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ARTICLE INFO ABSTRACT

Communicated by Stephane Jaffard In this paper, we perform the joint study of scale-invariant operators and self-similar processes of
complex order. More precisely, we introduce general families of scale-invariant complex-order
fractional-derivation and integration operators by constructing them in the Fourier domain.
We analyze these operators in detail, with special emphasis on the decay properties of their
output. We further use them to introduce a family of complex-valued stable processes that
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Hurst exponent are self-similar with complex-valued Hurst exponents. These random processes are expressed
Self-similar random processes via their characteristic functionals over the Schwartz space of functions. They are therefore
Stable distributions defined as generalized random processes in the sense of Gel’fand. Beside their self-similarity

and stationarity, we study the Sobolev regularity of the proposed random processes. Our work
illustrates the strong connection between scale-invariant operators and self-similar processes,
with the construction of adequate complex-order scale-invariant integration operators being
preparatory to the construction of the random processes.

1. Introduction

1.1. Scale-invariant differential operators and self-similar random processes

Differential operators are of great interest to model physical phenomena [1]. They are tightly linked with mathematical notions
such as splines [2] and stochastic processes [3]. In this paper, we focus on complex-order differential operators and their use in the
specification of complex-valued one-dimensional random processes .S = (S(x))cp-

An operator L is called scale-invariant if it commutes with time rescaling up to some proportional factor. Formally, for a function
f and a time-rescaling factor T' > 0, the operator L is scale-invariant if L{ f(T":)} = c¢;L{ f}(T-), where ¢ > 0 is a multiplicative
scalar that depends on 7' > 0 and not on f. It is known that ¢;; = T7 for some fixed y that depends on L (see [4]), or that

L{f(T)}=T"L{f}(T") €Y}
for every f and T. For instance, when L = D, we have that y = 1. All D¥ operators (k € N) are scale-invariant with y = k. More

generally, the Riemann-Liouville fractional-derivatives D” with y € R* are also scale-invariant. However, D7 is not local when y is
not an integer.
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A real-valued random process S = (S(x)),cr is called self-similar if, for each T > 0, there exists a constant dr > 0 such that

d
S(T-)=drS. This means that the random processes S(T-) = (S(T'x)),er and d;.S = (d7S(x)),cr have the same finite-dimensional
marginal laws for every T > 0. It is known that d = TH for some H € R called the Hurst exponent of .S’ [5]. This implies that

STyETHS )

for any T'. Fractional Brownian-motion (fBm) processes are prototypical examples of Gaussian self-similar random processes, covering
the whole range of 0 < H < 1, with H = % representing the standard Brownian motion. The fBm processes are the only self-similar
Gaussian processes with stationary increments. There also exist non-Gaussian self-similar random processes, such as stable ones [6],
which could admit even complex-valued Hurst exponents H € C. As we show in this paper, scale-invariant differential operators and
stable self-similar processes are deeply connected. In fact, for many self-similar processes, we can identify a scale-invariant operator
(called whitening operator) that will decouple the random process by transforming it into a stable white noise. Conversely, one
can start from the white noise and generate a self-similar process by applying the inverse of a scale-invariant operator, which then
coincides with the classical definition via a stochastic integral. For instance, the fBm process .S with Hurst exponent 0 < H < | can
be whitened (i.e., linearly transformed into a white noise) via the differential operator D, in the sense that

D/'S=WwW 3

is a Gaussian white noise W for y = H + 1

An important specificity of our work is to define self-similar random processes in the framework of generalized random processes [7]
(see Section 3). This allows us to include stable white noises and other singular random processes (i.e., generalized random processes
with no point-wise interpretation) and to rely on their characteristic functional (the infinite-dimensional generalization of the charac-
teristic function of random variables). This approach necessitates one to carefully study complex-order fractional-derivative operators
together with their (right-)inverse integral operators.

1.2. Related works

Fractional-differential operators Differential operators are of great interest to model physical phenomena [1]. They are tightly linked
with mathematical notions such as splines [2], wavelets [8], and stochastic processes [3]. The derivative operator D = o is the sim-
plest differential operator with a non-trivial null-space. Beside being linear, this operator is also shift- and scale-invariant. Differential
operators have been extended to fractional [9,10] and complex-order ones [11,12]. The connection between fractional calculus and
self-similar processes is well established [13,14] and is a cornerstone of our work.

Self-similar random processes The specification of fBm by Mandelbrot and van Ness' in [17] led to a substantial increase in the
popularity of fractals and fractional-derivatives. Mandelbrot and van Ness define fBM as

1 H-1 -1
B ()=—/ (x=7), *=(-7), *)dB(), 4
a(x F(HJ,_%)[R (x ), ), ) T

where the random process B(x) is the classical Brownian motion and the notation (x)’, refers to |x|"1,,,( with + representing
either + or —, but consistent with (x)’_. Due to their self-similarity and long-range-dependence properties, fBm found applications in
various fields such as traffic modeling [18], image processing [19-22], modeling scatterings from rough surfaces [23], and finance
[24]. The self-similarity property implies that these random processes have the same structure at various scales. As wavelets provide
a multiresolution representation of signals, the study of the wavelet representation of fBm processes has been the center of extensive
research [8,25-32].

The extension of fBm has been considered in a number of aspects. While early extensions generalized the random processes to
two [33] and higher dimensions [34], the introduction of non-Gaussian distributions were another generalization. Indeed, Gaussian
distributions belong to the larger family of a-stable distributions (0 < @ <?2). As shown in [6], the random processes

1 1

Sa’H(a,b;x)=/<a((x—T)f_E — (=~ )

R
_1 _1
b= =0T ) duy (o), ®)

are also self-similar with a-stable marginal distributions, where a, b are arbitrary reals, H is any real in the interval ]0, 1[ other than
%, and y, is a suitable a-stable motion. The case of H = i could be defined as the conventional stable motion process, while H =1

;I,O;x) associated with a = 2 is equivalent to (4).
T(H+3)

This wider class of distributions allows for a wider range of applications [35,36] and with better modeling capabilities [37]. For a # 2,
the stable distributions have heavy tails with infinite variance. Self-similar stable processes have been extensively studied [6,38-40].

represents a degenerate case (lines with random slopes). In addition, S, H(

! The fBm processes were previously studied by Kolmogorov [15] and Lévy [16]; however, they were made popular by Mandelbrot and van Ness.
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The notion of self-similarity itself is extended to operator-self-similarity in [41] and later [42], where invariance of the distribution
with respect to scaling by means of a positive-definite self-adjoint linear operator is considered. The operator-self-similar stable
processes are investigated in [43-45] while [46] focuses on operator-self-similar random fields with Gaussian laws. The extension to
multivariate operator-self-similar stable random fields is provided in [47] and the complex-valued processes are introduced in [48].
Operator self-similarity not only generalizes self-similarity, but also allows for processes with complex-valued Hurst exponents. Our
work can therefore be seen as a particular case of this rich literature, for which we provide new results.

Generalized random processes Self-similar processes are usually defined as classical random processes, typically via stochastic in-
tegrals [6]. Our work relies on a different framework and specifies the considered random processes as random elements in the
Schwartz space of generalized functions [7,49]. This approach was previously adopted by some authors for the construction and
analysis of self-similar processes [40,50-53]. One closely related work is [54], where fractional a-stable motions (and sheets) are
defined for a €]1,2[ and y €]1,2 — é[. These processes are shown to be self-similar with Hurst exponent H =y + é -1 e]é, 11 [53,
Proposition 4.2]. Our construction in this paper is more general, as we cover the whole range 0 < « <2 and consider much more
general smoothness parameters y.

One of the advantages of generalized random processes is the inclusion of continuous-domain white-noise processes (which do not
admit point-wise definitions) and their linear transformations (e.g filtered white-noise). Besides, ordinary random processes could
also be considered as special cases of generalized random processes; therefore, generalized random processes provide us with a richer
framework.

1.3. Contributions and outline

The connection between self-similar processes, operators, and splines in [2] and, particularly, complex-order B-splines in [55]
and complex-order exponential splines in [56], forms the inspiration for this work. Specifically, our goal is to construct self-similar
random processes with complex-valued Hurst exponent H with the help of scale-invariant operators with complex-valued order that
can be whitened. Our contributions can be summarized as follows.

« Systematic Characterization of Scale-Invariant Operators with Complex Order. We introduce an extended family of scale-invariant
derivatives and integration operators. Their respective construction is made in the Fourier domain and allows for complex-valued
y in (1). We provide an in-depth analysis of these fractional operators, with special emphasis on the decay properties of their
output. We believe these results to be interesting by themselves, but they are also preparatory to the construction of self-similar
processes.

Complex-order Fractional Generalized Random Processes. We rely on the framework of generalized random processes and construct
the self-similar random processes via their characteristic functionals over the (complex-valued) Schwartz space S of rapidly
decaying and smooth test functions. This allows us to include singular self-similar processes that do not admit a point-wise
interpretation.

Construction of Self-Similar Stable Processes with Complex-Valued Hurst Exponent. We introduce an extended family of fractional
processes that are self-similar, stable, and that have a complex-valued Hurst exponent H. Those random processes are solutions
of stochastic differential equations involving a fractional-differential operator.

Invariance and Regularity. We study the invariance (self-similarity and stationarity) and regularity (in terms of Sobolev spaces)
of our self-similar stable processes.

Whitening. We point out the tight interplay between scale-invariant operators and self-similar processes. First, we use scale-
invariant integration operators to construct stable self-similar processes as filtered versions of the stable white noise. Second, we
show that scale-invariant derivatives can be applied to many self-similar processes to whiten them, in other words, to transform
them into a stable white noise.

Our work relies on the powerful Fourier machinery in two ways: (i) scale-invariant derivatives and integration operators are
defined in the Fourier domain, and (ii) random processes are specified via their characteristic functional, which is the infinite-
dimensional Fourier transform of the underlying probability law.

The paper is organized as follows. Complex-order fractional-derivative and integral operators are introduced and analyzed in
Section 2. The family of self-similar stable processes is defined and studied in Section 3. Section 4 collects useful results for the proofs
of the main results, which are provided in Section 5. Finally, we conclude in Section 6.

2. Complex fractional operators and their properties

We study complex-order fractional-derivative operators and their associated complex-order fractional-integral operators. Special
attention is given to identify the right-inverse operators to the complex-order derivatives together with their adjoint operators,
which is preparatory to the construction of complex-order self-similar random processes in Section 3. We introduce complex-order
fractional-derivative and fractional-integral operators in Section 2.1. The properties of derivative operators are studied in Section 2.2,
while integral operators are considered in Section 2.3.
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2.1. Construction of complex-order fractional operators

The Fourier and inverse Fourier transforms, F{ . } and P! { . }, respectively, are understood as

f@)=F{f}w) = / f(xe ¥ dx, (6)
R
f=F =5 / fl@)edo, @)
R

for any x,w € R, provided that f and/or f are integrable. The circumflex accent (%) always denotes the Fourier transform of a
function with the symbol w used for the frequency variable. It is well-known that the (inverse) Fourier transforms of Schwartz
functions are themselves Schwartz functions. Further, all tempered generalized functions also have valid (inverse) Fourier transforms
in the distributional sense [57]. The Fourier transforms of f(7x) and of % f(x) are given by % f (%) and iw f (w), respectively.

Accordingly, all integer-order derivative operators DX can be redefined as

(D*@)(x) = F~ (o) } (). )

To extend the framework to fractional exponents, we define

" +b(w), 0,
hf,,b<w)={a(w)++ @z oF ©

0, w=0,

where a,b € C\{0} and y € C. It is easy to check that h , (Tw)=T"h, " p(@) forall T> 0 and @ € R. In other words, the dilation of n,
translates into an amplitude scaling. The generalized functlons that satlsfy this property are called homogeneous. In fact, except for
singularities at w = 0 (Dirac’s impulse and its derivatives), (9) describes the complete family of homogeneous generalized functions
[4]. It follows that any well-behaved? linear and shift-invariant operator L (acting on S) that is also scale-invariant corresponds to
a Fourier multiplier of the form hzvb. By comparing these operators with (8), we observe that such scale-invariant operators can be
interpreted as y-order derivatives.

Definition 2.1 (Complex-order derivatives). The y-order derivative operator DZ B with parameters y € C with Re(y) > —1 and a,b €
C\{0} is defined as

(DZ’b (p)(x) =p! { (’ﬁ()h ( )}(X) / (p(a))hy (a))el“’xda) (10)
R

forany x€eRand p € S.

Definition 2.1 is valid because the function h'; , specifies a tempered generalized function: it is integrable at the origin for
Re(y) > —1 and asymptotically grows like a polynomial. It is therefore the frequency response; i.e. the Fourier transform of the

impulse response of a convolution operator DZ , S S’ [571.

Real fractional operators are covered by Definition 2.1 when restricting to y € R. The fractional-Laplacian (—A)"/2, whose Fourier
multiplier is w — |w|”, corresponds to a = b =1 in (9). The fractional-derivative D? is obtained with a =i” and b= (-i)".

For Re(y) > 0, the Fourier multiplier h;b(w) associated with fractional-derivatives vanishes at w = 0. Hence, the operator might
not be invertible (similar to the integer-order case). However, we can introduce integration operators as possible inverses of the
fractional-derivatives as follows. We reserve N for the set of integers equal or larger than 1.

Definition 2.2 (Complex-order integrators). The y-order integration operator IZ’; with parameters y € C with Re(y) > 0, a,b € C\{0},
and k € N such that k > |Re(y)] is defined as

73k 1 ~ el — Zj:é (1;(_?/(”]

(Ia:b P)(x) =5 R/ (W)Wd@a an
forevery xeRand p € S.

elox Zk_é (lj')J
a.b( )
the origin, since k > |Re(y)]) and bounded by some polynomial. Hence (IZ"; (p) specifies a tempered generalized function.

Again, one can verify that Definition 2.2 is valid since the function w — is locally integrable (in particular around

2 As before, we are excluding point singularities such as §(w) and its derivatives.
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More precisely, we shall show that IZ;Z forms a proper right-inverse for DZ » if k=[Re(y)] or k= [Re(y)] (see Proposition 2.5).
Moreover, the adjoint operators lgygk)* for such integration operators are characterized by the relation (Ifl”;k)* o, v) = (@, Iz;'b‘u/) for

any @,y € S and are given by

o0 - X 0y

(x), 12)
" (=) ¥

ik -1
(1" o) =7
as we shall see in Proposition 2.5. Next, we characterize the key properties of the fractional-derivative and integration operators
vy qrik (r3k)#
Da,b’ Ia,b and Ia,b .
2.2. Properties of complex-order fractional-derivative operators

We characterize the smoothness and decay properties of complex-order fractional-derivatives DZ , @ for a given test function ¢.

Theorem 2.3. Let a, b,y be arbitrary complex numbers with Re(y) > —1, and let hy be the homogeneous generalized function of degree y

defined in (9) corresponding to the y-order derivative operator Dy , (defined in (10)). Then, (Dy b(p)(x) is infinitely differentiable for ¢ € S.
Further,

@) if Re(y) € NU {0}, then, Dy is a continuous mapping from S into L, for p> R and there exists a constant ¢ > 0 such that

Re(y )+
. 4 < ¢

VoeS, xeR: |(D,0)()|< g 13)
(ii) ify eNand b’ b(w) =dw’ for some d € C, then, Dy is a continuous mapping from S into S.
(iii) if Re(y) €N but h’ b(a)) # cw’, then, D7 isa contmuous mapping from S into L, for p> ——— Rey ) i and there exists a constant ¢ > 0

such that
1 +1log(l + |x
Vpes. xeR: |(D],0)w)|< B+ lx] a4

1+ |x|Re(y)+l

Remark 2.4. Based on Lemma 4.1, the above decay estimates extend to larger classes of functions subject to the Sobolev-like
constraint that $ be n, = [Re(y)] + I times differentiable such that )a(j)(w)‘ (l + |}/ ) is bounded for all 0 < j < n, (r is a real
strictly larger than —{—Re(y)}).

2.3. Properties of complex-order fractional-integration operators

We now study the class of integration operators l” introduced in Definition 2.2. We show that these operators are scale-
invariant right-inverses of the complex-order fractlonal derlvatlve operators in Proposition 2.5. Special attention is given to the
adjoint operators Iflybk)* and to the smoothness and decay properties of Iffbk) @, for some test function ¢.

Proposition 2.5. Let y € C with Re(y) > 0, and a, b be arbitrary non-zero complex numbers. As in (11), define the integration operator IZ;:
of order y associated with the homogeneous generalized function hz »» where k > max (1 , [Re(y)] ) Then,

(6))] IZ;I; defines a scale-invariant operator of degree (—y) over S,
(ii) IZ‘I; is a right-inverse of D  if k = |[Re(y)] or k = [Re(y)],

I(y;k)*

(iii) the adjoint operator of IZ‘I; denoted by 1" is given in (12).

Remark 2.6. Since there are two admissible values of k in (ii) for Re(y) > 1 and Re(y) ¢ N, Proposition 2.5 introduces two right-
inverse operators for each linear shift-invariant (LSI) derivative operator Dy For Re(y) € N the two integration operators coincide.

The case 0 < Re(y) < 1 is more elaborate. Let A" b(a)) denote the homogeneous Fourier multiplier (frequency response) of the deriva-

tive operator DZ » With 0 <Re(y) < 1. Proposition 2.5 introduces only the integration operator IZ » such that
(7 0) 0=~ [ g 5=ta (1s)
ab h (@ )4

which is not shift-invariant (similar to all the other operators introduced in Proposition 2.5). We should, nevertheless, mention
that Theorem 2.3 covers the range Re(y) > —1. Particularly, for —1 < Re(y) < 0, we obtain a shift- invariant integration operator.

Therefore, the second right-inverse operator for D’ when 0 < Re(y) < 1 is the shift-invariant operator D~/ oy
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DV

o(x) 22 (D), )0 =3 / @], (@) dw = 5- / Y™ 4, (16)
R

7
hu, b(a})
R

1
where a’ = - and b = -

Theorem 2.7. Let Ifl”;k)* be the scale-invariant operator associated with the homogeneous generalized function hz ,(@) of degree y € C

(Re(y) > 0) as defined in (12), such that k > max(1, [Re(y)]). Then, (Ig;k) * (p)(x) is a well-defined and continuous function at x # 0 for
all ¢ € S. Moreover, '

() if Re(y) € N and k = |Re(y)], then, (Ig;k)* ®)(x) is bounded around x =0 and the function belongs to L, for p> k+1—Re(y) More
precisely, there exists a constant ¢ € R* such that
. (r:k)=*
VxeR, 1<|x|: ‘(Ia’b (x)|_ |k+1 T a7

() ify eN, hfl H(@) =d o’ for some d € C and k = |Re(y)|, then, Ig;k) * @ is bounded around x = 0 and belongs to L, for all p> 0.

. A0 o))
(iii) if Re(y) € N but h! ,(w) # cw’ and k = |Re(y)], then, (IEbek) ®)(x) is singular at x = 0 but % is bounded around x = 0.

Further, I[(ly[;k)* @ belongs to L, for p> 1, and there exists a constant ¢ € R* such that
1 +log|x|
C—.
[x]
(i) if Re(y) &N and k > |Re(y)], then, |x|k’Re(y)|(I(7;k)* @)(x)| is bounded around x = 0 (possible singularity of (1"} ) (x) at x = 0).
In addition, Izy;k)* @ belongs to L, for

VxeR 1<kl (1407 0) 00| < (18)

< p< ———, and there exists a constant ¢ € R such that

1
k+l—Re<y> k—Re(y)

. (y3k)*
VxeR, 1<|x| ‘(Ia,b (x)|_—|k+1 = 19)

(v) if Re(y) N and k > |Re(y)], then, |x|k‘Re(7)|(lz;)k)* (p)(x)| is bounded around x = 0 (possible singularity of (Iz;)k)* (p)(x) at x =0).

o (y;3k)* 1 +
In addition, Ia,b @ belongs to Lp for TR <p< iz Re TReGY and there exists a constant ¢ € R* such that
VxeR, 1<|x|: ‘(I(y;k)*(p)(x)|<cm (20)
C = ' ab = |x|k+l—Re(y) '

Remark 2.8. Theorem 2.7 (in parts (i) and (iv)), especially shows how the integer parameter k controls the space Lp to which
(Iflygk)* ®)(x) belongs. It therefore indicates that, for y € C with Re(y) > 1, it is possible to set k such that I(ay;k)* :S§— L, for any
given p > 0, except when % +Re(y) € Z. For Re(y) < 1 (even negative Re(y)), as k > 1 is required in Theorem 2.7, the p values above

#e(y) are excluded. In some sense, k = 0 is required to cover the (almost) full range of p > 0 values. Indeed, k = 0 can be interpreted
as
:0 —1 (P(w)
(5 o) 0 =F { W }( )
0% V) = F—l{ P(@) } 0. (21)
(177" @) (x) Ty

This suggests that I’} 0= =D/, and I(V 0% =D where Re(—y) > —1, and ' = % b = % Theorem 2.3 shows that Iiyl")o)* @isin L,

Y .a’

for p< Thus, by extendmg the family of y-order integration operators and adjoints to include k = 0 as above (for Re(y) < 1),

1—Re(7)'
we are always able to choose a k such that I(a';k)* 1S > L,, except when i +Re(y)e Z.

2.4. Impulse responses of fractional-derivative and integration operators

To evaluate the output of complex-order operators, we start by simple inputs such as Dirac’s delta function and its shifted versions.
This then yields the Schwartz kernel of these operators.

Theorem 2.9. Let Dz b IZ’; and Ii’;k)* be the scale-invariant operators as defined in (10), (11) and (12), respectively, where k >
max(1, [Re(y)|) and y & Z. Then, the response of D! , IZ;: and Ig’;k)* to the shifted Dirac impulse 6(- — ) is given by
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Y — F(y+1) b
Da,b{é(' - T)}(x) - ((11 1x)V+1 (ix—ir)r+1 )

ik 1— -1 -1
Iz,b{é(._T)}(x): r( y) ( (ir—ix) (1x i) )

b

(o' | 1r>f ‘)Iil (j—J/)(z)j
SN\ o/

(ix—ir)’ ! (11 ix)? 1
b

F(l 7)

I(}’ k) {5( T)}(X) - F(l )

2
(%
(=
(%

k—1
r(l—y) (ix)r~! <1x>7' J=v\/z\/
)Z( , )(;), (22)

=\

where ( )=1and ( )= j,lf(():rllij) = x(x_l)“j',(x_j +D extends the standard definition of (:’ ).

Remark 2.10. Theorem 2.9 enables us to represent the operators in terms of integrals. Indeed, for ¢ € S, we know that

fﬂ(x)=/<p(‘r) 5(x — r)dr.
R

According to Schwartz’ kernel theorem [58,59], the action of L : S — S’ can be represented as

(Lo)(x) = / o(7) (L8(- — 7)) (x)dr,

R

where L stands for any of D’ ,, IZ;Z and Ig;k)*. The integral forms are particularly useful for numerical evaluation of (Le)(x).

Remark 2.11. With the particular choice of a =i” and b = (—i)” for y ¢ Z, the kernels in Theorem 2.9 simplify to more familiar
forms of

(D130 )6 = Dbszsiten oy
k=1, . _

(500 = )0 = L2 (et oo 3 (V7))
Jj=0

k=1, )
(1075 = D)o = DD (- ™! — 7 Y (’ ; y) (2)'). (23)
j=0

3. Self-similar stable processes with complex-valued Hurst exponent

As seen in Section 1.2, self-similar random processes are more traditionally specified as classical random processes, which are
random processes .S = (S(x))x <r Whose sample paths are classical functions. In this section, we define a class of self-similar
stable processes with complex-valued Hurst exponent. We construct and study this class in the framework of generalized random
processes introduced by Gel’fand and Vilenkin [7], which involves random elements in the Schwartz space S’ of tempered gen-
eralized functions [49]. The construction of generalized random processes relies on their characteristic functional, which is the
infinite-dimensional generalization of the characteristic function of random vectors. Meanwhile, our construction of self-similar
stable processes relies on the Bochner-Minlos theorem and benefits from the study of complex-order operators.

Generalized random processes and characteristic functional are introduced in Section 3.1. We then use the integration operators
defined in Section 2 to construct our family of self-similar stable processes in Section 3.2. The invariance and regularity properties
of self-similar stable processes are studied in Sections 3.3 and 3.4 respectively. Finally, we provide simulations of realizations of the
considered class of random processes in Section 3.5.

3.1. Generalized random processes and their characteristic functional

The theory of generalized random processes has been formalized by Gelfand and It [7,49]. It is the probabilistic counterpart of
the theory of generalized functions of Schwartz [57] and allows for the construction of broad classes of random processes, including
the ones that do not admit point-wise representations such as the stable white noises [7, Chapter 3]. We briefly recap this formalism,
with special emphasis on the characteristic functional.

A tempered generalized random process S (or simply a generalized random process) is a collection of random variables (.S, ),
where @ is a test function in the Schwartz space S, such that

* Linearity: for any ¢,p, € S and 1 €R, (S, 9| + Ap,) = (S, @) + A(S, ¢, ) almost surely;
ty. Y @192 1 2 1 2 y
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+ Continuity: for any converging sequence ¢, — ¢ in S, the random variables (S, ¢,) converge in probability to (S, @).

The space S’ of tempered generalized functions is endowed with the weak* topology [59]. This topology defines a Borel ¢-field
on S’ and a tempered generalized random process .S can then be seen as a random element of the space of tempered generalized
functions. The probability law of a generalized random process .S is the probability measure % over S’ such that, for any Borel set
B C S’, we have %(B) = P(S € B). We refer the interested reader to [60] for a comprehensive introduction to these notions in the
framework of tempered generalized functions and for additional references.

We are interested in complex-valued random processes; hence, we shall adapt the usual concepts to this case. Thereafter, S and
S’ denote the complex-valued Schwartz space and space of tempered generalized functions, respectively. The characteristic function
of a complex random variable Z is given by 932(5) = E[e'R(Z9)] where & is the complex conjugate of & € C. The extension to
complex-valued generalized random processes is as follows.

Definition 3.1 (Characteristic functional). The characteristic functional of a complex valued tempered generalized random process .S
is defined as

Po(g) = [eiRe«S@»] _ / iR 42 (1) 24)
for any ¢ € S.

The characteristic functional has been introduced by Kolmogorov [61] and popularized by Gelfand and Vilenkin [7]. The proba-
bility law of a generalized random process is characterized by its characteristic functional, which is its (infinite-dimensional) Fourier
transform. In particular, two random processes with identical characteristic functionals have identical finite-dimensional marginals.

Theorem 3.2 (Bochner-Minlos theorem [7]). The characteristic functional 9/\73 of a complex-valued generalized random process S is con-
tinuous and positive-definite over S and sansﬁes 93(0) = 1. Conversely, any continuous and positive-definite functional P over S with
9’(0) =1 is the characteristic functional P= g’s of some generalized random process .S.

The Bochner-Minlos theorem provides a way for one to construct tempered generalized processes via the specification of their
characteristic functionals. For instance, for any a €]0,2], it is known that the functional

F(g)=exp| - / lp()[“dx | = exp (~ lll%) 25)

is continuous and positive-definite over real-valued Schwartz functions and satisfies ﬁ(O) =1 [62]; it is therefore the characteristic
functional of the generalized random process described in Definition 3.3.

Definition 3.3. The generalized random process W, such that @W (p) =exp (—||qa|| ) is called a symmetric-a-stable (SaS) white noise.

To extend the domain of ﬁ% to complex-valued test functions ¢ € S, according to (24), we have that

R, (@) = E [ R0 = exp(—[[Re()I[2). (26)

which essentially defines a complex-valued generalized random process acting on complex-valued test functions. The family of stable
white noises W, will play an important role in this paper.

3.2. Construction of complex-valued fractional stable processes

We fix a €]0,2] and specify fractional a-stable processes as generalized random processes via their characteristic functional (see
Definition 3.1). The specification takes advantage of the fractional-integral operators studied in Section 2.1.

Construction principle Our construction relies on the Bochner-Minlos theorem (Theorem 3.2) and the specification of adequate
characteristic functionals. More precisely, we define the self-similar random processes studied in this paper as filtered versions of the
SaS white noise described in Definition 3.3.

Assume that U is a linear and continuous operator from S to L,, where both spaces are assumed to contain complex-valued
(generalized) functions.® The properties of both W, and U ensure that ¢ — exp (—||Re(U{ (p})||g) is continuous, positive-definite over
S and normalized. Hence, due to the Bochner-Minlos theorem, there does exist a generalized random process .S with characteristic

3 The space L, = L,(R,C) is the space of measurable functions f : R — C whose real and imaginary parts are in L,(R,R).
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Re(v)

0.5 1 1.5 2 2.5 3 3.5

Fig. 1. The fractional stable process S:: is well-defined by applying the operator IZ’; to the symmetric-a-stable white noise with k = [i + Re(y)|, whenever

l + Re(y) € N (the red curves separating the blue and green areas). For a > (dark blue and dark green areas), the fractional process can be whitened by

1
2—{Re(y)}
applylng the fractional-derivative operator D’ The use of green and blue colors is to better highlight the red curves separating them, and do not encode any other
information. (For interpretation of the colors i m the figure(s), the reader is referred to the web version of this article.)

functional 9’55((0) = ﬁWa (U{ep}) =exp (—||Re(U{(p})||g). We use this principle to define our extended class of generalized random
processes. Our construction is an alternative to the more traditional one that relies on fractional calculus and stochastic integrals,
such as [14, Chapter 6].

Proposition 3.4. Let a,b € C\ {0}, y € C with Re(y) > 0, and « €]0,2]. We further assume that

T +Re() N (27)
and we set

k(a,y) = B + Re(y)J en. (28)
Then, the linear operator Ig;k("’y»* is continuous from S to L, and there exists a tempered generalized random process S'’}' such that

5 (rek(@p) ¢
k(e

@SZ:Z (p) =exp (— Re (Ia;:b 4 {(p}) a) . (29)

If moreover the condition
1 .
g =y if Re(n) €N, 30)

1 if Re(y) eN,
is satisfied, then, the random process S”") can be whitened in the sense that D” , S” = W, is a SaS white noise.

I(V;k(a,y))*

Proof. The continuity of for k = k(a,y) > 1 is a direct consequence of Theorem 2.7, for which condition (27) is required.

For the case of k(a,y) =0, Wthh necessitates Re(y) < 1, we recall that I(Vb )* is a true (left- and right-) inverse for D’ b This case is

not covered by Theorem 2.7 but is discussed in Remark 2.8. Finally, the existence result simply follows from the apphcat1on of the
Bochner-Minlos theorem to ¢ — exp <—||Re(1(7 sha, y))*(p)llg).

For the claim that S::Z can be whitened using D;b, it is sufficient that (IZ?Z) is a right-inverse of DZ’b. By Proposition 2.5-(ii), this
property holds if k = |Re(y)] or k = [Re(y)]. Since we have k = [i +Re(y)], this implies that

|3 +Re(r)] < [Re(r)]. (31)
It is then not difficult to see that (31) is equivalent to (30). []

Definition 3.5. Let a €]0,2], y € C such that Re(y) > 0 and a,b € C\{0}. We call the generalized random process SZ’Z of Proposi-
tion 3.4 a (complex-valued) fractional stable process.

Fig. 1 delineates the type of parameter pairs of («,y) for which the fractional stable random processes SZ’Z is well-defined and

can be whitened. Note that D’ , S7*

always be whitened for a > 1.

is not a white process when (30) is not satisfied. However, fractional random processes can
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Definition 3.5 specifies self-similar stable processes as generalized random processes. We illustrate that our construction is equiv-
alent to the classical ones, which rely on stochastic integrals for fractional Brownian motions. We recall from Remark 2.11 that, for

1 1
H €]0, 1[\{ % }, a=i"%2 and b= ()72, one has that

i 1 -1
G theotelh) (173 _ ) H), -

1.
(1 o =)=

1.
21

H+
Thus, if we apply the operator I, to the white Gaussian noise, we obtain

1 ; 1
e [(e=0l 7 = -0l ) abe -

n
R

which is essentially the conventional fBm. As a result, the introduced process SZ;I‘: witha=2,y=H+ % (real-valued H) and proper
values of a,b (mentioned above), simplifies to the ordinary fBm. Although we excluded H = % from (32) and (33), the case of
H= % (equivalently, y = 1) accompanied with the above choice of a, b, is included in Proposition 3.4, and the resulting Sil’_zi process

corresponds to the standard Brownian motion. It is not difficult to show that the f-fractional a-stable processes X ,f in [54] (that
satisfy ¢ €]1,2[ and 0 < f < 1 — é) are the same as Sf’[f with
__rerd-p
r

7B
sin(zp)e' 2,

. _izb
b sin(zf)e 2.

_Terda -p
N T

Remark 3.6. It is worth noting that the considered class of fractional stable processes are built over the family of symmetric alpha-
stable SaS white noise. Consequently, they are symmetric as well (SZ:Z and —SZ:Z have the same law). It is possible to extend the
family by considering non-symmetric white noises, which are fully described by four parameters [6, Definition 1.1.6]. This extension
is readily achievable for a # 1, but is more technical for specific cases corresponding to a = 1, for which the characteristic exponent
¥ can include a logarithmic term. Due to the technicalities, we do not delve into the details in this paper.

3.3. Invariance properties of complex-valued fractional stable processes

We first adapt the notion of self-similarity to complex-valued generalized random processes.

Definition 3.7 (Self-similar generalized random process). A complex-valued tempered generalized random process .S is self-similar
with Hurst exponent H € C if the probability laws of S and T~ S(T) are identical for any T > 0.

Definition 3.7 is the adaptation of the conventional self-similarity defined in (2) for the case of generalized random processes. This
adaptation coincides with the conventional definition for classical random processes that have a non-negative Hurst exponent H > 0
(the case H =0 corresponds to the null random process .S = 0) [63, Theorem 1]. It is possible to construct generalized self-similar
random processes with negative Hurst exponent. For instance, the SaS white noise W, is self-similar and real-valued with Hurst
exponent H = (i — 1) €[-1/2,0) [39, Proposition 4.2]. Self-similar random processes with negative Hurst exponent are called
singular since they do not admit a classical interpretation.

Proposition 3.8. Under the conditions of Proposition 3.4, the fractional stable process SZ; is self-similar with Hurst exponent

H=y+i-1ecc (34
a

Proof. To simplify the notations, we set S =7 and I = IZ;’;(M). The self-similarity can be proved using the characteristic functional

and the fact that 9?51 = g?sz if and only if S| and .S, have the same probability law. Indeed, for T" > 0, we have that
A~ A~ -l 1ol «
Pyiro(@) = Ps (T (-)T)) = I~ R Lot/ T
1
— e~ IT™"7 Re@* {0} (/TN e—nT‘l"*E Re(* (@))%
~N ] A~
=P(T I=y+2 Q)= ‘@T*I*Hé S((p), (35)

where we used in particular the (—y)-homogeneity of I* for the third equality. Hence, T~ S(T-) = S for any T > 0, where H is
given by (34). [

10
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Remark 3.9. It is known that nonzero classical self-similar processes have positive Hurst exponent H > 0 [63, Theorem 1] (the
condition becomes Re(H) > 0 for complex-valued Hurst exponents). We therefore deduce that the fractional stable process SZ: is
singular (no classical interpretation) as long as Re(H) < 0. This leads to

0<Re(y)<1- é (36)

which is only possible for @ > 1. This corresponds to (Re(y), ) being presented in the top-left region of Fig. 1 (blue part with k = 0).

We now study the invariance of fractional stable processes with respect to shift operations. Again, dealing a priori with processes
with no point-wise interpretation, we shall adapt the usual notions to generalized random processes. For hy > 0, we define the
operator Aho {f}= ( fC+hy)—f ), which represents the increments of a generalized function f € S’. The invariance properties can
all be expressed in the domain of the characteristic functional [52], which is the technique we used in our proofs.

Definition 3.10. A generalized random process S is stationary if S(- —x() and .S have the same law for any x;, € R. We say moreover
that .S has stationary increments of order k > 1 if the generalized random processes (Aho)" S are stationary for any hq > 0, where
(A, )k stands for the k-fold composition of Ay, with itself.

Remark 3.11. Classically, we say that a random process § = (S(x)),cp With well-defined sampled values has stationary increments
if the law of s(x;) — s(x) only depends on the difference (x; — x,) for any x, < x;. Definition 3.10 covers and generalizes this notion.
Indeed, assume that s has stationary increments of order k =1 in the sense of Definition 3.10. Then, for any test function ¢, hy >0
and7 € R, we have that (A, S, ) and (A, S, @(-—1)) are equal in law. Picking ¢ = 6(- —1,) (which is possible for point-wise random
processes), hy =t; —t(, and t = —t,, we deduce that

s(t)) — s(t) = s(t, — tg) — s(0). (37)

The latter only depends on #; — 7, and § has stationary increments in the classical sense.
Proposition 3.12. Under the conditions of Proposition 3.4, the fractional stable process SZ’Z

« is stationary if 0 < (Re(y)+$) < 1; and
* has stationary increments of order LRe(y)+£J if (Re(y)+$) > 1.

Proof. Weset S=.S""andI= Iz;’b‘(y"’). The proof relies on the characteristic functional. For Re(y)+£ €]0, 1[, we have that k(y,a) =0
(see (28)) and the operator T* = IE:;O)* = ((DZ b)‘l)* is a convolution; hence
P(—xp)(@) = Ps(@(- + x¢)) = exp(=[[Re(T* { (- + xo)) }HI)
=exp(—[IRe(T* {@}(- + xp)l5) = exp(—[IReT* {@}||5)

= Ps(@), (38)

where we used the shift-invariance of I* in the third equality and a simple change of variables in the fourth one. Hence, .S is
stationary.

Assume that Re(y)+i > 1. We treat the case Re(y)+i € [1,2[. First, using (12) with A_ho(p, we remark that A/_ho\(p(O) =
(p('/—\ho)(O) — (0) =0 and therefore

Ao — A 0(0) Ao .
FA_, @) =F"" <—° 7 0 =F! hVO = (DZ:b)"(A_,,O(p). (39)
a,b a,b

In particular, when restricted to functions of the form A_ 1o ®s I* is a convolution. As we did in (38), we prove that F}E Ay S)(__XU)((p) =
‘@/\Aho s(@) for any @ € S. This shows that A, .S is stationary, or equivalently, .S has stationary increments of order 1 = lr].

For y > 2, we set k = |y|. Then, the function y = (A_ho)"(p is such that )(0) =0 for any 0 < j < k — 1. Hence, I*y = (D"") "'y
and the same argument as for y € [1,2[ applies. []

Remark 3.13. Proposition 3.12 reveals that the random process S{'I’Z is both stationary and self-similar for « > 1 and é -1<H=

Re(y) + i — 1 <0 This is not possible for nonzero classical self-similar processes .S = (S (x)) for which §(0) =0 [63]. We obtain

a second proof that these random processes are singular (see Remark 3.11).

xeR’

11
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3.4. Regularity of fractional stable processes

We characterize the smoothness of fractional stable processes in terms of local Sobolev regularity in the space W’ with7€R
and 1 < p < 0. Informally, for 7 € N, WT . consists of functions, the derivatives of which up to order = (1nclud1ng the function
itself), are locally in L,,.

Definition 3.14 (Fractional Sobolev spaces). Let t € R and 1 < p < co. We say that f € WpT if

-1 {(1 +]- |2)f/2f} €L, (40)

Moreover, we say f € VVkam if, for any compactly supported smooth function ¢, fp € VV;.

By setting p =2, we recover the L,-Sobolev regularity, while p = co corresponds to the Holder regularity [64]. Fractional Sobolev
spaces are Banach spaces; for any fixed p > 1 and 7; < 7,, we have the continuous embedding W "> o Joc C VVPTJ'OC.

Following [65], we characterize the regularity properties of a generalized (random) functlon f €S’ via its critical smoothness
function, defined for 1 < p < o by

77(p) =sup{7 ER, feW’ }. (41)

The critical smoothness precisely tells us in which Sobolev spaces a given function lies; more precisely, f € WPTlOC for any 7 < 7,(p)

,loc

and f ¢ I/Vp’loC for 7 > 7(p). For instance, it is well-known that the Brownian motion is (1/2 — €)-Hdlder continuous for any € > 0, but
it is not 1/2-Holder continuous almost surely [66, Corollary 1.20]. The Holder regularity corresponds to fractional Sobolev spaces
with p = 0. Hence, we have that

Tp(0) =1/2. (42)

Similar results are known for various classes of self-similar random processes. We characterize the fractional Sobolev regularity of
self-similar stable processes by expressing the critical smoothness in Theorem 3.15.

Theorem 3.15. Under the conditions of Proposition 3.4, the fractional stable process S:’Z has the following properties.

« If a =2 (Gaussian case), then Tss (p) = (RC(Y) - %)
“ fa <2, then tga(p) = (Re(y>+

max(p a) -1 )

Proof. The proof follows from the combination of the two facts. We first recall some known results on the Sobolev regularity of
stable white noises. The critical Sobolev smoothness Tw, (p) of a SaS white noise has been fully characterized in the Gaussian case
in [67] and in the general case in a series of papers [40,68,69]. For any p > 1, the results are available in [69, Theorem 1] as

Ty (P =—1/2 (43)
for the Gaussian (a = 2) case and
1
=— -1
W, (D)= (44)

for the non-Gaussian («a < 2) case.

Second, we show that the operators Dy induce a systematic decrease of the Sobolev smoothness in the sense that f € W ploc if

and only if D” b fE WT Rc(y) for any p > 1 and 7 € R. This is proven by applying the criterion of [31, Theorem 2] to this setting.

(@)
Indeed, denoting by m(w) = o |Re<y) , we observe that |m(w)| = |a| if @ > 0 and |m(w)| = |b| for w < 0 and the relation [31, Eq. (28)] is
readily satisfied.
Then, the integration operator

ifg= Iy ra) ¢ e WHRS(’) (using that D’ " »& = [). This shows that the critical smoothness of Sy o Iz;';(”“) W, is such that

Iygk(y’a) which is a right-inverse of D” b satisfies the converse relation that f € VVp’lOC if and only

Tsra(p) = 7y, (p) + Re(y), (45)

and the result follows from the stable white noise case in (43) and (44). [

4 We observe that [31] deals with periodic random processes. The results easily apply to our setting since we consider the local regularity of the proposed self-similar
stable processes.

12
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Fig. 2. A realization of the S

', process with @ =2 (Gaussian distribution), a=1, b=—1 and y = 1.3 - 0.7i.

Fig. 3. A realization of the Sa’: process with @ = 1 (Cauchy distribution), a=1, b=1and y =0.7 +1.

Remark 3.16. The critical L,-Sobolev regularity, corresponding to p = 2, does not depend on « and is equal to 7 s 2)= (Re(y) - %)

for any fractional stable process. Moreover, the critical Holder regularity is (Re(y) - %) for « =2 and (Re(y) - 1) otherwise. This
last result is coherent with [54] for y > | and generalizes the result for new fractional stable random processes. Likewise, SZZ’ has

negative Sobolev regularity for (Re(y) +1- i) < 0 due to Theorem 3.15. This situation corresponds to singular self-similar random
processes (see Remarks 3.11 and 3.13).

3.5. Simulations

The SZ”Z processes introduced in this work are complex-valued. Hence, to plot sample realizations we need to show the real and
imaginary parts separately. But, for more compelling visual illustrations, we have applied our framework to the generalization of the
processes in 2D where complex values can be more conveniently shown by colors; we apply separable 2D scale-invariant operators
(multiplication of a horizontally and a vertically scale-invariant operator) to 2D white-noise processes. In Figs. 2 and 3 we can see
two sample realizations. For generating these figures, we have first generated a 2D fine-grid discretization of the white noise process
in form of an array of i.i.d. random variables. Then, we have applied the integration operator Iglg to the white noise (the 2D array)
both vertically and horizontally using the impulse response expressions in (23). For Fig. 2 we have used a =2 (Gaussian distribution)

with a=1, b=(-1) and y = (1.3 — 0.7i); this case requires k = L% +1.3] = 1. Similarly, we have set &« = 1 (Cauchy distribution) with
a=b=1and y =0.7+1in Fig. 3 (again requiring k = [% +0.7] = 1). The color-coding in these figures follows the standard approach
for showing complex numbers, where the intensity of the pixels reflects the modulus of the complex numbers, while their phase is
encoded in the hue.

It is interesting to mention that the 2D plots of these processes were useful in designing face masks during the COVID-19 pandemic;
in Fig. 4, we see a face mask over which a fractionally integrated complex-valued process is printed. The white noise process in this

13
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Fig. 4. A face mask during the COVID-19 pandemic showing complex-order integration applied to a 2D Poisson white noise.

case is Poisson with Gaussian jumps; although this process is not self-similar, it converges to the Gaussian white noise when the
density of jumps goes to infinity [70]. Therefore, we expect the results generated by this Poisson white noise to resemble that of the
Gaussian white noise with large enough jump densities.

4. Useful lemmas

Lemma 4.1. Let hZ ,() be a homogeneous generalized function of degree y € C with Re(y) > —1 asin (9), and letn € {1,2, ..., [Re(y)] +1}.

If ¢A> : R+ C is n-times continuously differentiable such that |$(j>(w)|(1 + |w|™*/) is bounded for all 1 < j < n and some r > Re(y) —n + 1,
then,

d" (i, » "
VI<T, (@ - d)H, @ )| e TR0 (46)
where
n
_ 8@+ (I Re(n)|+2) max(lal, |b]) n (k) r+k )
= S(HDARSOID mar(al. (; ( k) sup (|$@)|(1 + ) ) @7)
Proof. Intuitively, $(w) $(“’) behaves similar to (1 — l)wéS\(l)(w) around w =0 (a rigorous statement will be presented soon).

Thus, (¢(w) ¢( ))h’ b(a)) has a zero of order at least Re(y) + 1 at w = 0. This suggests that d — (qS(w) (j)( )) is either bounded at
w=0 (if n< [Re(y)]) or is at least locally 1ntegrable around @ =0 (if n = [Re(y)] + 1). We also employ the boundedness property

of {|¢(f)(w)|(1 + |@|"*/)}, to show that (qS(a)) qS(T)) decays asymptotically no slower than ﬁ for some e > 0 that is

dw”
determined by r. As a result, we conclude that the L- d(i:" ($(w) - $($)) is finite ($ is not even required to be asymptotically
decaying). However, the main point in Lemma 4.1 is the scaling of the L-norm in terms of T'.

To start our rigorous arguments, let us define

F@)= sup || (48)

[712o|
Based on the assumptions, |¢)(w)|(1 + |o|"*!) is bounded. Moreover, r + 1 > Re(y) — n+ 2 > Re(y) — [Re(y)] + 1> 0. This shows
that |¢(w)| is bounded and asymptotically decaying. Hence, ¢(w) is a bounded, even, and non-negative-valued function that is

non-increasing in terms of |@|. Since r + 1 > 0, we conclude that $((u)(1 + |w|"™*1) is also bounded:
d@)1+10l*) = sup [FO@[a+10™H < sup [FV@)|1+ I
71|l 71|l

<sup b (49)

. _/

a finite constant

14
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Next, we bound the difference $(a)) - $($) via $(cu). Because our approach is based on the Taylor’s series, we need to initially

separate the real and imaginary parts of $ Note that Re ($(a))) and Im ($(w)) are both continuously differentiable functions for
which we can write the Lagrange form of the Taylor’s series as

Re ($(@)) —Re (H(2)) = @~ 2) L Re (f(w)) ‘w:g = TloRe ($1,)).
Im ($(@) ~Im (&) = @ $)30 Im (f@)| _, =TFo m (B0E). (50)

where ., {; are real numbers between % and w. Therefore, if 7,  represents the closed interval between ";’ and w, we have that
|Re ($@) = #)| < FHlol sup |Re (#7@)| <ol sop |¢<”<r)|

<lol §(2). (51)
Similarly, we can show that
| Im ($(@) - 6(3) | < 1ol §(3). (52)
By combining (51) and (52), we achieve
| (@) - B(2)

Now, we are equipped to consider the main claim:

(@) - g @ )| 'Z() L (o1 -d2) ) (E=n Yb(w)>‘

=|($<w> B(2)) “")<w>+2< ) ($P(@) = 7 PR (2)) R ")<w)|

<|Re (¢@) - ()| + | Im ($(@) - ()| <21l F(2). (53)

<29(% >|wh”’”<w>|+2< > |69 @)+ 7 |BO )| 1AL @)l (54)

which implies

(@@ - b)), @ )|, <2 g2 on @],

|5
+2< > [¢9@r @) + 8@ (55)

To simplify the upperbound, note that if /(w) is a homogeneous generalized function of degree s, then, for a generic function g(w)
we have that

|lec@]|, = / ls¢ 2 i@l|do=T / s v|av
R R

= TR} / |gw)]dv =T gyt (56)
R

Since th’(b")(w) and hZ’Z"_k)(w) are both homogeneous with degrees y —n+ 1 and y — n + k, respectively, we can simplify (55) as

| (B0) - )it @ )| < 2R

0 g o),

" (TRe(y)+1—n +1) zn: <Z> ||q§(k)(w)h;(bn—k)(w)ul

k=1
< (2“w e hZ:(bm(a))”l + 2§ (Z) Hqg(m(w) s (“))Hl ) TR 2 o

c

which proves the claim. However, we still need to show that ”co d(w) h” (")(a))H and ”q}(")(w)hy n=k) (a))“ are all well-defined and
finite. To that end, we first observe that
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VO<k<n:

R (@) < b Re(r) = k| - o] R0,

where & =max (|a|, |b]). Based on the assumption, the value é = sup,, ‘q/.';(k)(w)’(l + |w|"*¥) is finite for all 1 < k < n. Moreover, we
have previously shown in (49) that $(cu)(1 + |w|"™*") is upper-bounded by $ 1- Therefore,

[+

Ha) P hZ:Z")(co)”l <2|Re(y)—n| b, /

0

1 o
52|Re(y)—n|h¢?1< / @Re—mtlge / wRe(7>_"_’dw>
0 1

wRe(y)—rH—l

1+ t!

wRe(y)—n+2
Re(y)—n+2

1 + wRe(y)—n—r+l "’0
o Rey)—n—-r+1|; )

=mRan—Mh@<
The upper-bound is finite because
Re(y) —n+2>Re(y) — ([Re(y)] + 1) +2=Re(y) — [Re(y)] + 1 >0,
Re(y)—n—r+1<Re(y)—n—Re(y)—n+1)+1=0. (58)
For the existence of H(ﬁ(k)(w)h‘tz(b"_k)(w)ul, we employ a similar technique:

oo

|69 @ @), <21Retr) = n+klady /
0

wRe(y)—n+k

1+ @tk @

1 [so]
<2|Re(y)—n+klh $k < / @R~k ey 4 / wRe(y)—n—rdw>
0

wRe(y)—n+k+1
Re(y)—n+k+1

1 + wRe(y)—n—r+l ‘00
0 Re(y)—n—r+11 ’

=2|Re(y)—n+k|b$k<
The finiteness of the upper-bound follows from (58) by considering k > 1.

Lemma 4.2. If ¢(x) : R\ {0} — C satisfies
VxeR\ {0}, VT €[2,4[: (¢(x)—TV¢(Tx)) < ﬁ

where c € R*, me€ R and y € C are constants, then, there is a constant ¢ such that
c

v R\ {0} : _
XER\{0} ‘d)(X)‘Smin(llee(V),lem)

if m# Re(y), and

1+ ‘log|x|‘

VxeR\ {0} : ‘¢(X)‘ <c |X|R—e(y)’

if m=Re(y).

Proof. Let 7 be an arbitrary positive real. Any real number x with 27 < |x| or 0 < |x| < % can be uniquely written in the form of
+T" 7 with n € {+1,+2,...,+2%,...} and T € [2,4[.> For the sake of simplicity, we continue the proof only for 0 < x = tT" (the
negative case is similar). We define

{ {0,1,....n—=1}, n>1,

n

{-1,-2,...,n}, n<-1.
Now, we have that
|7 d@ = (172) ¢ )| < Y |(T4e) ¢(T* 1) = (1441 2) g1+ )|

keS,

g2 0)

5 This can be achieved by setting n = sign(9) 212211l and T = 22" | where 6 = log, ‘f'
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= X (1) |or* o) - 17 g+ o)

kES,
Tk g\ Re®)
< Z ( TZ) L Z (TRer)-m)*, (59)
ves, T*7) Kes,

We consider the two cases of m # Re(y) and m = Re(y) separately.

Tn(Re(y)—m) _1

k(Re(y)—m) —
1. m;":Re()/). Thus, ZkESn T Re(y)—m) — TR M

) and (59) can be written as

T Re(y)—-m ¢ rRe()—m
( ) |TRe()—m_1|

|77 ¢ = (T"2) $(1" 0)| <

TRe(}’) m_1|

c(T"r)Re(” m ¢ rRe(r)—-m

4
= |(TnT) ¢’(Tn T)| < |TRe(y)—m_1| + |TRe(y)—m_1| + “[y(ﬁ(‘[)

( Re()-my |

s ertmy T fyqﬁ(r))) max ((T" 0RO 1)

Re(r)-m 41 Rt
S( min(|2Re()—m_1| |4Re(r)—m_1]) |TV¢(T)|> max ((TnT) y m’ 1)’ o
~ _

~
CT

where ¢, is a constant that depends neither on n nor on 7. As explained earlier, for any positive x ¢ ]%,Zr[ we can find suitable
n and T, such that x =T"z. By substituting x = T" in (60) we obtain

VO<xglL2el: [go)| < m

2. m=Re z. This implies that Y, TkRe)=m) = |n|, Now (59) simplifies to

log(T" v)—log(7)

)TV ¢(z) — (T"z) p(T" T)( < e RO | = ¢ e | el

> [(T72) 61" 0)| < (0D o 1) (14 logT" ) 61)

~~
Cr

where ¢, is again a constant that depends neither on »n nor on 7. Thus, similar to the previous case, we conclude that

1+ |logx|
*Re)

Y0 <xg]5. 21 |¢(x)) <e

The above arguments prove the claim, except for x €] % ,27[. However, the choice of = was arbitrary; thus, all the above results also

hold for 7’ =4z, if ¢, is replaced with ¢,/. In addition, ]%,21[ and ]%',21’ [ have empty intersection. Thus, if we use ¢ = max(¢,,¢,s)
as the constant, the inequalities hold for all x#0.

P()-Zk7 "‘,w(”«»

Lemma 4.3. If ¢ : R — C is k + n times continuously differentiable (k > 1 and n > 0), then, the function ¢(x) = T isn

X'

times continuously differentiable. In addition, if % is bounded for all 0 < j < k, then, | (x)|(1 + |x|"*1) is also bounded.

Proof. For notational convenience, we define

k—1 . k+n—1 .
fO=Y5e%0) . =Y Ze®0.

i=0 i=0

Since ¢ is k + n times continuously differentiable, ) is also k + n — j times continuously differentiable. By applying the Lagrange’s
form of the Taylor series on the real and imaginary parts of @) (x) separately for 0 < j < n, and then combining them, we have that

k+n—j—1 ; ) )
o= 3 FeO0+ g (Re (o) +ilm (64 )
i=0
= Lo+ 2 (Re (9 ) +ilm (07 )) ), (62)

where {i’; and (,‘ij ; are real numbers between 0 and x. Let us now evaluate the mth (0 < m < n) derivative of ¢:

m

L b= d(%) > (’J’.’)((pﬁkx)—f(”(x)) &L, ©63)

Jj=0
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As {(p(f)} are continuous for all 0 < j < m, it is straightforward to see that ¢(™(x) exists and is continuous at x # 0. To investigate
the behavior of qb(”’)(x) around x =0, we rewrite (63) by using (62) as

S )—Z (})( D) - fO00) + o (Re (0447 0)

Jj=0

+ilm (®Y))) )> di:-jf (xl" )

m
Jj=0

s k+n i . n i m—j
3 () e i) i (0 ) ) £ 4

J=0

( ) (8900 - r9) L (%)

m "I ;
_Jd gX)—f(x) 2: (k+n) ¢ #()
T dxm ( xk ) + (k— 1)‘(n+l m)! ktn—j ( (('o (gx,R))

N—— j=0

k+m—j—1
P(x)

+im (o)) ).

where P(x) is a polynomial of degree no more than n — 1. Since {Z: v C v } ; are all between 0 and x, they all approach 0 when
x — 0. Furthermore, ¢**" is a continuous function by assumption. Thus

o PO, 0<m<n,
lim £ ¢(x) =

(k+n)1 (k+n)(0) m=n.

Now that we have shown ¢ (x) is continuous, we turn to the claimed decay result. Because of the continuity of ¢, it is sufficient
to show that |¢™ (x)|(1 + |x|"*!) is bounded only for |x| > 1. As f¥)(x) is a polynomial of degree at most max(0, k — j — 1), it is

2 . . . e L . .
evident that Hflle% is bounded. This result, in addition to the assumption in the lemma, implies that

o) - fO)
1+ |x|k=i-1
is also bounded. Further, we have that

(L x ™ DA 4 x| <71 Izt (IXI"+1+IXI”+1)(IXI" T

=4.
|x|k+n—J |x|k+n J

Now, recalling (63), we obtain

(k=D)! |x|*+n=J

|¢(")(x)|(1 +|x|"+1)<(1+ |x|n+1)z< > (k+n—j—1)! U)(x)—fU)(x)

Z QUetni=D! 150D ] @+x™ D+
B (k=1)! T[T x| :

The upper-bound consists of finitely many bounded terms for |x| > 1, and is therefore, bounded. [l

189V ()]
1+]w|m

Corollary 4.4. For ¢ € S, we know that § (Fourier transform of ¢) is infinitely differentiable and is bounded for all 0 < j, m. Using

Y-, ".’—,‘a“)(m o ) ) ~ . L
mk—ﬂ" is infinitely differentiable and V) € L, for all j > 1. This implies that (1+|x|™)¢(x)

(where ¢ is the inverse Fourier of $) is bounded for all m € N. Nevertheless, since $ & L, ¢(x) is not continuous.

Lemma 4.3, we conclude that $(w) =

Lemma 4.5. Let hz »(*) be a homogeneous function of degree y € C as in (9) and let k > max (1 , [Re(y)] ) For a k-times continuously
differentiable @, define

k=1 39
(p(w) Z;()(p-()

!
il

R, (@)

~v:k
oy (@)=
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If 2@l d{ 1§V ()]

k
Tl Tl }j=| are all bounded, then, the inverse Fourier of & (p denoted by (pa b(x) exists as a function for x # 0, and

(i) when Re(y) € Z and k = |Re(y)|, the function (pz;:(x) is continuous everywhere including x = 0;
(ii) when Re(y) € Z, Im(y) # 0 and k = |Re(y)], the function (pZ;]; (x) is continuous at x # 0 and bounded around x = 0;
(iii) wheny € Z, hz H@ =c " for some ¢ € C, and k = |Re(y)|, the function (pZ;:(x) is continuous at x # 0 and bounded around x = 0;

sk
o7 Gl
2b " is bounded around x = 0;
log [x]

(v) when k > |Re(y)], the function (pa b(x) is continuous at x # 0, and |x|F~Re) |(pZ;Z(x)| is bounded at x € [-1, 1].

(iv) wheny ez, h’ v(@) #co’, and k= |Re(y)], the function (pz;f(x) is continuous at x # 0, and

Proof. We first rewrite (’bz;g as

~yik p) - Zk IW(II‘)!(O)

P (@)= — hyb = )—¢(w)h<w) (64)
~ N~——
P(w) h(w)

k
Lemma 4.3 implies that ¢ is continuous and ¢>(w)(l + |w|) is bounded. In addition, A(w) = hy, W (w) with a’ ; p =0 T Y =k-y
is a homogeneous function of degree y = k — y. To simplify, let 4 = Re(y); one can check that —1 < 4. As |h(w)| is proportional to
|w|#, we know that A(w) is locally integrable (—1 < 4). Here, we continue as

. -1 Ak=1)
yk(“’) <¢(w)+(p (0)1|w\>1—¢ (0)ﬂ|m|>1)b(w)

(k=1)!w k=)o
@(w)
_ _ % DO a-1HImG) (Lest , DM
=)~ L0 o) (fext 4 E_tocot), (65)
(0)
“ po)-X 0,
where 1 is the indicator function for the set /. The function ¢(w) is essentially equal to - for |w| > 1, and is

wI

bounded for |w| < 1. By invoking Lemma 4.3 it is not difficult to see that |q§(w)|(l + w?) is bounded. Thus, |¢(a))h(a))| < €17 dol”. > € Ly;

this implies that q)(a))b(a}) has a continuous and bounded inverse Fourier. Next, we show that the inverse Fourier of o ]lw>| is given
by

1 _ 1 r'p+1,—ix)
F~ {(0 ]l(u>l }( ) 2” W
1 T+ 1 e (=DM(=ix" _
27 (=ix)f+1 27 &m=0 m\(f+1+m) ’ pec\z,

= (66)
;—i(y+ln|x|—i%sign(x)+2;°=l (i) ), p=-1,

mm!

where I'(:,-) is the upper branch of the incomplete gamma function, and y is the Euler-Mascheroni constant. We first consider the
case f & Z~. Since w’1,,,, is not necessarily in L;, we need to apply some techniques common for deriving the Fourier transform
of tempered generalized function:

(o) (o]

- i 1 . o
F l{ Lot }(x) /wﬂe“‘”‘dw =5 ,,11,%1+ wPe— =i,
1 1
M
— lim lim wfe~=ivo g,

2ﬂ u—0+t M—+oo
1

=L lim fim — / Pedr, 67)

2r u—=0+t M—+oo (y — 1x)ﬂ+1

where E‘ stands for the finite line that connects the two points y — ix and (x4 —ix)M in the complex plane, and the latter integral

is interpreted as a contour integration. Note that Z’ lies strictly on the right side of the imaginary axis, and z’e™7 is analytic in this
region. Further, y(f + 1,z) (the lower branch of the incomplete gamma function) is an anti-derivative for this function (g ¢ Z7).
Thus, (67) can be rewritten as
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(ﬂ+1 (M—IX)M) —y(ﬂ+l M—lx)
-1 .
F { a)>1 }(X) ylln(}"‘ M]Lnloo (u— lx)ﬁ‘H

(68)

It is known that lim¢|_,«, 7(s,§) =T'(s), given that |£{| < 5 while |{| - o0. Indeed, this is the case for { = (4 —ix)M as M — +oo.
Therefore,

TP+ 1) —y(f+1,u—ix)
-1 lim
F { w>1}(x) ”_>0+ G = i

_ A TG+ D =y(p+1,-ix)

2 (_ix)[iJrl

_ 16+ Z =DM
2 (—ix)ft ¢ ml(p+ 1 +m)’

(69

which proves the first part of the claim in (66). Note that f# = —1 does not satisfy many of the results used in the above argument.
Hence, we consider this case separately:

(s
—1J Loy>1 _ 1 iwt L —1
F {—w }(x)— & [ S do= L Ein,
1
where E,| is the analytic continuation of the exponential integral function. The expression in (66) is in fact a well-known series
expansion of E;({) at { =—
The inverse Fourier transform of |w|’1,._; could also be obtained from (66) via

_1{|a)|ﬂ1w<_1 }(x) - r—l{wﬁ1w>1 }(—x), 70)

which is valid due to the axis-flipping property of the Fourier transform (0 — —w).
We now use (66) to characterize the inverse Fourier of (’[)Z;'b‘(w) in (65). Except the term (P(w)b(w) which has a bounded and
continuous inverse Fourier, we have that

1f 2% D), a=1+HIm@) ( Lost , DM
F{(kl)‘ll 1y(>+ ) ()

_ %) ( T(A+ilm(y), —ix) (=D*IT(A+iIm(y), ix) 1)
T 2x(k-1)! a(—ix)4+ilm(y) b (ix)A+HIm() ’
-
where for 4 # 0 or Im(y) # 0 (equivalently y #0), E can be expressed as
[ (A+iIm(y)) (=D T Q+ilm(y)) m b(=ix)"+(— D)k Lagix)™
a(—ix)A+Im) b(ix)AHIm(r) Z( D abm!+ilm(y)+m) 72)
and for 4 =Im(y) = 0 (equivalently, y =0) as
k—1 k—1 had k—1
_ (b+a=D*"D(yHn|x]) , izsign(x)(b—(-D"""a) m b(=ix)"+a(=1)*1(ix)"
ab + 2ab Z( 1) abmm! : 73)

Because of the fact that

0
—qyn b D aixy” lal+16] |x|"™
abm!(A+HIm(y)+m) | = |ab(A+1+ilm(y))| m!
m=1
——
elxl—1

— k—1 i . . . . . .
we conclude that Z:’;’:O(_l)m % converges to a continuous function. Further, since +ix = exp ( log |x| + 1’zis1gn(x)),

we know that

(tix);m =exp ( — Alog|x| +  Im(y) sign(x) — i(Im(y) log|x| = %Asign(x))) 74

is also a continuous function except possibly at x = 0. Overall, we conclude that (pz;lbc(x) in (65) (the inverse Fourier of (’b:;]g) is

well-defined as a function and is continuous everywhere except possibly at x = 0; around x = 0, the behavior of (pz;:(x) is determined

by the —L__ terms for y #0, and =220 1 || 4 =V o 0y term for y = 0. To proceed, we check different
y e (iix)/lﬁlm(” € S IO: Z , a b X Sab sign(x) te O l/— . 10 proceed, e chec ere cases

separately.
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(i) Re(y) € Z and k = |Re(y)]. Thus, —1 < A <O0. In this case,

lim ; =
|x]=0 (ilx)/lﬂlm(}')

which results in

lim T(A+ilm(y), +ix) -1
x=0  (ix)AHImG) T A4+iIm(y)”
Consequently, TuHim) 419 ¢ continuous everywhere including at x = 0. This proves claim (i).

(iix)/Hilm(y)

(i) Re(y) € Z, Im(y) #0, and k = [Re(y)]. Thus, 1 =0 but y # 0. Recalling (74), we observe that

1 7 1m@)
@ x)i Im(y) | — :
Consequently, % (and in turn, (pZ’b‘) is bounded around x = 0. However, the oscillating nature of % around x =0

makes it discontinuous.

(iii) y € Z, h;b(co) =cw’, and k = [Re(y)]. This implies that y=0and b= c(=Dk =(=DFka. According to (73), the term In |x|
vanishes. Therefore, the inverse Fourier remains bounded around x = 0; however, due to the existence of the sign(x) term, it
will be discontinuous at x = 0.

G(v) yez, n’ b(w) # cw’, and k = |Re(y)]. This case is very similar to the previous case, except that b # (=1)* g and the log |x| term

remains. Thus, (pa b(x) is proportional to log |x| around x = 0.

(v) k> |Re(y)]. As aresult 0 < A =k — Re(y) and obviously y# 0. This implies that W, and as a result (p”;:(x), are singular

(Fix
at the origin such that |x|*|¢” b(x)l is bounded and discontinuous around x = 0. Note that, there is no choice of a, b such that
the two singularities in (72) completely cancel each other out (the cancellation can happen either for x >0 or for x <0). W

Lemma 4.6. Let y € C \ Z, then, for all k > 1 we have that

k-1

_ . k,j,lr( —/)
2a P { ( ior (nwr)f)} Cy—kth) __§ @ rg—p 75)
Z (—i(x+t))y k+1 = (k—j—D)(=ix)r=J
Proof. For non-integer y, it is known that [71,55]
- '+ 1
1,7 -
22F ! }(x) = Tt (76)
The above result is the key to prove the claim in Lemma 4.6:
Cy—kt) N @0
(_i(x+t))77k+l =0 (k===
k=t
- —k ink=i=1 _,_ —j-1
=20F Hw Y+ —2m Y s F W T e
=0
k=1 i
_ =14, 7=k ot _ -1J @7~ —J 1
=22F " {w kel ) (x) 2zzz;)r (W w7
j=
k=l
- —k i ityk=i —j-1
=2zF ]{wfr e — —((Z)j o I- }(x)

k-1

_ -1k iwt _ " GonkI!
=2zF {w+ (e ZO D) )}(x),
=

which confirms the claim. [l

5. Proofs

In this section, we prove the results stated in Section 2. In the proofs we make use of the lemmas in Section 4.
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5.1. Proof of Theorem 2.3

As DZ , corresponds to a Fourier multiplier, it is a convolutional operator. Since ¢ € S is infinitely differentiable, this also carries

over to the convolution of ¢ with any generalized function. Thus, (DZ b(p)(x) is infinitely differentiable.
The statement (ii) is a classical result which simply follows from the definition of Schwartz functions. As we take advantage of
Lemma 4.2 later on, let T € [2,4[ and consider the following system input:

D7
ab
P(x) =T @(Tx) — @] () =T ¢ (Tx),

where ¢Z’b(x) = (D;b (p)(x). Using the Fourier representation we have that

@, () =T ! (Tx)= - / (D(@) = D)) A, (@) dw. 77)
R

Since ¢ € S, it is well-known that $ € S. Hence, @ is infinitely differentiable and ‘@(j )(w)|(l + ||+ ) is bounded for all 1 < j,r.
According to Lemma 4.1, ((w)— (,Ao(%)) h:, (@) is n, = [Re(y)] + | times continuously differentiable and (;(lu—mm ( (P(@) - (’b(%))h: b(w))

has finite L; norm for all 1 <m < n, and T € [2,4[.° Hence, by integration by parts, we can rewrite (77) as

@, (0 =T g (Tx) = Ly / (EUL"’V ((@(w) _ @(%))h;b(w)) O g

R ~
Py (@)
=5 (3" / ¥, (@) do = ()", (x). 78)
R

Again based on Lemma 4.1, we have that |7, ||; < c4Re0*1=IReO, Thys,

v, lleo 119,11y _ AR IR

x| |x|™ |x|"r

Y +1 7
¢l =T gl (T)| <

This implies that (pz , satisfies the constraint of Lemma 4.2 with y and m in Lemma 4.2 being replaced with y + 1 and n,, respectively.
Thus, ¢ € R* exists such that

C
e My #FRe(y+ 1),

1+] log |x|
¢ |X|Re(y+l) ’ ny =R€(7/+ 1)7

VxeR\ {0} : |¢Z,b(x))§ 79)

where we used the fact that min(|x|ReC+D | |x|") = |x|Re0+D ‘a5 n, = [Re(y)] + 1 > Re(y + 1). We also recall that Re(y) > —1; thus,
(’b(w)hZ b(cu) is locally integrable. Further, ¢ € S has rapid decay as |w| - co. These two properties imply that (’b(w)hz b(cu) L.
Consequently, qoz b(x) (the inverse Fourier of @(a))hz b(a))) is both bounded and continuous:

IM, R, VxeR: ol 0| <M, (80)

For Re(y) & Z, we have that n, #Re(y + 1), and can combine (79) and (80) as

b4 : c 2 2¢
)| <min(—m——,M_ )< = —
(pa’b( )| = (|X|Re(y+l) qz) IXlRe(y+l)+ 1 [x[Re+1)4
¢ M, M,

2Ae+M,,)

- 1+|X|Re(y+]) ’ (81)
which is the same bound as claimed in statement (i). For Re(y) € Z which coincides with n, =Re(y + 1), we have that:
1+ log |x| 2(6+M ) log(1
v e (e+M,,) log(1+]x])
|(pa,,,(X)| <min (c RG> M(,,> S R (82)

which is again the required bound in statement (iii). Here (82) holds because

6 Note that when h! (@) = co" for some n €N and ¢ € C, (@) - f,/)(flﬁ_))hzb(w) is infinitely differentiable, and these are the only cases with this property.
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M,, x| <1,
2(e+M,,) log(1+]x])
T+x[ReG+D = 1+ log |x|
€ TReGHD [x] >1.

Based on (81) and (82), it is now easy to show that qo » €L, forp> . The continuity of the mapping from S to L, also follows

Re(y )+1
from linearity and boundedness of the mapping. .

5.2. Proof of Proposition 2.5

We first show that IZ]; is well-defined for ¢ € S. For this purpose, we express (IZ?I;<p)(x) as

=1
(IZ:’ZKP)(X) =% / @(a))(e'“’X - Z}) ('j‘—l)jw’> hZ:(w) dw
iz :

R
iox _ k-1 (ix)
_1 A( N 2j=0 J! ok d (83)
=3 | ¢@) wk (@) -
R —
P(w) h(w)

Lemma 4.3 implies that $(w) is continuous and decays no slower than ﬁ As ¢ € S, ¢ is also in S. Specially, @ is continuous

everywhere and asymptotically decays faster than —— for any r > 0. It is easy to check that hA(w) = hz (a)) is homogeneous of degree

1+ | I
y =k —y with -1 <Re(y), and ¢ = -, b= -—=. Hence, (p(w)qb(a))h(co)‘ could be upper-bounded by clw|®Y around w =0, and
by c|lw|~? as |w| = oo (§ has a super-polynomlal decay rate). Consequently, ‘(p(a))d)(a))b(w)| is dominated by ¢ min (|w|Re(f), |w|‘2)

when ¢ € R* is large enough. The latter has a finite integral over the real line, which shows that the integral in (83) is well-defined.
To see that IZ;Z is scale-invariant, pick any 7 > 0 and consider

ik olox k-1 (ixY
ot 1 [ 150y ZS )
@ 2r TP\ 7 " (@)
R

ellTx_ k l('x) 8 ey
L / 20 20 ] )dc

h’ »(TO)

k-1 (Tx) j

_ 1§Tx_( z_: - ¢ ) )
= Tz_ny / o 7 (Orr:)ﬂ de= T_y(IZ:Z(/’)(TX)-
ab
R

Next, we show that IZ;: is the right-inverse of the LSI operator D” , When k = [Re(y)] or k= [Re(y)]:

2, ko= [t o (5 )0 o oo
Sigd Zk—l (11")
=7, { MR /qa(oh,—‘z@f <}<w)}(x>
k-1 N
{ e >/h'f(fif —Z()%c’}(w>dc}<x>
£
k-1 o
{ »(@) / o 5(w—c>—Zﬁ¢f5<”(w>)dc}(x)
Jj=0

=ﬂ;‘{ / —,5’%( 7 (@@~ :)—Z lcmyb@)s(”(w))dg}(x) 84)
ab
R

We know that dd—a;hz h(co)l 0= 0 for all 0 < j < Re(y); this means that h’ ,(@)6Y)(w) =0 for 0 < j <Re(y). In case k = |Re(y)] or
: = :
= [Re(y)], the interval [0, Re(y)[ covers the full range of required j values in the summation in (84). Hence, we drop this summation
from (84) and establish that
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(D7, Iabca)(x>=r(;1{ / 20 hyb(w)é(a)—éj)dé’}(x)
R

@) a

=r(;1{ P )h, ; )}<x)—(p(x> (85)

which proves that IZ;: is the right-inverse of D ,.

Our last task is to find the adjoint operator of IZ;I;. Let @,y € S. We can write

(I 0) (), w(x)) = / T @) () w(x)dx

ciox _yk=1 (xy o
E/ 0 !
5 / / P(@)h(w)— Iy (x)dwdx

hl (@)

=% 22‘&( / (e Z(”‘)' )u/(x)dx> (86)
R

We use Parseval’s theorem to obtain

k-1 k-1

/ (e - ¥ Wof Jy(xdx = / pOFfer =Y Dol b
Y j=0 R j=0
k=1
- [90(s6-c - 0)- 3, 2600 )az
R =0
k-1 _
=p(~w) = Y, V). (87)
7=0

By rewriting (86) based on (87), we arrive at

k—1
vk _ 1 D) [~ (=) ~(j)
(7% 9)0) . w() == / h:b(w)(w(—w>—_§‘5—ﬂ PO )do
R J=

N = ﬂw(“(m
= / P)F, 7 (a,) (—x)dx
R ll«

. P(w)— f;é %\T/U’(O)
:/ga(x)?w W (x)dx

R

=(e(), (117" w) ), (88)

N (@)~ Z"_‘ 500
where (IZ,’:‘)* l//)(x) = Fa’,l { A v }(x). |

h! (~o)
5.3. Proof of Theorem 2.7

First note that Lemma 4.5 implies that for ¢ € S, the output (Izzk)*(p)(x) is well-defined and continuous at x # 0; further, this
lemma describes the behavior of (Iiy‘;k)*qa)(x) around x = 0 the same way as claimed in Theorem 2.7. Thus, to complete the proof of
Theorem 2.7, we need to investigate the decay properties of (Ileik)*qo)(x) and the L, spaces to which this function belongs.

For k = |Re(y)]| (Parts (iii)-(i) of Theorem 2.7), Lemma 4.5 shows that |(Ifl}:l;7k)* @)(x)) can be upper-bounded by v + I('| log |x|| at
|x] <1 for some v,k € RT U {0}. Thus,

1 1

/|(I;y;k)*(p)(x))pdx§2k"/ Y 4 logx]) dx=2KPe%r(p+1,§)<oo, (89)
-1 0
for any p > 0.
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For k > |Re(y)| (Parts (iv)-(v) of Theorem 2.7), Lemma 4.5 implies that |x|k‘Re(V)‘ (Izyzk)*(p)(x)| is bounded. Thus,

1 1

(r:k)= P
/ |(Iafb (p)(x)) dx <2 / ey dx < oo, (90)

-1 0

for p< ——— = Re(y)

We continue with a similar technique as in the proof of Lemma 4.5 and obtain that

~ k=1 oW
b0 - T B0

ik _ A
Py <P)<x>}<w)—k —~ Wy = PO, (o1)
A ——
@) ()

where we know that h(w) = nt (w) is a homogeneous function of degree y = k —y with —1 <Re(y) (and a’ = l, Y= ﬂ). Because
a.b g g 4 £ b a
Y ()
- A 1+lol
Lemma 4.3 implies that ¢ is infinitely differentiable, and ¢ (w)(1 + |@|"*!) is bounded for all n > 0.
Next, we consider the result of Ii’;k)* to the input T*+! p(T'x), where T € [2,4[, yielding

of p €S, § is also in the Schwartz space and is infinitely differentiable; moreover, is bounded for all 0 < j,m. As a result,

1k (_) yhol V() o
k+1 ab -1 K7 =0 T 1

w

=F"
(?)k hfl_b(—w)

P2 - Z" “’””“”( Yoo
= 8

A heo.
Since Ifly;k)* is scale-invariant of order —y, we shall have

[l

@(x) = T o(Tx) &b (I(y;k>* )(x)—Tl’“(I(V;k)* (p)(Tx)
P (6@) - $() b | )
= / $(@) = (2)) B(@)e dw
R

/ £ ((d@) - d()h@) ) doo

27rx" /

R

= L L ((d) - $)h@ ) b,

(@) = () hi@) ) doo

where n=[Re(y)] +1=k+1-
Therefore,

d(::n ($(w) _ qg(%))b(w)”l < ¢ TRWH2=1 o g1-{Re())

(-3 @) b))

|x|"

-1
|(Ifl}:[;,k)*(p)(x) _ T+l (Ifl}:[;k)*(p)(Tx)| < |7’ { do”

B e ((Br-82) )
= l”
< c41-{Re()} )

- x

By setting y and m parameters of Lemma 4.2 as y + 1 and n, respectively, we observe that

m, Re(y) €N,
gLtoeld - Rey)eN.

|X|k+l—Rc(y) ’

3¢>0,V1<|x| )(Igj’;*(p)(x))s (92)

Equation (92) proves all the decay results stated in Theorem 2.7. The above result further shows that
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ik 4
/ |(Iiyb )*qo)(x)‘ dx < oo, (93)
|x|>1
for p > H]—Re() whether Re(y) € N or Re(y) ¢ N. Now, it is easy to combine (89), (90) and (93) to conclude that IZ";*(p is in Lp for

. 1.
p> k+|—R() if k= |Re(y)], and in L, for < R if k> |Re(y)]. W

1
IR P
5.4. Proof of Theorem 2.9

As the operators are primarily defined in the Fourier domain, we use the fact that F{6(- — 7) }(w) = eio7 With this, the result
regarding DZ , directly follows from (76):

(D75 - 0) (0 = P! {e_i“”hz,b(a}) }(x) _pe! {h;’b(@}(x 9

ar-'{wi}(x—rnbr-‘{w{}(x—r)
aF’l{a)z_}(X—T)+bP’] {wi}(‘r—x)

_ T+ a + a
T 27 \Gr-iortl T (ix—irrHl )”

The claims for both Iz;’b‘ and Ifly;k)* are obtained via Lemma 4.6. We first show the result for IZ;’; and then, proceed with Ifly;k)*:

elox Ek l('wx)j

vikeo _ _ 1 —iwr
(I8¢ D)) = 2,,/e —ab(w) dw
& :
k-1 ) k—1 )
_ 1 —iwr =Y [ alox _ (iox) 1 —iwt ,,,—y [ alox _ (iwx)!
=5- [ e w, (e Z o )da)+ e | € wC (e T )da)
R Jj=0 R j=0
k-1 _ k-1
_1p-1 —Y [ alox _ (iwx)’ _ 1p-1 — (1a)x)f _
=1 {w+ (e oy )}( 0+ 17 {w_ (e )}( o)
Jj=0 j=0
—k _ -k _ (- 1cox)/
W (i Zk l(lwx)f (- Pl Wb ( iwx Zk 1 (@)
= { ( - J! )} + { + } (94)

where y = k —y and Re(y) > —1. Now, the two inverse-Fourier terms in (94) are evaluated via Lemma 4.6. The desired claimed form
then follows with simple modifications.

k= , we follow a similar approach and obtain that

For operator I/ b
eior zk 1 (= lfUT)
(r3k)s -
(I "8 =) =7 { — T }(X)
T—l{wz ( —ior Zk 1 (= I;UT)/)}(x) . F_l{w:y( —iwr zk 1 (= 1;or)’ )}(x)
a

1L 6 (emior Zk | (Clwr) w0 7R (ot Zk 1(lwf)f (%)
B e 7= e} e = s} L s

a

Again, the two inverse-Fourier terms in (95) are evaluated via Lemma 4.6, and simplified to yield the claimed form.

6. Conclusion

In this paper, we initially studied complex-order fractional operators. We showed that, by applying certain complex-order
fractional-integration operators to real-valued symmetric a-stable white-noise processes, we can generate self-similar stable pro-
cesses with complex-valued Hurst exponent. Some of the introduced processes can be whitened by the application of complex-order
fractional-derivative operators. As such, they can be described as solutions of fractional complex-order stochastic differential equa-
tions. While we proved the existence of the random processes using characteristic functionals, we also provided tools for the numerical
approximation of such processes. We further studied the smoothness properties of the processes and showed that they have stationary
increments of large-enough orders.
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