead to a scaling in intensity. This can in turn affect the topography esti-
mation, and is especially problematic when operating on color data, where it
can lead to false color artifacts. In our algorithm, however, due to the use of
the separable texture estimation step throughout the joint estimation, this
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effect is avoided altogether. Indeed, when considering the texture estima-
tion as an interpolation, the possible values for the texture are constrained
to the dynamic range of the input volume.

Simulations using data generated from the model showed that an error
up to 30% on the 7, parameter in the PSF model (9.22) leads to the recovery
of the topography without any significant loss in accuracy.

9.6.2 Computational aspects

Although, due to its sophistication, our approach incurs a higher computa-
tional cost than wavelet-based EDF methods (which require a forward and
inverse transform in combination with what are essentially point-wise oper-
ations), this cost is largely compensated for by the increased quality of the
results. Nevertheless, the cost can by minimized by employing the separa-
ble texture estimation step whenever deconvolution of the texture isn’t nec-
essary (note that it cannot be diminished for the topography estimation). In
practice, it therefore makes sense to reduce the total number of iterations
by computing an initial estimate of the topography via the variance-based
method. Given such an initialization, many coarse-scale iterations can be
avoided. Using this scenario, our algorithm requires 64 s on a 512x512x10
stack, whereas the CWT-EDF algorithm requires 16 s. Further means of ac-
celeration could be a topic for future research.

9.7 Conclusion

We have presented a new approach to extended depth of field that consti-
tutes a significant improvement over current methods in terms of the qual-
ity of the results. By stating the problem as a joint estimation of the sam-
ple’s texture and topography, we are able to successfully recover a continu-
ous and characteristic representation of the topography, devoid of the dis-
cretization artifacts present in existing methods. Additionally, the joint esti-
mation model acts as a 2.5-D deconvolution operation for the resulting fu-
sion image, which yields sharper textures, especially when the true in-focus
information lies between acquisition planes. We demonstrated the validity
of the approach on simulated data sets that were generated with a known
topography, and obtained promising results on experimental acquisitions;
improvements due to the continuous topography and texture deconvolution
are clearly visible.

Since the recovered topography is continuous, it would be feasible to re-
construct a stereoscopic representation to further enhance the 3-D visual-
ization of the specimen, as was suggested in [181]. While we presented our
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method in the context of brightfield microscopy where it is likely to find its
most immediate application, it is clear that, due to the relatively low sensi-
tivity to accuracy of the PSE the method is applicable to a wider range of op-
tical systems with a limited depth of field. For example, a 3-D vision system
combining shallow depth of field optics with the proposed method could be
envisaged. In microscopy still, the method raises the possibility of perform-
ing profilometry, where it should be interesting to see with what accuracy
the surface profile of an object can be quantitatively determined.

Foremost, our results illustrate the potential of a model-based approach
in the context of EDE Our solution has no pretense of optimality but should
rather be viewed as a proof of concept. There likely is room for exploration
and improvement, i.e., by applying a different regularization criterion, or by
devising other algorithms that optimize the proposed cost function. A Java
implementation (Image] plugin) of this work is available at

http://bigwww.epfl.ch/demo/edf/



Chapter 10

Conclusion

In this thesis, we introduced a framework for super-resolution fluorescence
localization microscopy based on physically realistic PSF models. Specifi-
cally, we described algorithms for 3-D localization and orientation estima-
tion of single fluorophores. Validation results indicate the potential of these
methods to improve upon and outperform state-of-the-art super-resolution
microscopy techniques. The principal results and contributions are summa-
rized in the next section.

10.1 Summary of results

o Super-resolved single molecule localization in 3-D A framework
for super-resolution localization of single fluorescent molecules based
on a physically accurate image formation model was described. Exper-
imental results for the proposed maximum-likelihood 3-D localization
algorithm demonstrate accuracies at the nanometer scale in the acqui-
sition plane and at the 10-nanometer scale along the optical axis; these
values are in agreement with the theoretical limits on localization ac-
curacy that were established using Cramér-Rao bounds [44].

¢ Super-resolved dipole orientation estimationin 3-D A method for
the joint orientation and position estimation for fluorescent dipoles
based on a 3-D steerable filter was introduced. In addition to
nanometer-scale accuracies for lateral localization, orientation accu-
racies of the order of one degree are reported [45]. These results
demonstrate the feasibility of super-resolved 3-D single molecule po-
sition and orientation estimation based on a physically realistic PSF
model for the first time.

159
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o Physically realistic PSF models The proposed localization algo-
rithms rely on a physically accurate, axially shift-variant PSF model,
which was described using state-of-the-art results from the literature.
This model was extended for fluorescent dipoles and formulated as a
steerable decomposition based on six basis functions, rendering the
calculation of dipole diffraction patterns highly efficient [45]. Fur-
thermore , a maximume-likelihood algorithm for the estimation of un-
known parameters in these PSFs was proposed; results show an ex-
cellent agreement between the model and experimentally measured
shift-variant PSFs. A fast numerical implementation of these models
that accelerates computation by at least an order of magnitude with
respect to competing approaches was described.

o Extended-depth-of-field imaging An extended-depth-of-field al-
gorithm for the extraction of in-focus information from brightfield mi-
croscopy z-stacks was described. The fusion of in-focus information
and estimation of the associated continuous topography is formulated
as a 2.5-D deconvolution problem in a setting that extends the previ-
ously introduced localization methods to more complex object mod-
els, such as 3-D surfaces [47]. It is the first extended-depth-of-field
method to estimate a continuous and super-resolved topography of
specimens, enabling their 3-D visualization and facilitating their anal-
ysis.

10.2 Outlook for future research

The super-resolution localization methods presented in this thesis were val-
idated either on single fluorophores or on fluorescent microspheres acting
as point sources, which demonstrated their applicability to FLM. In addition
to implementing the 3-D localization and orientation estimation algorithms
in FLM and further validating them on a biological specimen, several exten-
sions of these results are worth investigating.

¢ 3-D localization in FLM The experiments described in Chapter 7
demonstrate that off-focus images of single Cy5 molecules with clearly
visible diffraction rings and relatively high SNRs can be obtained in
practice. These experiments were performed on molecules at an
air/glass interface; nevertheless, similar observations were made for
Cy5 molecules in water, where the SNR was diminished due to a
stronger background signal. Thus, there exist no significant obstacles
to implementing the proposed PSF-based 3-D localization method in
FLM.
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o Super-resolved single molecule FRET The single molecule orien-
tation estimation accuracies reported in Chapter 7 are based on mul-
tiple images of the same molecule, and consequently lack validation
against an absolute reference. We are currently investigating orien-
tations in single molecule FRET experiments [198], where the trans-
fer efficiency is correlated with the relative orientation between the
donor and acceptor [199]. Using the setup described in Appendix D, it
is possible to simultaneously record donor and acceptor fluorescence,
and consequently to perform orientation estimation and FRET analy-
sis. By labeling the 5’ ends of of double-stranded DNA fragments with
a FRET pair such as Cy3-Cy5, the relative orientation between the two
molecules can be precisely defined as a function of the number of base
pairs in the fragment [200]. In addition to validating the proposed al-
gorithm and PSF model, this method would also constitute a novel,
high-precision approach to single-molecule FRET.

o Rotational freedom in dipole orientation imaging Single molecule
orientations can be successfully measured as long as the molecule re-
mains immobile during image acquisition. Although there exist pro-
cesses where this constraint is satisfied (see, e.g., [141]), itis frequently
not the case. Fluorophores typically have some rotational freedom, in
which case the observed diffraction pattern only partially satisfies the
dipole model. For experiments where this is observed, the steerable
filter optimization could be generalized to take integration over the ap-
propriate angles into account.

o Samplingin FLM Most of the signal processing efforts in FLM have
so far concentrated on the localization problem, whereas the sampling
aspects associated with the labeling, stochastic excitation, and imag-
ing of fluorophores are still largely unexplored. While it can be argued
that these aspects were of minor importance in early proof-of-concept
experiments, where entire fluorophores populations in fixed samples
were recorded, they become significant for live-cell imaging experi-
ments [29]. It would therefore be appropriate to establish a rigorous
theoretical framework for the derivation of optimal acquisition con-
ditions in FLM that takes both localization and sampling aspects into
account.

o Parametric blind deconvolution The reduced number of parame-
ters in the PSF model described in Chapter 8 make it ideally suited for
blind parametric deconvolution. In this context, it would be interest-
ing to compare the performance of an approach based on this model
with the formulation described in [163].
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o Shift-variant deconvolution While the PSF model described in
Chapter 8 reproduces axially shift-variant experimental measure-
ments with high accuracy, it has not yet been implemented in a de-
convolution algorithm. Few methods for shift-variant deconvolution
have been proposed to date, essentially due to the high computational
complexity associated with the problem. A notable approach relies on
subdividing the sample space into layers within which shift-invariance
is assumed, deconvolving each layer with a locally invariant PSE and
interpolating between the results [83]. This interpolation (which es-
sentially amounts to projecting the PSF onto a fixed number of basis
functions) is not exact, however, and could be a subject of further in-
vestigation for the proposed model.



Appendix A

Derivatives of the PSF models

A.1 Scalar model

In order to facilitate the notation of the derivative expressions, the PSF is
rewritten as

W@y, 7) = |Io(m; @y, 7)), (A1)
where

Io(ac;:vp,T):/ By(0, x; xp, T)db, (A.2)
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with analogous expressions for y,,. The partial derivatives of the phase term
with respect to a component ) € (z, zp, T) are given by
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and the second derivatives are given by
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A.2 Vectorial model

The integrals involved in the calculation of the vectorial PSF model are
rewritten as

Io(a:;:cp,f):/ Bo(0, z; zp, 7)To(0;T)do

0
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given by
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with analogous expressions for y,,. The derivatives with respect to the axial
position z, are given by
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Appendix B

Bessel functions

The Bessel functions of the first kind of order »n can be defined through an
integral representation, either as

Jn(z) = Z/ e¢%9 cos(ng) de, (B.1)
T Jo
or as
1 2r b (j)d
n — . 1z COS 27 . B.z
Te) = g [ et ag (52)

These functions satisfy the following recursion properties:

ajn(z) = %(Jnfl(z) — Jnt1(2)) (B.3)
Jo(2) = 5= (Jam1(2) + T (2)) (B.4)
D (" ana(2)) = U (2), (85)

which are used in the calculation of PSF derivatives. For the calculation of
the Richard-Wolf integrals, the following equivalences are used:
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The particular cases of these expressions involved in the formulation of PSF
models are given by

2
/ izco%((b—(j)p) d¢ — 27TJO(Z)
2
/ sin(¢)e® (=% 4 = 27iJ) (2) sin(¢q)
0

2m
/ cos(¢)e® @) 4 = 2mi ]| (2) cos(dg)
0

2
sin(2¢)e’<3(9=%a) 4 = —27 J5(2) sin(2¢4) (B.8)

S—

2w
cos(2¢)e’ (9 =%a) 4y = —27 J5(2) cos(2¢4)

S

2
SlIl zchS(¢ ®d) d¢ = 71'(,]0( ) + COS(2¢d)J2(z))

S

cos zzCOS(¢ $a) 4¢p = 7T(JO( ) — COS(2¢d)J2(Z))'

O\R’:
3



Appendix C

Dipole model

C.1 Quartic equations for orientation estimation

The orientation parameters 6, and ¢, are estimated by iteratively solving the
two sets of quartic equations given below. The solution for ¢, is obtained by
solving

tan? o) (f13 cos(¢p) + fozsin(¢p) — A612)
+ tan® 0 (fz3 — (f11 cos(¢p)” + fizsin(2¢p) + fazsin(4p)?)
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+ 3tan?® GpA(elg - 623)
+ tan 0, (f33 — (fi1cos(¢p)? + fr2sin(2¢,) + faz sin(¢,)?)
+ A(e13 — es3 + 2e32))
(f13 cos(¢p) + fazsin(¢p) — Aeas)

(C.1)

for tan 6, where [E|;; = e;;. Similarly, the solution for ¢, is obtained by
solving
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for tan ¢, where [Mf|;; = fi;.

169



170 i

=,
L
S
S
—
&
3
)
=
®
—

6, [rad]

average

-300

-200

-100

400 300 200

500

z [nm]
100

Figure C.1 Intensity distribution generated by a Cy3 dipole (A = 565 nm) at an air/glass
interface for different values of 6, and z, imaged with a 100, 1.45 NA objective. The radial
angle is fixed at ¢, = 0. The intensities are normalized across every focus value z. Every
row, as well as planar rotations of each pattern, can be generated using six unique templates.
Scale bar: 500 nm.
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Figure C.2 Intensity distribution generated by a Cy3 dipole (A = 565 nm) at a water/glass
interface for different values of 6,, and z, imaged with a 100, 1.45 NA objective. The radial
angle is fixed at ¢, = 0. The intensities are normalized across every focus value z. Every
row, as well as planar rotations of each pattern, can be generated using six unique templates.
Scale bar: 500 nm.
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C.2 Derivatives of the dipole model

The partial derivatives involved in the evaluation of the Fisher information
matrix and in the localization algorithm are

ahgw% .9 . 0l L 0l
Txp = S1n QP(Z%R{IO% + 1261'})}
0L, 0l
+2cos(20, — 2¢d)me{foaxp + 128%})
) - L 0ly 0l ol , ., .
— 2811’1(29p) COS(d)p — QZ)d)Jm{Il (6711,‘1; + 67:1,‘1;) - ai,fL'p(IO + _[2)}
ol
+ 8cos? 0, Red IF —
P { ! amp}
oh
% — sin 29p(yfo|2 + L2 + 2c0s(2¢, — 264)Re{ I3 To} — 4|11|2)
p
— 4cos(260,) cos(¢p — ¢q)Im{I (Lo + I2)}
oh
% — —4sin2 0, sin(20, — 200)Re{ [ 1o}
p

+ 2sin(20,) sin(¢p — ¢q)Im{I{ (Ip + I2)}.
(C.3)



Appendix D

Dipole imaging setup
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1. Sepia Il ps Laser, 635 nm 10. Excitation filter, 515FS10-25mm 19. Emission filter, HQ585/40m
2. Ar+ Laser, 514/488 nm 11. Combiner, z488bcm 20. Andor Luca EMCCD

3. Collimation lens 12. Dichroic mirror, z470/635rpc 21. Optical Insights Dual-View
4. Quarter-wave plate 18. Fixed mirror 22. Adjustable aperture

5. Optional polarizer 14. Objective, 100x 1.45NA oil 23. Collimation lens

6. Focusing lens 15. Sample 24. Dichroic mirror, 585Ip

7. Adjustable mirror 16. Tube lens 25. Adjustable mirror

8. Excitation filter, z635/20x 17. Fixed mirror 26. Fixed mirror

9. Excitation filter, z488/20x 18. Emission filter, HHQ710/100m 27. Imaging lens
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