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OBLIQUE MULTIWAVELET BASES: EXAMPLES
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ABSTRACT

Orthogonal, semiorthogonal and biorthogonal wavelet bases are special cases of oblique multiwavelet bases.
One of the advantage of oblique multiwavelets is the flexibility they provide for constructing bases with certain
desired shapes and/or properties. The decomposition of a signal in terms of oblique wavelet bases is still a perfect
reconstruction filter bank. In this paper, we present several examples that show the similarity and differences
between the oblique and other types of wavelet bases. We start with the Haar multiresolution to illustrate several
examples of oblique wavelet bases, and then use the Cohen-Daubechies-Plonka multiscaling function to construct
several oblique multiwavelets.

Keywords: multiwavelet, multiscaling function, oblique wavelet bases, biorthogonal wavelet, semiorthogonal
wavelet, perfect reconstruction filter bank, vector filter bank

1 INTRODUCTION

The goal of this paper is to show several examples of the oblique wavelet and multiwavelet bases described
in.1? These wavelet bases contain, as special cases, the orthogonal, semiorthogonal, and biorthogonal theory of
multiwavelets.”>10:13:14.23 The main advantage of oblique wavelets is that they give more flexibility in choosing
wavelet bases, without compromising the fast filter bank implementation algorithms.

1.1 An oblique wavelet based on the Haar multiresolution

This first example introduces the concept of oblique wavelets. Our starting point is a piecewise constant
function fo(z) which belongs to the Haar multiresolution Vo(xjo,1)) = {2 co(k)x,1(z — k); co € la} (see Fig.
1), where (4,4 i the characteristic function on the interval [a,b] (i.e., X[o,0)(Z) = 1,V € [a,}], and X[a)] (z) =
0,V ¢ [a,b]). We wish to approximate the function

fo(m) =Y co(k)xpo,1(z — k), (1

kez

in Vg by a coarser function fy,(z) in V3. One way to do this is to simply downsample fo(x), and then to hold
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Figure 1: To obtain the approximation fy,, The function fo is ignored in the intervals [2k — 1,2k]|, while its
values on the intervals [2k, 2k + 1] are extended. The error fy, = fo — fv; is clearly a linear combination of the
rectangular pulse ¥°% and its shifts on the grid of even integers 2Z.
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Figure 2: A function w; that belongs to Vi must be a linear combination of {xo,2j(z — 2k)} (left panel), while
a function w; that belongs W; must be a linear combination of {x[1,2)(z — 2k)} (right panel). Thus, the only
possible function that belongs to V; N Wy is the zero function w; = 0.

the sample values for interval lengths of size two as shown in Fig. 1:

furn (@) = co(2k)xp0,2(z — 2K). 2)
The difference between the function fy, and the starting function fo(z) is given by
fn (@) =) (co(2k + 1) = co(2K)) xp1,21 (= — 2), (3)

where the error function fiw, belongs to the space Wy, defined by

W, = {Z dl(k)X[l,Z] (.’IJ - 2k7), dy € l2} . (4)

kez

It is not difficult to see that our original function fo(x) can be written as

fo = fut+fwm
= Z co(2k)x[0,2 (% — 2k) + Z (co(2k + 1) — co(2K)) x[1,2) (% — 2K).
kEZ kEZ

Clearly, Vi C Vy and W, C V;. Thus, we can apply the same decomposition algorithm to fy, and fw,, now both
viewed as elements of V5. By inspection, we see that this procedure leaves fy, and fyw, invariant. Moreover,
we have that the intersection V3 N Wy = {0}. To see this (see Figure 2), we simply note that if w; € Wy, then
w1(2k + 1/2) = 0 for any k € Z. On the other hand, if wy € V4, then wi(2k +1/2) = ¢1(k). Thus, c;(k) =0
for all k € Z, and therefore w1 (z) = 0. Therefore, we conclude that fv; = Py, ;/w, fo is the oblique projection of
fo in V4 in a direction parallel to W1, and fw, = Pw, /v, fo is the oblique projection of fo in Wi in a direction
parallel to V; (see Figure 3). Moreover we have

fo = Py, /yw, fo + Pw, /v, fo- (5)
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Figure 3: Schematic representation of the oblique projection of go on V; in a direction parallel to Wi.
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Figure 4: Perfect reconstruction filter-bank for computing a Haar oblique wavelet transform of order zero. The
transfer functions of the filters are obtained by setting z = e~%2"f.

It is easy to see that the set {¢1,k(a:) = 2_1/2)([0,2}(3: —2k); k € Z} is an orthogonal basis of V;, and that
{Y1(z) = X[,2/(x —2k); ke 2 } is an orthogonal basis of W;. Moreover, it can be shown that the set

{p1,6(x), Y1x(z); k€ Z}

forms a Riesz basis for the space of piecewise constants with integer knot-points Vol

If we now repeat the decomposition procedure, we obtain a series of coarser approximation of fo (t) and a
series of error functions as shown in Fig. 1. The decomposition algorithm consists of the repetitive application
of the perfect reconstruction filter algorithm shown in Figure 4. Therefore, for any function f € L, we can
choose a sufficiently small value J2 so that the orthogonal projection f;, = Py,, f of f into the space of piecewise
constants V), is arbitrarily close to f. Then, we can repeatedly apply the decomposition algorithm in (5) to

obtain
J1

fro=Pv, ypwo fr+ > Pw,vifo (6)
j=J2+1

It follows that the set {zl)jyk(a:) = 2“%)([1,2](2‘% - 2k); (4, k) € 22} is a basis of L,. However, this set is not a
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Riesz basis of Ly, but simply a countable basis of Lp. This means that any finite number of members in this set
are linearly independent, and that finite linear combinations of this set are dense in L. What is interesting is that
we still have a fast and stable computational algorithm for calculating the expansion in terms of this countable
basis.

We call the set {z/;j,k =2-5p(2z — k); (j, k) € 22} an oblique wavelet basis of Ly, and we call the spaces W
that are generated by the Riesz bases

(i =2 4u(2iz — k); k€ 2}

oblique wavelet spaces. Unlike other wavelets, the function ¥(z) = 2%X[1 /2,1 does not have an average of zero.
Thus, it is not an orthogonal, semiorthogonal, or biorthogonal wavelet.»!® In contrast with biorthogonal wavelets,
this Haar oblique wavelet has neither an associated dual wavelet spaces, nor a dual wavelet basis. What is
remarkable is that this transform is faster than the classical Haar transform. Moreover, the support of the
wavelet (in this case the function X[-;—,l]) is half the support of the orthogonal Haar wavelet.

2 MULTISCALING FUNCTIONS AND MULTIWAVELET
BASES

2.1 Multiscaling functions

If the multiresolution spaces {V;}jez
ViV Vo CVa Cone

are generated by the translations and dilations of r > 1 functions ¢Y(z), ..., #7(x), then the vector function
® = (¢ (z),...,¢"(2))7T is called a multiscaling function (Here, ()T denote the matrix transpose operator). Thus,
we have that

Vi

{Z > k272 (2% - k) jciely, i=1, ,T}

i=1 k€Z

{Z Cj (k)®;(x - 2k); C;(k) € 15} ,

keZ

where C;(k) is the vector C; = (c}(k),c2(k),...,&(k))T, I5 = l2 X - -- x lp, and the vector ®;(x) is defined to be

®;(z)

(3(2), 83(x), -, 85 (=)

i T z Y AN
295" (35) 4 (35) ¢ (35)) -
In particular, a function fo € V, is given by

fo = D k) (@—k)+... +cpk)¢ (z —k)

keZz

> CTo( — k).

keZ



2.2 Multiwavelets

If the spaces {W;} ;.

generated by a set of r functions ¥ (x), %?(z),- - -,%"(z), then the vector ¥(z) = (¥*(z), v*(z), - Y7 ()
called a multiwavelet, as long as the set

that complement the multiresolution spaces {V;}jez (i.e., Viy1 + Wi = Vj) are
Tis
{Wiae) =27 bpla —20), - 2 H (e~ PR ke 2]

forms a Riesz basis of

Wy = {iZdﬂm-mw (35— F)idi et i= 1}

i=1 keZ

keZ

{2 D (k)¥;(z — 2°k); D (k) € l;} ,

where ¥ ;(z) is defined to be

U,(z) == 27929 (—;%) . (7)

Note that we do not require orthogonality between the spaces V; and W;. Therefore, the spaces W; are not
necessarily orthogonal to each other.

2.3 Classification of wavelet bases

According to the angles between the spaces {W;};cz and the choice of bases for these spaces, wavelets and
multiwavelets can be classified into several categories:

e Orthogonal wavelet and multiwavelet bases®10:16:17.21; For this case, there are two conditions that must be
satisfied:

1. The wavelet spaces must be orthogonal to each other:

W; LW, V5 # L.

2. The set {1/)}’,6; keZ, i=1,--- ,r.} must be an orthogonal basis of W;.

o Semiorthogonal wavelet and multiwavelet bases,>%%20.22; For these bases, the only requirement is that
W; LW, Vj # l. In this case, {‘»b;',k; keZ i=1,-- ,r.} is not necessarily an orthogonal basis of Wj.

e biorthogonal wavelet bases®: This case consists of a pair of wavelet bases {1/);'-’,6; keZ, i=1,--- ,r.} and

i .

{ IS keZ, i=1,--- ,r.} generating a pair of wavelet spaces W; and Wj, and satisfying the biorthogo-
nality condition

(W5 B ), = 6003 = m)bo(k —m)Soli = 1), 8)

o Oblique wavelet and multiwavelet bases?: In this case, we require only that the set {Tﬁ;, wkeEZ, i=1,r

be a Riesz basis of W;. We do not require orthogonality between the wavelet spaces, as in the orthogonal
and semiorthogonal cases; and unlike the biorthogonal case, we do not require the associated wavelet spaces

W; or the existence of a biorthogonal wavelet.
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The first orthogonal multiwavelet bases were introduced by Donovan, Geronimo, Hardin, and Massopust.!!
These bases have the remarkable properties of being orthogonal, regular, compactly supported, and symmetrical.
It was not possible to construct wavelet bases (r = 1) satisfying these four properties before.® Other orthogonal
multiwavelet bases have also been found.?! Semiorthogonal constructions of multiwavelets were first introduced
in.1312 The first biorthogonal multiwavelet constructions of which we are aware has been introduced in.!® These
multiwavelets are special cases of oblique multiwavelets.? In fact, the theory underlying oblique multiwavelet
bases encompasses the theories of orthogonal, semiorthogonal, and biorthogonal multiwavelets.

2.4 Two-scale equations

Since Vi C V, and W C Vj, both @ (%) and ¥ (%) must be linear combination of the basis of V5. Therefore,
we must have the two-scale relations

o (g) =23 Hi(k)3(z - k), (9)

keZz

where H; (k) is an r X r matrix-sequence called the generating sequence, and

¥ (g) =23 (61 % G1)(k)B(z — k), (10)

keZz

where G1(k) is a matrix-sequence; 6;(k) is the unit impulse sequence located at k = i, and the generalized
convolution “s” is an operator that acts on sequences of matrices. Specifically, the convolution C(k) = (A xB)(k)
between the m x r matrix-sequence {A(k)}rez and the r x n matrix-sequence {B(k)}rcz is the m x n matrix-
sequence, defined in terms of the convolution between the entries of A and B as

l=r
Cij(k):=>_ Y Aii(h)Bu(k — h). (11)

=1 heZ

From this definition, it follows that the unit impulse &;(k) in (10) is used to shift the sequence Gi(k), i.e.,
((51 * Gl)(k) = Gl(k - 1)

As an example of two-scale relation, the Cohen-Daubechies-Plonka multiscaling function” consists of a pair of
functions ®(z) = (¢ (z), $*(x))7 that are characterized by the Fourier transform of their 2 x 2 two-scale sequence
HE)| o

z=e—i2nf
R RE (2! —22% + 2%)/2
Hi(f) = 1 . (12)
1/32 z

3 CONSTRUCTION OF OBLIQUE WAVELET AND
MUTLIWAVELET BASES

The main result for finding the oblique multiwavelets relies on a construction in the Fourier domain. Specifi-
cally, we use the r x r matrix-function Hy (f) (which is usually known) to construct a 2r x 2r invertible matrix

function . N
X H{(f) GT(f)
Si(f)=1 . . . (13)
H{(f-3) -GI(f-3)



The main goal is to choose the r x r matrix-function GT (f) appropriately so that (Sl)( )1 exits. Then, the
inverse Fourier transform Gy (k) of GT (f) gives rise to an oblique wavelet by the formula (10).1:? The main result
can be stated as follows!:

THEOREM 3.1. If él“l(f) exists for almost all f, and if the matriz-norms of Ql(f) and él_l(f) are uniformly
bounded, i.e., if there exist two constants m > 0 and M > 0 independent of f such that HSI( f)H < M and

Hsl_l(f)H < m, then

Uy (z) =270 (g) =2} 37 (61 % Gy) (K)®(z — k) (14)
kezZ

is an oblique multiwavelet. It is associated with the multiresolution generated by the multiscaling function ®(x),
whose two-scale sequence is Hy(k). The set

{zp;’k(x); keZ,i=1,---,r}
is a Riesz basis of W;; the set _
{w@,k(x); (j’ k) € 229 =1, ,T'-}
is a basis of La; and for any Jo € Z, the set
{45, ¥in(e) k€ Z, H+1<j< Ty i=1,o)

is a Riesz basis of Vj,. Moreover, for any g € Vy,, we have the decomposition

J1

9="Py, w9+ Y Pwyv,9. (15)
j=da+1

4 EXAMPLES OF OBLIQUE WAVELET AND
MULTIWAVELET BASES

4.1 The Haar oblique wavelets

We start by reviewing our example in Section 1.1 using the results of Theorem 3.1. For this case, r=1, and
Hy(k) = 2= Yo (k) + 61(k)). For Gy(k), we first choose Gy(k) = 27 28(k). The 2 x 2 matrix function S;(f) is
given by

8:(h) = e (16)

where z = ¢**™f. We have that det(Sl( f)) = =277 for all f; thus, S1(f) has an inverse. Moreover, it is easy to
see that the conditions of Theorem 3.1 on the norms of S;(f) and its inverse are satisfied. Therefore, Equation
(14) gives us the oblique wavelet 11(x/2) = x[1,9(z). The filter bank implementing the decomposition and
reconstruction algorithms is depicted in Figure 4.

If, instead of the previous choice for Gy, we set G1(k) = 271(6-1(k) — bo(k)), we obtain the well-known
orthogonal Haar wavelet. It is easy to check that, in this case, S1(f) is given by

. 1+271 z2-1
Si(f) =27" [ } (17)

1—2z"t 241
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and that det(sl( f)) =1 for all f. As expected, the wavelet function given by (14) is precisely the orthogonal
Haar wavelet.

Another choice for G1(f) is to take the trigonometric polynomial given by Gi(f) = (z—1)" Forn=0,1, we
get the previous two cases. For n = 2 we get that det(S1(f)) = —3 — ™2™/, which is nonzero for all f. Hence,
we again obtain oblique wavelets, but now with two vanishing moments.

4.2 Multiwavelets based on the Cohen-Daubechies-Plonka multiscaling function

The Cohen-Daubechies-Plonka multiscaling function described in? has the 2 x 2 generating sequence given by
(12) We select sequences G7 of the form G7(f) = (z — 1)1, where I is the 2 x 2 identity matrix. For n = 0,
we easily check that the determinant of SI(f) is zero for all f. Therefore, SI(f) is not invertible and we cannot
find a multiwavelet for this choice. For n = 1, the determinant of §}(z) is given by

22

det (S{(z)) =2 (6324 + 19422 — 1), (18)
256

which is nonzero for z = e~*27f, We conclude that the inverse S2(f) exists, and its entries are ratios of trigonomet-

ric polynomials. It follows that the conditions of Theorem 3.1 are satisfied. Therefore, the choice G1(f) = (2—1)I

gives rise to an oblique multiwavelet. It should be noted that this multiwavelet has its moments of order 1 equal

to zero. It can be shown that n = 3,5,7 also gives rise to multiwavelets.

For n = 2, and in fact for any even integer n = 2m, a simple calculation shows that S%m(i%) is singular.
Since 82™(f) is continuous in f, the matrix-norm of the inverse of $3™(f) cannot be bounded for almost all f.
Thus, it is not possible to construct oblique multiwavelets using sequences of the form G™(f) = (z — 1)?™I,.

5 FAST FILTER-BANK ALGORITHMS

Oblique wavelet and multiwavelet transforms can be implemented using perfect reconstruction filter banks.?!
Any function g € Ly(R) can be decomposed into a low resolution approximation g; € V; and the sum of the
error terms in the spaces {W;} . ;

9 =121 [C]*®T + Y 1o [Dy] * T}, (19)
i=J

In practice, g(z) belongs to a multiresolution space, e.g., g = Cp * ®T . In this case, the procedure for finding the
coefficients C;(k) and {D;(k)},_, , from the coefficients Co(k) can be obtained by a fast vector-filter-bank
algorithm depicted in the left part of Figure 5.

Similarly, the procedure for finding the coefficients Co(k) from the knowledge of C;(k) and {D;(k)},_;
can be obtained by a vector-filter-bank algorithm depicted in the right part of Figure 5. The filters H;, Hy, G,
and G, of Figure 5 are the filters defined in the previous section and are associated with the oblique wavelets. The
decomposition and reconstruction filter-banks constitute together the perfect reconstruction filter-bank structure.

Acknowledgments: 1 wish to thank Phillipe Thevénaz and Patrick Brigger for their editorial help.
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Figure 5: Perfect reconstruction filter-bank for computing the oblique multiwavelet transform. The coeflicients
Cy are decomposed into two sequences C; and D; (left filter-bank pair). The two sequences C; and D; can then
be combined by the right pair of filters to reconstruct Cy.
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