





Abstract

Ongoing advances in imaging techniques create new demands regarding the analysis
of images in medicine and biology. Image segmentation is a key step of many image
analysis pipelines and its proper execution is a particularly challenging task. This
thesis is dedicated to the development of segmentation algorithms for biomedical
structures in 2D and 3D images. In this work, we aim to improve upon classical
parametric active contours/surfaces, whose limitations we address.

This thesis is organized in three parts. First, we introduce two representa-
tion models. They adapt their resolution to the level of detail of the object to
be segmented. We then focus on the formulation of cost functions, called ener-
gies, that guide the curve/surface toward the boundary of the target in the image.
Among others, we present novel energies based on ridge and texture information.
Finally, with these two ingredients in hand, we design new semi-automated active
contours/surfaces, also called snakes, for various applications. Our methods are
generic enough to be used with a broad variety of data. In particular, we illus-
trate their performance in segmenting real biomedical images. In addition to those
three parts, we provide mathematical tools for signal processing that we designed
to e [ciehtly process periodic functions.

To find the optimal curve/surface that best fits a given target, we adopt through-
out the thesis a subdivide and conquer strategy. First, we look at several smoothed
versions of the original image and, for each, adapt the resolution of the snake
curve/surface to the level of detail of the target (i.e., subdivide). Then, we seg-
ment the object of interest at each resolution recursively, from the coarsest to the
finest image (i.e., conquer). This robust subdivide and conquer strategy exploits
the multiresolution property of our curve/surface representations, as well as char-
acteristics of smoothed images (few details and low noise).



Finally, we give a special attention to the conversion of our algorithms into
usable software that respect the open-source, user-friendly and reproducibility cri-
teria.

Keywords: Biomedical image analysis, segmentation, active contours, active sur-
faces, geometric representation, parametrization, local refinement, subdivision, mul-
tiresolution, energy, ridge, texture, usable software, splines, inner product.



Résume

Les nouvelles technigues d’imagerie ont donné naissance a de nouvelles exigences
concernant I'analyse d’images biomédicales. La segmentation constitue une étape
clé de I'analyse d’images dont la bonne exécution est une tache particulierement ar-
due. Cette thése se consacre au développement d’algorithmes pour la segmentation
de structures biomédicales dans des images 2D et 3D. A travers ce travail, nous as-
pirons notamment a améliorer les méthodes dites classiques de modeles déformables
paramétriques, en identifiant leurs limitations.

Cette thése est organisée en trois parties. Dans un premier temps, nous in-
troduisons deux modeles de représentation qui adaptent leur résolution au niveau
de détail de I'objet a segmenter. Ensuite, nous formulons des fonctions de codt,
appelées énergies, qui permettent de guider nos courbes/surfaces vers le pourtour
des objets d’intérét dans des images. Entre autres, nous présentons de nouvelles
énergies basées sur la détection de texture et de lignes de crétes. Enfin, avec ces
deux éléments en main, nous concevons de nouveaux modeles déformables semi-
automatisés, également appelés snakes. Nos approches sont su Csathment générales
pour étre utilisées avec de nombreux types de données. En particulier, nous illus-
trons leurs performances pour la segmentation d’images biomédicales réelles. En
plus de ces trois parties, nous fournissons des outils mathématiques de traitement
du signal, congus pour traiter e [cadement des fonctions périodiques.

Pour trouver la courbe/surface qui délimite au mieux le pourtour de I'objet
d’intérét, nous adoptons tout au long de cette thése une stratégie qui consiste a
subdiviser pour régner. Tout d’abord, nous réalisons plusieurs versions lissées de
I'image originale. Pour chacune d’elles, nous adaptons la résolution du snake au
niveau de détail de I'objet a segmenter (i.e., subdiviser). Ensuite, nous segmentons
récursivement I'objet d’intérét a chaque niveau de résolution, en allant de I'image
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la plus grossiére a la plus fine (i.e., régner). Cette stratégie est robuste et exploite
la propriété de multirésolution de nos représentations, ainsi que les caractéristiques
des images lissées qui contiennent peu de détails et sont peu bruitées.

Enfin, nous portons une attention toute particuliere a convertir nos algorithmes
en logiciels qui soient libres d’accés, faciles d’utilisation et reproductibles.

Mots clefs : Analyse d’images biomédicales, segmentation, contours actifs, surfaces
actives, représentation géométrique, paramétrisation, ra [nemnent local, subdivision,
multirésolution, énergie, ligne de créte, texture, logiciels utilisateur, splines, produit
scalaire.



Nothing great is achieved without chimeras.
— Ernest Renan
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Chapter 1

Introduction

1.1 Context

Image analysis is usually understood as the extraction of meaningful information
or measurements from images. It typically consists of three main steps: Feature
extraction, segmentation to locate object boundaries, and meaningful description
through statistical metrics and interpretation (e.g., classification or recognition)
(Figure 1.1).

In this thesis, the focus is on the development and use of novel segmentation
algorithms for biomedical image analysis. Moreover, we give a special attention to
convert these algorithms to friendly and usable software.

@ Interpretation

Statistical shape analysis
Classification
Tracking

Feature Extraction

Edge .
Ridge Segmentation

Texture

Final shape

Figure 1.1: Image analysis workflow.



2 Introduction

1.1.1 Biomedical Image Analysis

In the biomedical field, the characterization of the spatial and temporal organization
of a structure is an ever growing need [1-4]. Various advances in imaging techniques
have made this possible by improving spatial resolution and speed of acquisition,
which has led to improved temporal resolution as well. Such progresses do not
come without additional di [Cculties though: the size, number and complexity of
recorded data are constantly increasing. Typically, to study an in vivo development
of cells (time-lapse), one needs to process and analyze hundreds of images containing
hundreds of cells each.

The human analysis and processing of such large amounts of multidimensional
data is time consuming. Moreover, there is important variability among exper-
imenters, as well as within the realizations of a single experimenter. This has
promoted the development of computerized image analysis tools that 1) consider-
ably decrease processing time; 2) bring robustness and reproducibility to an extent
that is not achievable by humans.

Coined bioimage informatics [5,6], this emerging field has worked towards devel-
oping new algorithms for the image analysis workflow, and making them accessible
to the whole community. Many open source bioimage analysis tools have thus
been developed [7,8], such as ImageJ [9], Fiji [10], lcy [11], CellProfiler [12,13] and
llastik [14] for the biologists, and 3DSlicer [15], MIA [16] and GIMIAS [17] for the
medical world.

Recently, the emergence of deep learning techniques [18] (a.k.a. neural networks)
has drastically transformed the field of bioimage informatics and its quest for more
accurate and faster diagnostics. Deep learning-based approaches have for example
been used in medical imaging to detect skin [19] and brain [20] cancers. Successful
use of these learning-based techniques in various biomedical imaging problems are
found on a regular basis [21,22] and the trend is likely to continue.

1.1.2 Segmentation

Image segmentation is a key step of many image analysis pipelines (Figure 1.1).
The goal of segmentation is to partition an image into di [erent regions, such that
pixels in each region have similar properties. In other words, segmentation separates
a desired object of interest from its background. This usually consists in finding
the boundaries or the homogeneous region of the target. In biomedical imaging,
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the objects of interest are typically cells or anatomical structures (e.g., vessels and
organs).

The conceptual interest of segmentation is that it aims for a high-level descrip-
tion of an object in an image (e.g., a shape) rather than focusing on individual
pixels. Segmentation is thus tasked with changing the representation of an image
into something that is more meaningful to analyze. The best apparatus to detect
and extract high level information from an image is the visual cortex [23]. For this
reason, many segmentation methods such as edge or ridge detectors and neural
networks are inspired by human visual perception models. If properly executed,
segmentation makes the subsequent extraction of information much easier. The
whole di Cculity lies in the fact that the proper execution of segmentation is a par-
ticularly challenging task. Segmentation is highly application dependent and it is
an ill-defined problem.

A large variety of segmentation algorithms exists [24]. Unavoidably, no existing
segmentation method can be considered generic enough for all applications. They
di [enl depending on the imaging modality (e.g., x-ray tomography, fluorescence mi-
croscopy), the application domain, and the level of automation. Among classical
methods, we can cite intensity thresholding [25-27], edge detection, and watershed
approaches [28-32]. These methods perform well in good imaging conditions, but
they are known to be sensitive to noise, which often results in over-segmentation,
and poor image contrast. Popular alternative segmentation methods are deformable
models, also known as active contours/surfaces. Active contours are more flexible
compared to other approaches as they combine e [cieht and well-controlled im-
age segmentation with extensive and eased user interaction. Deformable models
allow for manual edition of the segmentation outcome, which is a significant ad-
vantage as automatic segmentation methods rarely reach 100% accuracy. Active
contours/surfaces are further described in Section 1.2 and constitute the main topic
of this thesis.

1.1.3 Usable Bioimaging Software

Eventually, the reason bioimage analysis algorithms are developed is to help bi-
ologists and physicians analyze their data. As those practitioners may have only
basic programming training and image processing knowledge, it is of fundamental
importance to convert the developed algorithms to friendly and usable software if
one aims to have a meaningful impact in the community.
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To ensure the success of a bioimage segmentation software, some requirements
have been established [33,34]. Among them we focus our attention on three specific
ones.

User-friendly: Bioimaging software has to be usable by non-programming ex-
perts. The interface should be intuitive and easy-to-use, and documentations
such as clear instructions or video tutorials have to be provided.

Open-source: The openness of a software provides the necessary transparency.
It is fundamental for a biologist or a scientist to be able to understand how
the algorithms work and to be able to adapt it for research purpose if needed.
Another advantage of the openness is that it is publicly accessible.

Reproducibility: One should be able to replicate the experiments carried out
by the developer. Hence, data and parameters used for the software validation
should always be provided.

1.2 A Survey on Active Contours/Surfaces

Active contours/surfaces, also called “snakes”, are among the most popular tools for
image segmentation. They were first proposed in 2D by Kass et al [35] in 1988 and
generalized to the 3D case by Terzopoulos et al. [36]. They have became popular
models to segment structures in biomedical images as they provide an excellent
trade-o [Hetween flexibility and e [ciehcy [37-43]. They consist in a deformable
curve/surface that is deformed from an initial-user provided position towards the
boundary of an object of interest in a 2D/3D image. The deformation of the snake
contour is driven by the minimization of a suitable objective function, often called
energy in this context [44]. They allow for user interactions, either to specify
the initial position or for manual corrections if needed. Two components thus
play an important role in the construction of an active contour: The geometric
representation of the snake, which describes the nature of its contour and determines
some geometric properties (e.g., smoothness, shape reproduction); and a suitable
energy functional that drives the fitting of the curve/surface to the image data.
The choice of this energy term is crucial because it determines the quality of the
segmentation outcome [44,45]. The choice and design of both the geometric model
and energy of the snake depend on the application and imaging modality.
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Many snake models have been proposed [37, 46]. Currently, active
contours/surfaces are described either implicitly (e.g., level sets [47,48]), or ex-
plicitly, with point/mesh-based [43] and parametric snakes [49-52]. For the energy
term, the most common approaches are based on edge and intensity information
aggregated from either inside or on the curve [44].

1.2.1 Curve/Surface Representation

Snakes are usually categorized based on their curve/surface representation.

Geodesic snakes (or Level-set methods) are based on the idea developed by
Osher and Sethian to model propagating solid/liquid interfaces with curvature-
dependent speeds [53]. In geodesic approaches [47,54-56], the curve/surface
of the snake has an implicit representation described as the zero level-set
of a higher-dimensional manifold (Figure 1.2 (a)). Formally, the continuous
curve/surface is given by  1(0) = fp2R"j (p) =0g, where :R" I R
is a scalar function defined all over the image domain. These snakes can be
extended to any number of dimension and they are particularly flexible in
terms of topology. Indeed, under a suitable energy functional, they have the
ability to automatically handle topology changes. However, they tend to be
computationally expensive since they evolve a manifold with a higher number
of dimensions than the actual contour/surface to segment. They have many
degrees of freedom, which can lead to overfitting in practice. In summary,
geodesic snakes based on level-sets are well suited to segment shapes with
high variability, otherwise they are suboptimal.

Point-snakes/active meshes are historically the first snakes [35,49]. They have
a simple discrete representation where the shape is described by a set of or-
dered points (2D or 3D) (Figure 1.2 (b)). Point-snakes can handle topology
changes and their discrete nature allows for an easy implementation. More-
over, in 3D they are compatible with open source libraries for optimization
or visualization. However, they have two main drawbacks. First, the discrete
nature of the representation does not ensure smoothness of the curve/surface,
which requires an internal regularization term. Second, a lot of parameters
are required to encode shapes, even the simple ones. In fact, there are two
(or three in 3D) degrees of freedom for each snake point. This large number
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of parameters makes the segmentation algorithm none robust, and results in
a high computational complexity.

Parametric snakes have a continuous spatial representation via the use of ba-
sis functions. They are encoded by a set of control points and a continuous
parameter [50,57] (Figure 1.2 (c)). Contrary to point-snakes, they are built
to ensure continuity and smoothness. They require fewer parameters, which
leads to a faster optimization and better robustness. One can also encode
more complex shapes by increasing the number of control points. Since the
curve/surface of parametric snakes is represented explicitly, it is easy to intro-
duce prior knowledge such as shape constraints [58,59]. Moreover, they allow
the user to suitably modify results in a user-friendly way by moving some
control points. However, well-known drawbacks of parametric approaches are
the restricted nature of the shape that they can generate, and their inability
to deal with topology changes such as contour/surface merging and splitting,
although solutions have been proposed for specific cases [60]. Parametric
snakes are at the heart of this thesis and are further described in Chapter 2.

1.2.2 Snake Energy

The energy functional of the snake drives the evolution of the curve/surface to fit
object boundaries. Kass et al. [34] originally formulated the shake energy as a
linear combination of three terms:

the image energy Eimage, Which is purely data driven and is responsible for
guiding the curve/surface of the snake towards the boundary of interest;

the internal energy Eint, Which ensures smooth boundaries of the segmented
object. In the formulation of parametric snakes, the smoothness of the repre-
sentation is often ensured by the choice of the basis functions, thus eliminating
the need for an explicit internal energy term;

the constraint energy E., which gives rise to external constraints to put the
snake near the desired local minimum. This can be done through an interface
to let the user interact with the snake.
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— L

(@) (b)

Figure 1.2: The three main curve representations of active contours. (a) A geodesic
snake, defined as a continuous curve corresponding to the zero level-set  1(0) of
a scalar function ; (b) a point-snake over the grid associated to a discrete image
model. The discrete curve is displayed as shaded pixels and here satisfies an 8-
neighbor connectivity; (c) a parametric snake, where the coordinate functions are
depicted in solid lines, and the dashed lines indicate the weighted basis functions.
The symbols “+" are the control points. Source: These illustrations are taken
from [37].

The total energy of the snake is expressed as

Esnake( ) = Eimage( ) + Eint( ) + Ec( ); (1-2-1)

where  stands for the curve/surface representation (manifolds, snake points or
control points). The deformation of the contour consists in an optimization pro-
cedure in which the snake is iteratively updated from an initial position until the
minimum of Egnake( ) is obtained. The optimal optl is thus obtained as

opt = argmin Egpake( ): (1.2.2)

INote that opt is not necessarily unique.
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Many methods exist to minimize the energy functional (e.g., gradient descent, par-
tial di Lerential equations approaches, dynamic programming, Powell-like line-search
method [61]), and each optimization scheme is usually linked to a particular snake
representation.

The image energy is the most important of the three terms in (1.2.1) since it
incorporates image information (features) to guide the snake towards the boundary
of the object of interest. Dilerent image energy terms are used in practice. The
most commonly approaches can be categorized into two broadly defined categories:

contour-based methods Egontour, Which use local image information and are
purely based on edge or ridge maps obtained by computing the gradient or
Hessian of an image [35, 44,50, 62]. They provide a good localization of the
contour of the object to segment. However, they have a narrow basin of
attraction making a good initialization critical;

region-based methods Eegion, Which use statistical information(e.g., intensity
distribution, texture) to distinguish di Lerknt homogeneous regions [44,48,57,
63,64]. The region-based energies have a larger basin of attraction and can
converge even if explicit edges are not present. However, they do not provide
a good localization of the boundaries of the object to segment.

In order to benefit from the advantages of both methods, a unified image energy
was proposed in [44] and in [64]. Typically, Eimage Can be expressed by the following
combination

Eimage( ) = bEcontour( ) + (1 b)Eregion( ); (1.2.3)

where b 2 [0; 1] is a trade-o [Cdarameter that balances the contribution of the two
energies. It is generally agreed that the choice of the features, i.e., the visual
attributes that dilerentiate the target from its surroundings, to detect through
Eimage depends on the modality and application. In Figure 1.3, we highlight some
features to detect according to the structure to segment.

1.2.3 Challenges

In the context of bioimage segmentation, there are ongoing challenges for snake-
model algorithms [37].

Robustness: The snake has to robustly perform in real-life imaging conditions
(e.g., images with heavy noise and low contrast);
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(a) Ridges. (b) Homogeneous intensity (c) Texture.
region delimited by edges.

Figure 1.3: Features in biomedical images. (a) The cell membranes of a C. ele-
gans embryo are separated by ridges; (b) two dividing cells that form an homoge-
neous intensity region delimited by edges; (¢) a tumor whose intensity distribution
is not homogeneous. Here, the best feature to distinguish the tumor from the
background is its texture. Sources: (a) R. Jankele and P. Gonczy, EPFL; (b)
http://www.cellimagelibrary.org/images/35450/; (c) image taken from [65].

Flexibility and prior knowledge: The snake has to be versatile enough to
accommodate a wide range of shapes. At the same time, one should have
the possibility to integrate prior knowledge (e.g., shape constraints) into the
segmentation procedure;

Computational e Cciehcy: It is crucial to provide reasonably fast implemen-
tations that run on standard computers, especially when dealing with 3D
data.

1.3 Contributions

This thesis is dedicated to the study and development of segmentation algorithms
for biomedical structures in 2D and 3D images. We identify limitations of paramet-
ric snakes and address them providing new representation models as well as novel
energies. We then merge these theories to construct new active contours/surfaces
for various applications.

Throughout this thesis, we focus on closed (i.e., periodic) curves/surfaces. Those
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models indeed have a wide range of applications in bicimaging [66,67]. In addition,
we are interested in models that accurately represent shape with few control points
as possible, since those have better robustness and lower computational cost (see
Section 1.2.3).

For the optimization process, we adopt a subdivide and conquer strategy. First,
we look at several smoothed versions of the original image and, for each, adapt the
resolution of the snake curve/surface to the level of detail of the target (i.e., subdi-
vide). Then, we segment the object of interest at each resolution recursively, from
the coarsest to the finest image (i.e., conquer). This robust strategy exploits the
multiresolution property of our new representation models, as well as characteristics
of smoothed images (few details and low noise).

Finally, we give special attention to the conversion of our algorithms into usable
software, as described in Section 1.1.3.

Hereafter we provide a short summary of our five main scientific contributions
and their related publications.

1. Locally refinable parametric snakes [68,69]: We introduce the possibility to
locally increase the number of control points of 2D/3D parametric snakes by
inserting basis functions at specific locations. Our approach relies on scaling
and refinable functions that are related to wavelets.

2. Subdivision snakes [70-73]: Subdivision snakes are our most significant con-
tribution. We introduce subdivision schemes, traditionally used in com-
puter graphics for modeling, into a new framework for 2D/3D multiresolution
snakes. We also derive the energy terms associated to this subdivision repre-
sentation. Subdivision snakes have the ability to adapt the resolution of their
curve/surface to the level of detail of their target. It allows us to also propose
and adopt a coarse-to fine optimization strategy. Those snakes are more ro-
bust to noise and initialization than parametric snakes, and their geometric
representation is also easier to extend to higher dimensions. Moreover, sub-
division snakes can handle topology changes such as curve/surface merging
and splitting.

3. Ridge and texture-based energies [73,74]: We propose two new energies,
which allow for segmentation methods that are valid for a wider range of
applications. The first energy attracts the snake towards ridges in the image
and takes into account the direction of the normal to the curve/surface. The
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second energy incorporates texture information and can be used with any
filter-based texture features.

4. Bioimaging software: We implement our algorithms as 2D and 3D software
that respect user-friendliness, open access and reproducibility criteria.

5. Mathematical tools for periodic signal processing [75,76]: We introduce
a calculus of the inner-product between two compactly supported and pe-
riodized basis functions. This tool is often needed in signal processing, es-
pecially in the construction of snakes. In addition, we present two approaches,
variational and statistical, for the reconstruction of periodic
continuous-domain signals from their corrupted discrete measurements.

In Figure 1.4, we give an outlook of these contributions, separated in modules, and
their interconnections.

1.4 Roadmap of The Thesis

The thesis is organized as follows.

In Chapter 2, we review parametric snakes, which are fundamental theoretical
tools for this thesis. We also recall the mathematical concepts that are extensively
used throughout our work.

We continue by introducing two new representation models. We first propose the
generic formulations of locally refinable parametric curves and surfaces in Chapter 3.
Then, we present in Chapter 4 subdivision schemes that generate curve and surfaces
satisfying the property of multiresolution.

In Chapter 5, we adapt standard energies initially defined for parametric snakes
to our new representation models. In addition, we propose two novel energies that
detect ridges and incorporate texture information.

The theories presented until now are merged in Chapters 6 and 7 to design new
active contours and surfaces, respectively.

Finally, conclusions are drawn in Chapter 8.

In Appendices A and B, we introduce two signal processing theories to e [ciehtly
process periodic functions.
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Signal Processing Tools

Inner-Product Calculus
Stochastic model of closed curves

Representation models Energies

Scaling and Refinable Functions Contour-based: Edge and Ridge Detection
Subdivisions Region-based: Intensity and Texture Information

Active Contours/Surfaces

Bioimaging Software for Segmentation:

» Locally refinable parametric snakes

« Texture-driven parametric snakes

+ Multiresolution subdivision snakes (2D-3D)
« Active tessellations

Figure 1.4: Content and roadmap of the thesis.



Chapter 2

Review of Parametric Snakes

In this chapter, we review parametric snakes that are the foundation for our re-
search. We also introduce notations and notions that are relevant for this thesis.
Finally, we briefly revisit exponential B-splines that constitute basis functions and
introduce periodic exponential splines that naturally appear in the reconstruction
of closed curves.

2.1 Geometric Representation

2.1.1 Parametric Closed Curves

A 2D planar curve r : R ¥ R? is described by a pair of one dimensional coordi-
nate functions (r.(t); ro(t)), where t 2 R is a continuous parameter. Each of these
functions is parametrized by a suitable linear combination of shifted basis func-
tions f7(  m)gmaz, where ” : R ¥ R, specified by a sequence of control points
fc[m] = (ca[m]; c2[M])gmz2z, such that

<
r = 28 =m22C[m]’(t m), t2 R: (2.1.1)

We are interested in closed curves in order to be able to segment blob-like or
elliptical structures as it is often the case in bioimages. In this case, the two

13



14 Review of Parametric Snakes

coordinate functions r; and r, are periodic with the same period. The parametric
snake is thus characterized by an M -periodic sequence of control points fc[m]gmzz
with c[m] = c[m + M]. We re-express (2.1.1) as the finite summation

<1 XX
rit) = cm+Mn]>(t m Mn)

m=0 n2Z
<1 X
= c[m] C m Mn)
m=0 n2z
<t
= cm]>m(t m); 2.1.2)
m=0

where t 2 [0; M[ and ”\, is the M-periodization of the basis function * defined by

>
m®= 7(t Mn): (2.1.3)
n2Z

Without loss of generality, the period can also be normalized to one so that
r(t) = r(t+ 1) for all t 2 R and hence, we only consider t 2 [0; 1], such that

<1
r(t) = cm]”m(Mt m): (2.1.4)
m=0
The number M of control points determines the degree of freedom of the model.
A small M leads to smooth and constrained shapes, while increasing M brings
additional flexibility to approximate intricate shapes. We show in Figure 2.1 a
parametric curve and its coordinate functions where the period was normalized to
unity.

2.1.2 Parametric Representation of Tensor-Product Surfaces

A 3D surface : R?2 ¥ RS3 js described by a triplet of coordinate functions
( 2(u;v); 2(u;v); 3(u;v)), where u; v 2 R are continuous parameters. Each coor-
dinate function is parametrized by a suitable linear combination of integer-shifted
separable basis functions f1(u  m)72(v  n)g,,.,o, Weighted by a sequence of
control points fc[m; n]g,,,.,o,. The functions *; and ”, determine the shapes that
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(@)

Figure 2.1: A parametric curve (a) and its coordinate functions (b) and (c). We
used the exponential B-spline presented in [64, (8)] as basis function > and M = 4.
The blue dots are the control points and the dashed lines are the basis functions.

the parametric surface can adopt. Then, the parametric representation of the sur-
face is given by the equation

1
1(U;v) > X
u;v) =@ Lu; VA = cm;n]>2(u m)?2(v n); (2.1.5)
3(u;v) m2Z n2z

where fc[m; n] = (c1[m; n]; c2[m; n]; c3[m; n])g,,,.,o, are the 3D control points de-
scribing the shape. To be a closed surface, (u;Vvp) must be periodic in u for all
Vp. To satisfy this condition, it is necessary to apply periodic boundary conditions
along the first index of the sequence of control points. Therefore, the sequence of
control points becomes M;-periodic and satisfies c[m; n] = c[m+ Mg;n]. In (2.1.5),
we normalized this period to unity and the new expression is given by

M1 >
(uv) = c[m;n]”1;m, (Mgu m)*2(Mav  n); (2.1.6)
m=0 n2z
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(a) Torus. (b) “Figure 8” immersion. (c) Sphere.

(d) Roman surface. (e) Pinched torus.

Figure 2.2: Parametric surfaces constructed with the family of interpolatory basis
functions proposed in our paper [77]. Blue dots: control points.

where ”1.m, is the My-periodization of ”; given by (2.1.3). The basis functions ~;
and ”, are usually chosen to be compactly supported. The infinite sums in (2.1.5)
and (2.1.6) can thus be reduced to a finite one, where the limits depend on the size
of the support of the basis functions. In Figure 2.2, we illustrate some parametric
shapes designed from (2.1.5) and (2.1.6).

2.1.3 Desirable Properties of the Basis Functions

The basis functions in (2.1.4) and (2.1.6) are responsible for the smoothness of the
curve/surface as well as the shape that the snake can reproduce. Moreover, impor-
tant considerations have to be taken into account to properly select the generator ~.
Hereafter, we describe in detail these requirements for the 2D case. The extension
to surfaces is straightforward by taking their bivariate analogous.
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Riesz basis: Uniqueness and stability of the representation are guaranteed by the
so-called Riesz-basis condition for the basis function ” [78]: There must exist
two positive constants 0 < A; B < 1 such that,

2
X

AkekZ, ) c[m]”( m) Bkck?, 2y (2.1.7)
Z

m2 L2(R)
Approximation power: A fundamental requirement is that the closed curve model
given by (2.1.4) should have the capability of approximating any closed curve
as closely as desired as the number M of control points tends to infinity. A
necessary (and su [cieht) condition [78] is that ” should be able to reproduce
constants, which we formalize by
>
8t2 R, @ m)y=1 (2.1.8)
m2Z

In the literature, this constraint is often named the partition-of-unity condi-
tion [78].

A [nelinvariance: We want to represent shapes independently from their location
and orientation. The parametric form of the model must be preserved at
least through scaling and rigid-body transformations. This is guaranteed if
the model (2.1.4) is a [nelinvariant, which means that

N
Ar()+b=_ (Ac[m]+b) mMt m); (2.1.9)

m=0

where A 2 R? 2 and b 2 R?. It is easy to show that the constraint (2.1.9) is
ensured if and only if the partition-of-unity condition (2.1.8) is satisfied.

Compact and small support: For practical and computational e [ciehcy rea-
sons, ” is often chosen to be of compact support [52,78]. In fact, in this case
the change of position of a control point modifies the shape only locally. This
allows for a local control by the user.

A broad family of basis functions that fulfills the above properties are the ex-
ponential B-splines. Moreover, they have relevant reproduction properties for the
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segmentation of biomedical structures. For these two reasons, exponential B-splines
are often used to represent parametric snakes. We briefly describe these functions
in Section 2.3.1.

2.2 Image Energies

The evolution of the curve/surface described in Section 2.1 is driven by the opti-
mization of a cost functional referred to as snake energy. Using the notations intro-
duced in Section 1.2.2, the optimization process for parametric snakes is performed
by iteratively updating the collection of control points = fc[m]g,o¢0.....m 1g
from a starting position.

We here provide examples of standard image energies (see Section 1.2.2) for
parametric snakes that are relevant to our work. The most common approaches
are based on edge and intensity information aggregated from either inside or on
the curve/surface. Their expressions are set with a minus sign since the snake
optimization is defined as a minimization process (see (1.2.2)). In the following, we
denote by C the contour parametrized by r and we recall that the relation between
r and the control points is given by (2.1.2).

2.2.1 Contour-based energy

One traditional approach to detect edges is to use the magnitude of the gradient [50,
62]. The energy functional is then given by

Eedage( ) = le’f(r)jdr: (2.2.1)

where dr is an infinitesimal vector element of C, rf(r) is the gradient vector of
the input image T and r is the snake curve. A drawback of this approach is that
it does not take into account the direction of the gradient. An improvement was
proposed in [44], using the fact that, at the boundary of the object of interest, the
image gradient should be perpendicular to the contour. In this case, the energy is
expressed by

Eeage( ) = . h-f(r); n(r)idr; (2.2.2)
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Figure 2.3: Schematic representation of a parametric snake (red contour) in inter-
action with a target (green region).

where h; i is the scalar product, n(r) is the unit vector normal to the curve r, and
rT(r) is the within-plane gradient of the image f at location (ry; r2). In Figure 2.3,
we present the configuration of the various quantities involved.

The 3D extension of (2.2.2) is proposed in [52] and is expressed by

Bgaa( )= _hrf()id i (2.2.3)

where S is the surface parametrized by  (see (2.1.6)) and d represents the vector
di Lerkntial area.

These approaches give a good localization of the edges. However, they are
sensitive to noise and have a poor basin of attraction (Figure 2.5), which implies
that the snake has to be initialized near to the object to segment [37].

2.2.2 Region-based energy

Region-based energies discriminate a homogeneous region from its background [64,
79,80]. They are usually based on intensity information. The idga is to build a
curve r around the snake r, obtained by dilating it by a factor ~ 2 with respect
to its center of gravity. The surfaces enclosed by r and r , denoted by and

, respectively, are such that and the surfaces and n have the
same area. We illustrate these quantities in Figure 2.4. The corresponding energy
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functional is given by

1
Eintensity( ) = i f(x)dx1dx; F()dx.dx; ; (2.2.4)
n
where dx;dx; is an infinitesimal vector element of , f is the input image, and j j
is the area of with := () defined by
()= dx;dx;: (2.2.5)

The term in the absolute value in (2.2.4) can be positive or negative depending
on whether we segment a bright object over a dark background or inversely. The
minus sign and the absolute value thus ensure that Ejntensity iS always minimized.
Equations (2.2.4) and (2.2.5) require the computation of surface integrals, which
are computationally expensive. To decrease the computational cost, an approach is
to apply Green’s theorem to convert them into line integrals [44]. This can only be
achieved if the curve/surface is defined continuously and it does not self-intersect.
For instance, the expanded formula of is obtained by Green’s theorem and (2.1.4)
as [44,64]

I'zdr]_
c

()

<L bt M
= ci1[m]c2[n] ; m(t m)7?m(t n)dt: (2.2.6)

m=0 n=0

Note that the area obtained by (2.2.6) is signed due to the clockwise or anti-
clockwise orientation of the curve. We therefore take the absolute value of
in (2.2.4).
The 3D extension of (2.2.4) is proposed in [52] and adopt a strategy similar

to the one we followed in the 2D case. MVve build a surface around the snake

, obtained by dilating it by a factor ° 2 with respect to its center of gravity.
The volumes enclosed by and , denoted by V and V , respectively, are such
that V.V and V and V nV have the same volume. The corresponding energy
functional is expressed by

1
Eintensiy( ) = = f(X)dx dx,dxs f(X)dx dx.dxs ;  (2.2.7)
Vi v V nv
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\ -./C,\

Figure 2.4: lllustration of the contours C and C , and the shell n

poor basin of attraction bad boundary localization

(@) Initialization. (b) Eedge- (©) Eintensity- (d)
0.5 Eedge+Eintensity .

Figure 2.5: lllustration of the edge- and region-based energies. In order to benefits
from the advantages of both energies, we use the combination (1.2.3) for b = 0:5.

where dx;dx,dxsz is an infinitesimal vector element of V, V is the volume of V, and
the relation between and its control points is given by (2.1.6).

Region-based energies are robust to noise and have a larger basin of attraction
than contour-based energies [37] (Figure 2.5). However, the functionals (2.2.4) and
(2.2.7) are well suited only when the intensity distributions of the object and its
background have di[erent variances and means [44, 74].
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Figure 2.6: L-th order exponential B-splines
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2.3 Splines

2.3.1 Exponential B-Splines as Basis Functions

Exponential B-splines are popular not only in sampling and approximation theory
but also to represent parametric curves and surfaces. They are the exponential
counterpart of the well-known polynomial B-splines [81-83]. They are compactly
supported [81] and have relevant reproduction properties for the segmentation of
biomedical structures. An exponential B-spline of order L is fully characterized by
its unordered list of (complex-valued) poles = ( 1; 2;:::; L), where the , can
be non-distinct. It is supported in [0; L] and its causal form is characterized in the
frequency domain as
Y n j!
= "7 2.3.1)
n=1 I n
We illustrate in Figure 2.6 several exponential B-splines, where we see that a wide
range of behaviors can be obtained by varying L and . An exponential B-spline has
the property of reproducing exponential polynomials, i.e., it generates the whole
family fe "'tPg 5. . 1g» Where L is the multiplicity of the element 2
If all the poles are equal to zero (i.e., = 0_), we obtain the classical polynomial
B-splines of degree (L 1).

N
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The most relevant properties of exponential B-splines for our purposes are [81]

The exponential B-splines are always well-defined (i.e., bounded and com-
pactly supported), and form a Riesz basis if and only if ( n, n,) 82 jZ
for all purely imaginary pairs such that n; & n, [81];

An exponential satisfies the partition-of-unity condition (2.1.8) if it con-
tains at least one vanishing pole (i.e., if 0 is an element of ), with a
normalization constant;

The convolution of two exponential B-splines yields another B-spline of aug-
mented order

. T (2.3.2)
where (1 [ 2) denotes the concatenation of the two lists of poles ; and
2.

2.3.2 Exponential Splines and Their Periodic Counterpart
Exponential Splines

Exponential splines are naturally associated to a dilerkntial operator of a given
order [84] and are defined by the following definition [81].

Definition 2.3.1. LetL , = ( 1;:::; L), be a dilerkntial operator of order L
given by

L =D i) (D LD; (2.3.3)
where D and | are the derivative and identity operators, respectively. We say that
a function r : R ¥ R is an exponential spline with parameter if

X
L r(t)= an (t tn); (2.3.9)
n=1
for some integer N 1, weights a, 2 R, knot locations t, 2 R, and is the Dirac
distribution.

The exponential B-splines  described in Section 2.3.1 are examples of exponential
splines where the knots are at the integer, i.e. t, = n. Every cardinal exponential
spline of parameter  can be expressed as a linear combination of integer shifted
exponential B-splines of the same order [81].
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Figure 2.7: lllustration of the periodic exponential spline associatedtoL =D +1.
Dots: N = 4 nodes (tn; r(tnh)).

Periodic Exponential Splines

Here we adapt Definition 2.3.1 to thg,periodic setting, where the Dirac impulse
is replaced by the Dirac comb X =, ( n).

Definition 2.3.2. Consider the di[Cerkntial operator L given in (2.3.3). We say
that a function r : T = [0;1) ¥ R is a periodic exponential spline with parameter
if
N
L r(t) = anX(t tp) (2.3.5)
n=1

for some integer N 1, weights a, 2 R, and knot locations t, 2 T.

We illustrate the periodic exponential spline associated to L = D+1 in Figure 2.7.

2.3.3 Periodic Exponential Splines as Optimal Interpolators
for Closed Curves

The reconstruction of continuous signals from a sequence of samples (also known
as interpolation problem) plays an essential role in signal and image processing as
it constitutes a bridge between the discrete and continuous worlds. Two recon-
struction paradigms over the real line have been widely developed in the literature:
variational and statistical. In the variational approach, the reconstructed signal is
solution of an optimization problem that establishes a tradeo [CHetween fidelity to
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the data and smoothness conditions via a regularization term [85]. In the statistical
approach, the signal is modeled as a random process defined from a Gaussian white
noise and is optimally reconstructed using estimation theory [86]. Two fundamen-
tal results are that 1) these two frameworks are deeply connected [87]; and 2) the
solution of either problem can be expressed as a spline function in relation with a
di Lerkntial operator involved in regularization (variational approach) or whitening
(statistical approach) [88, 89].

In the context of this thesis, we are interesting in the reconstruction of a contin-
uous closed curve from its samples. This implies to reconstruct periodic continuous-
domain functions that are the coordinate functions of the closed curve. This mo-
tivated us to develop the theory of the variational and statistical approaches in a
periodic setting and in a very general context, i.e., for a broad class of di [erential
operators and for general measurements that include sampling. This theory is fully
presented in Appendix B and is subject to our publication [76]. In this section, we
summarize some of our results showing that periodic exponential splines naturally
appear when we optimally reconstruct a closed curve from its samples.

We consider the following problem. Let fr(tn)g,¢1.::::ng: th 2 T = [0;1), be
N samples of a continuous closed curve r(t) = (ri(t);ra(t)), t 2 T, where the
coordinate functions ry and r, are 1-periodic. We look for the optimal closed curve
ropt that best connects its N (possibly noisy) observed data yn = (Y1;n;Y2;n)

Variational Approach

We consider the variational problem

— Tiopt _ ; X 2 2
Fopt = | =argmin Oun  Mi(ta))” + (yzin  ra2(tn))
2;0pt (rir2) =1
+ KL rikf, +kL rk? (2.3.6)

where L is the di [erkntial operator given by 2.3.3 and the parameter quantifies
the tradeo Chketween the fidelity to the data and the regularization constraint. The
solution rqpe of (2.3.6) is unique and its coordinate functions ri.pe, 1 = 1;2, are
periodic exponential splines associated to the operator (L L ) (see Appendix B.3).
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Statistical Approach

We change perspective and consider that the coordinates functions rj, i = 1;2, of
r are real periodic Gaussian processes with zero-mean and are related to L . We
are looking for the optimal estimator rope = ¥mmse over T of r, in the sense that
each of its coordinate functions r.mmse, | = 1; 2, satisfies

Fimvse = argminE kri  &(jfYinOn2ei:ng)KE, (2.3.7)
Fi

..........

associated to (L L ) (see Appendix B.4). It means that the unique optimal closed
curve rymse has coordinate functions that are periodic splines. In Figure 2.8, we
optimally reconstruct (in the sense of (2.3.7)) stochastic closed curves from their
observed data fyngnofi::::ng for dilerknt operators L .

.....
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Figure 2.8: Reconstruction of stochastic closed curves for dilerknt operators L
Solid blue line: unknown stochastic curve r; dashed red line: estimator fymse Of

r; Dots: samples.
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Chapter 3

Parametrization with Local
Refinement

The geometric representation of active contours/surfaces determines their ability
to approximate the shape of interest as well as the speed of convergence of related
optimization algorithms. It is thus of great interest that one can allocate additional
degrees of freedom to the curve/surface only where an increase in local detail is
required.

A crucial aspect in the development of local refinement algorithms is to refine
specific regions while keeping the rest of the curve/surface unchanged. This local
refinement is not inherent to standard methods as Non-Uniform Rational Basis
Splines (NURBS) or classical parametrizations of curves/surfaces. Existing meth-
ods to insert points at specific locations were developed in [90-94].

In this chapter, we present a new parametrization for curves and tensor-product
surfaces where the degrees of freedom (i.e., control points) can be locally increased
without altering the shape of the curve/surface. In a segmentation context, these
additional control points then allow to locally deform the shape with better accu-
racy. We locally improve the level of detail of the parametric model by inserting
basis functions at specific locations. Our approach is generic and relies on refinable
and scaling functions that are related to wavelets [95, 96].

Among all scaling and refinable functions, throughout this chapter we focus on

29
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the one of compact support, as it is a desirable property in practice.

This chapter is based on our publications [68, 69], in collaboration with D.
Schmitter and M. Unser. The chapter is organized as follows: In Section 3.1 we
fix the notations. We review refinable functions in Section 3.2. Finally, the main
contribution is described in Section 3.3, where we propose a novel and generic
parametrization of closed curves, as well as tensor-product surfaces, that are locally
refinable.

3.1 Notations

We denote by t a continuous parameter in R. We define =(1; 2;:50 L
where the  can be non-distinct, and denote by L _, the multiplicity of the
element , 2 , forn = 1;:::;L. We denote by > a function that repro-
duces exponential polynomials in span e % :::;th n le nt n2f1Lge 1€ forall
i2f0;:::;L , 19 there exists a sequence fc[m]gmzz such as
. =<
tle nt = c[m]” (t m): (3.1.1)
m2Z

Exponential B-splines (see Section 2.3.1) are examples of such functions [81].

3.2 Scaling and Refinable Functions
In this section, we define the notions of scaling and refinable functions.

Definition 3.2.1. A basis function ” is called a scaling function for a refinement
factor > 1 if it verifies the refinement relation given by

>
HOE him]>(t m); 3.2.1)

m2Z
where h is the discrete refinement filter [97,98].

If ” is a scaling function, it can thus be expressed as a linear combination of its
contracted version shifted by integers. Examples of such functions are polynomial
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Figure 3.1: Refinement of a quadratic B-spline with a refinement factor equal to
2 (solid blue line). It can be expressed as a linear combination of four contracted
versions (green dashed lines) of integer-shifted quadratic B-splines.

B-splines [81]. In Figure 3.1, we illustrate the refinement of a quadratic B-spline
for =2, whose corresponding refinement filter is defined by its z-transform as

3 .

H(z):% 1+z 1 (3.2.2)

Definition 3.2.2. A basis function > s called a refinable function® for a refine-
ment filter > 1, if it verifies the refinement relation given by

X
M= h;[mP_(t m) (3.2.3)
m2Z

where fh . [m]gm2z are the coe [ciehts of the discrete refinement filter [101, 102].

The non-standard aspect here is the fact that the scheme is non-stationary, meaning
that the basis functions on both sides of (3.2.3) involve dilerent parameters, i.e.,

and —. If * is a refinable function, its dilatation by can be expressed as
a linear combination of the integer shifts of the generator > _. Examples of such
functions are exponential B-splines [81]. When = 0, we obtain a scaling function

as defined in Definition 3.2.1.

11n relation with the classical definition of a scaling function used in multiresolution models [99],
refinable functions defined in Definition 3.2.2 are sometimes also called scaling functions [99, 100].
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When the functions > and > in (3.2.1) and (3.2.3) are compactly supported,
then the support of h and h . are compact as well. We denote by
fno;:::;ng + N 1g the support of the filters where N is the size.

3.3 Representation with Local Refinement

In the following, we first describe the local refinement of parametric closed curves.
We use scaling functions in order to present the theory in a clear manner, but the
extension to refinable functions is straightforward. We then extend the theory in
3D using the general case of refinable functions.

3.3.1 Closed Curves

We consider a closed curve r parametrized by (2.1.2), where we choose (compactly
supported) scaling functions (see Definition (3.2.1)) as basis functions. The shape
is encoded by M control points and we briefly recall the parametrization as

Mt
r(t) = cm]”m(t m); (3.3.1)

m=0

where t 2 [0; M[. In a non-periodic formulation (see (2.1.1)), the local refinement of
r with respect to one particular control point c[p] consists in replacing the shifted
basis function ”(  p) by the linear combination of its N contracted version given
by (3.2.1). To ensure the periodicity in (3.3.1), we do it for each scaling function
(. p nM),n2Z. In Proposition 3.3.1, we derive the new formulation of r in
which we locally increased its number of control points.

Proposition 3.3.1. A parametric closed curve that has been locally refined with
respect to c[p] can be expressed as

b1 NoRE 1
r(t) = cm]’m(t m)+ epln]” m( t p n; 3.3.2)
m=0 n=ng
mé-p
where is the refinement factor and N is the size of the discrete filter h, whose
m and ” p are the M- and M-
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periodization of ” as defined by (2.1.3), respectively, and
ep[n] = h[n]c[p]: (3.3.3)

The proof is given in Appendix 3.4.1. We give Proposition 3.3.1 for closed curves
as we focus on those models in this thesis. However, the extension of this Propo-
sition to open curves is straightforward. The local refinement described by Propo-
sition 3.3.1 allows the part of the curve initially controlled by c[p] to be described
by N new control points fep[N]gnofng;:ng+N 1g- VW thus increase the approx-
imation power of the curve at this specific region. By approximation power we
mean the ability of the model to approximate a shape with accuracy. The error of
approximation decreases when the number of control points increases [103]. The

local refinement of a parametric curve for = 2 is illustrated in Figure 3.2.

3.3.2 Tensor-Product Surfaces

The idea to locally refine tensor-product surfaces is similar than in 2D. We use
(compactly supported) refinable functions as generators | and > , to construct

surfaces described by (2.1.5). We apply the refinement relation (3.2.3) locally,
i.e., only with respect to the particular control point c[p; q] associated to the basis

functions > ,(u p)and * ,(v ). The refinement factors are equal to ; and
2 in the directions u and v, respectively.

Proposition 3.3.2. A locally refined parametric tensor-product surface is given by

X
(u;v) = c[m;n]” ,(u m)~ (v n)
(m;n)22?
(m;n)&(p;a)
nag 1nshg 1
+ €palliJ]” (2 ap D)7 2(2v 20 J);
i=n,  j=n ' :

(3.3.4)
where N1 and N are the sizes of the discrete filtersh_,. and h_». , respectively,
whose supports are fny;:::;n; + Ny  1gand fny;:::;n, + N,  1g, and

epalisil = clpalh_s, [ilh 2. i (3:35)

Thereby, p and q are freely chosen.
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(o) (d)

Figure 3.2: Locally refinable closed curve. (a) A parametric closed curve r rep-
resented with the quadratic B-spline and M = 5. The bold line corresponds to
the part of the curve that is controlled by c[p] (blue dot); (b) the first coordinate
function of r with its shifted basis functions (dotted lines). We highlight >(  p)
in a blue dashed line; (c) the curve r after local refinement with respect to c[p].
We used the refinement filter defined by (3.2.2). The bold line of the curve initially
encoded by c[p] is now controlled by four new control points fep[n]gn2ro::::3g (green
dots.). The shape of r remains unchanged; (d) the first coordinate function of r,
where the blue dashed line in (b) was replaced by four new basis functions (green
dashed lines), such as in Figure 3.1. As the quadratic B-spline is not an interpo-
lating function, we projected the control points on the curve for better clarity of
these plots.
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(a) Refinement of p;q. (b) Deformation with and without refinement.

Figure 3.3: Local refinement of a cylindrical surface. (a) One of the small areas
(red pattern) obtained by the local refinement of .4 (green pattern); (b) the
displacement of the control point c[p; q] deforms the entire region ;4 (left), while
the local refinement with respect to c[p;q] allows to accurately control a specific
part of .4 (right).

The proof is given in Appendix 3.4.2. The infinite sums in (3.3.4) are in practice
reduced to finite ones, as we consider compactly supported basis functions. One
can refine the surface at several specific locations by applying Proposition 3.3.2
with respect to each corresponding control point.

We denote by . the region of the surface  that is initially controlled by
clp;al, i.e., pg(u;v) =clp;a]” ,(u p)” (v q). The local refinement described
by Proposition 3.3.2 leaves the shape of the surface unchanged while dividing .q
in (N1 N3) smaller areas; each being controlled by one of the new control points
Tep:qli; J]9|2fn1;:::;n1+N1 J2Fnsina+Nz 1g° We thus increase the approximation
power of the surface at the specmc region p.q. In Figure 3.3, we illustrate a local
refinement on a cylindrical surface. We show the influence of the refinement for
each direction u and v in Figure 3.4. Finally, in Figure 3.5, we compare our local
approach to the global one used with the classical parametrization (2.1.2).
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u

(a) Refinement in the direc- (b) Refinement in the direc- (c) Refinement in both direc-
tion u with 1 =2. tion v with » = 2. tions u and v with 1 = 2 and
2 = 2.

Figure 3.4: Refinement of .4 (green pattern) with respect to c[p; q] performed in
direction u in (a), v in (b) as well as in both directions in (c). Red pattern: surface
controlled by one of the new points ep.q.

u " u > u g

(a) Initial parameter domain. (b) Global approach. (c) Local refinement.

Figure 3.5: Increase of the approximation power of the region .q (green pattern).
We compare our method to the global approach used with classical parametriza-
tions. (@) Initial configuration; (b) configuration obtained after globally increasing
by a factor 3 the number of control points in each direction. The entire parameter
domain is a[edted; (c) configuration obtained by applying a local refinement with
respect to the control point c[p;q] with ; = > = 3. The region .4 is divided
into 9 areas, whereas the rest of the parameter domain remains unchanged.
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3.4 Appendices

3.4.1 Proof of Proposition 3.3.1
Using (2.1.2) we write

<t
r(t) = cm”m(  m)+clp]”m(t  p): (34.1)

m=0
mép

By combining (2.1.3) and (3.2.1), >m(t  p) can be expressed as

>
Mt op)= t p Mn)
2.

=
= hm]>(t p Mn m)

|52ém22 >
= h[m] (t p Mn m)

n2Z

= him]” m( t p m): (3.4.2)
m2Z
Therefore,
[PI"m(t  p) > [pPa[m]” m(t p m) (3.4.3)
CIP[ "™ = M : 4.
mzzf_eg[%%g

By taking into account the size of the filter h, which is equal to N, as well as its

localization on fng;:::; ng+MNg we can simplify the infinite sum in (3.4.3) to obtain
nox 1
clpl’m(t p) = e[m]” m(t p m: (3.4.4)
m=ng

By combining (3.4.1) and (3.4.4) we obtain (3.3.2). &
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3.4.2 Proof of Proposition 3.3.2
Using (2.1.5) we write

>
(uv) = cmin]” o m” (v m+glpial” LU P (v @
(m;n)222 p;q(U;V)
(m;n)&(p;a)
(3.4.5)
Using the refinement property (3.2.3) we obtain
ma(U; V) = c[p;q] ha 17 aCau ap D hz 0" 2C2v 20 )
i2z j2z
XX
= clp;alh_a, [ilh 2. 017 2Cau ap )7 2(2v 20 )
i2z j2z | L {z 2 ot 2
ep;qlizil
(3.4.6)

To simplify the infinite sums in (3.4.6) we take into account the size of the filters
h_.. and h_». , which is equal to N; and N, respectively, as well as their
2

Ioctallization onfng;:::;ni+ Ny 1gand fny;:::;n, + Ny 1g. We obtain
nBNG 1nohe 1
pa(U;Vv) = ep;q[iiJ']’Tl( iU 1p i)’%( 2V 20 j): (3.4.7)
i=n; j=nz

By combining (3.4.5) and (3.4.7), we obtain (3.3.4). W



Chapter 4

Subdivision-Based
Representation

As exposed in Chapter 2, parametric snakes have a continuous representation via
the use of basis functions. They are parametrized by only a few control points,
which results in a faster optimization and better robustness. They are usually built
in a way that ensures continuity and smoothness, and it is easy to introduce shape
constraints. However, two well-known drawbacks of parametric approaches are (i)
the restricted nature of the shape that they can generate; and (ii) their inability
to deal with topology changes such as contour merging and splitting. On the
contrary, point-snakes/active meshes can handle topology changes. In addition,
their discrete nature allows for an easy implementation and is compatible with
open-source libraries for optimization or visualization. However, they rely on a
large number of parameters (i.e., snake points/mesh vertices), which requires an
internal regularization term and makes the optimization more challenging.

In this chapter, we present a geometric representation that combines the advan-
tages of point-snakes and parametric snakes. In our representation, the curve/surface
is driven by a set of a few master points, the control points, that are the param-
eters of the model. Then, slave points describing the curve/surface are gener-
ated by specific iterative procedures. The property that makes it possible is called
subdivision [101, 104-106], which is one of the basic geometric tools in computer
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graphics for representation and modeling [107, 108]. It is tightly linked to the
theory of wavelets [109] and allows describing a contour/surface of arbitrary topol-
ogy [71,110-112] by an initial set of a few control points which, by the iterative
application of refinement rules, becomes continuous in the limit. The discrete na-
ture of the representation is convenient in practical applications. At the same time,
it implicitly yields a continuously defined model whose smoothness depends on the
particular choice of the subdivision mask. The main benefits of subdivision schemes
are their simplicity of implementation, the possibility to control their order of ap-
proximation, and their multiresolution property, which allows for the contour of a
shape to be represented at varying resolutions.

This chapter is based on our publications [70, 71] and work [72], in collabora-
tion with P. Novara, L. Romani, D. Schmitter, V. Uhlmann and M. Unser. It is
organized as follows: We first fix the notations in Section 4.1. In Section 4.2, we
introduce and describe the theory of subdivision that is relevant to the construction
of closed curves. In Section 4.3, we present several subdivision schemes that possess
various properties such as being interpolatory (a useful property for user-interactive
applications), having di[erent sizes of support, and reproducing polynomials. In
Section 4.4, we show how subdivision schemes can be used to reproduce trigono-
metric functions for the construction of elliptic and circular curves. In Section 4.5,
we emphasize the connection between the subdivision-based and parametric rep-
resentations. Finally, in Section 4.6 we extend the theory to the construction of
subdivision surfaces.

4.1 Notations

We represent by p[] a discrete sequence of points p[m] = (pi[m]; p2[m]), in-
dexed by m 2 Z, where p; and p, are the corresponding coordinates. We write
Payl] = (P19l 1 P2yl ]) to describe a (2M)-periodic sequence, k 0, with the
property that pggy[m + n2kM] = Pay[m], 8n 2 Z. The discrete convolution of
Paol ] with a scalar mask h[ ] is defined as

<
h pa [M]= h[m  n]pgl[n]: (4.1.1)
n2z
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4.2 Subdivision Schemes

A subdivision scheme generates a continuously defined function as the limit of an
iterative algorithm that is applied to an initial set of M control points. A refinement
rule is applied repeatedly k times to double the number of points at each iteration,
ultimately yielding a set of 2“M points. Note that, at each iteration, the new set
of points does not necessarily contain the previous ones. The subdivision scheme
is said to be convergent when the set of points converges to the continuous curve
r=(r;r) withry;r, 2Cask 1 1.

A closed curve at resolution k is represented by a (2KM)-periodized coordinate
sequence pgo[]. The refinement rule from (k1) to k is defined by

PwIm =h pk v. [M]; (4.2.1)

where h is the subdivision mask of the subdivision scheme [113] and "', denotes an
upsampling by a factor of 2, given by

Paolnl, m=2n

0, otherwise. (4.2.2)

P).., [m] =

In practice, the mask h has a finite number of non-zero elements so that the infinite
sum in (4.2.1) is often reduced to a finite one. Applying (4.2.1) iteratively, we can
express the refinement rule as a function of the initial set of control points p(g.
The subdivision points at the kth iteration (k 1) are thereby described by

Py = honk P©. . ; (4.2.3)

where

hosk=h-, , h- he, h: (4.2.4)

2k 2

The derivation of (4.2.3) is given in Appendix 4.7.1. Note that each set of points
P is encoded with the M control points pgy[m] M 1g° The subdivision
scheme is illustrated in Figures 4.1 and 4.2.
In the following, the term control points designates the M initial points
PIM] L of0m 19 and the term subdivision points describes the 2“M points

Pao[M] 1 2f0oam 1q L the kth iteration (k- 1).

m2f0;:::;
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Figure 4.1: Flowchart of a subdivision scheme. The periodic sequence p), associ-
ated to the subdivision points at iteration k, converges to the continuous curve r; h
is the subdivision mask and the sequence hg s k, defined by (4.2.4), allows obtaining
Py directly from the initial set of control points p(g).

4.2.1 Convergent Subdivision Schemes

F)
Let h be a subdivision mask with z-transform® H(z) = ,, h[n]z", z 2 C n f0g.
A necessary condition for the corresponding (stationary) subdivision scheme to be
convergent [114] is that

X
h[2n]=  h[2n+1] =1 (4.2.5)
n2zZ n2zZ

This condition is similar to the partition-of-unity condition (2.1.8) presented for ba-
sis functions in Section 2.1.3. The subdivision scheme thus reproduces constants and
H(z) = (1 +z)B(z), where B(z) is a Laurent polynomial and B(1) = 1 [115].

For any convergent subdivision scheme, the points of the sequence p(), as
k ¥ 1, sample the limit curve r, in the sense that [115-117]

r(t) =m = pgoy[m]: (4.2.6)

When the coordinates function of the curve satisfy ry; r, 2 C1, the derivative r = %

t
is also sampled by
r(© = = 2(Poolm + 11 peolml) (4.2.7)

in the limit case k ¥ 1 [116,118]. The derivation of (4.2.7) is given in Ap-
pendix 4.7.2. A necessary and su [cieht condition for a subdivision scheme to

1This is the conventional definition of the z-transform used in subdivision theory.
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Figure 4.2: lllustration of non-interpolating (first row) and interpolating (second
row) subdivision schemes. (a) Control points. Dots in (b)-(d): Subdivision points
of the first, second and fourth iterations. As the points become denser with each
iteration, they converge to the continuous curve r (e), which is still encoded by
the five control points (blue crosses). In the case of the interpolating scheme, the
subdivision points interpolate the limit curve at each iteration of the process.

converge uniformly to a continuous limit function is [114,118]

8
= H() =2

H( 1) =0 (4.2.8)
T maxjhosk[m+1] howk 1[m]j ¥ O
m k¥ +1

In practice, few iterations are enough for the contour points to be su Cciehtly dense.

4.2.2 Interpolating Subdivision Schemes

A subdivision scheme is said to be interpolating if h[2m] = [m], where denotes
the Kronecker delta. It means that, at each step k, the subdivision points inter-
polate the limit curve r and px 1H[m] | . Paylm] 5, We illustrate an
interpolating subdivision scheme in Figure 4.2 (second row).
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4.2.3 A [nellnvariance

As mentioned in Section 2.1.3, an important requirement for the construction of
snakes, as it is our final motivation, is that the representation model be a [nelinvari-
ant to ensure to describe the curve independently from its location and orientation.

Definition 4.2.1. A subdivision scheme is said to be a [nelinvariant if, for any
(2 2) matrix A and translation vector b 2 R?, the following relation holds:

||'I"T:1L h()!k Ap(0)+b . =A k||!n:1L h()!k p(O) +b
= Ar +b: (4.2.9)
Proposition 4.2.2. Every convergent subdivision scheme is a [nelinvariant.

The derivation of Proposition 4.2.2 is given in Appendix 4.7.3.

4.3 Design of Subdivision Schemes

In the context of segmentation, the continuously defined limit curve of a conver-
gent subdivision scheme can be used to describe an active contour. In this case,
the properties of the snake are determined by the choice of the subdivision mask
h. There are thus three important properties to consider for h. The first defines its
capability to perfectly reproduce specific shapes, such as polynomial or trigonomet-
ric curves. The second is whether the control points interpolate the curve or not.
The third is the support of the mask. This can aledt the optimization of the snake
and, generally, a short mask is preferred over a large one in a context of user in-
teraction. In practice, a tradeo Chketween the advantages and limitations regarding
these properties has to be made. The purpose of this section is to o [erlguidance on
the choice of the subdivision mask. We discuss the two most interesting families:
the Deslauriers-Dubuc and the minimum-support subdivision schemes.

4.3.1 Generation of Polynomials

Proposition 4.3.1 gives a criterion that a subdivision scheme must verify to generate
polynomials.
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Proposition 4.3.1. (Conti and Hormann [115, Equation (7)]) A subdivision scheme
generates polynomials up to degree (L 1) if the z-transform of the subdivision mask
takes the form

H(z) = (1+2)"B(2); (4.3.1)

where B(z) is a Laurent polynomial with B(1) = 5+ and B( 1) & 0.

4.3.2 Deslauriers-Dubuc Subdivision Scheme

The Deslauriers-Dubuc subdivision scheme is convergent and interpolating [119], [120].
It reproduces polynomials up to degree (L 1) [109,121,122]. The mask has a sup-
port of size 2(L 1) +1 and is computed by solving the system [100, 123]

C
H(Z)+H( 2)=2

(4.3.2)
H(z) = R(2)Q(2);

where R(z) = (1+2)" and Q(z) is the shortest-possible polynomial. We solve (4.3.2)
using Bézout’s theorem and we obtain

1
2L, L X( 1)%q |

H@)=( ) 1 z ;
s @ D)

(4.3.3)

where faggqof1;:::: g are the coe Lciehts of the simple-fraction decomposition
2( DE- XK 1 ( 1)

@ Dt LY @@ by

(4.3.4)

Example-Reproduction of Third-Degree Polynomials: We now focus on the partic-
ular case when L = 4. It corresponds to the well-known subdivision scheme
introduced by Deslauriers and Dubuc in [119] that reproduces polynomials
up to degree 3. The corresponding subdivision mask h has a support of size
7 and its z-transform is defined by

H@z)= £z 3+ 2z '+1+ 2z 1z% (4.3.5)
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4.3.3 Minimum-Support Subdivision Scheme

The minimum-support subdivision scheme has the property to generate polynomials
with the shortest mask. However, it is not interpolating, meaning that the control
points do not lie on the limit curve. In a segmentation context, it results that it is
less intuitive for the user to interact with the curve. The mask associated to the
scheme that generates polynomials up to degree (L 1) is defined as

1

H@) =55 1+ 2)- (4.3.6)

and has a support of size L + 1 [124].

Example-Shortest Generation of Third-Degree Polynomials: In this example, we con-
struct a minimum-support subdivision scheme that generates polynomials up
to degree 3. The corresponding mask is of size 5 and is defined by

1 1 3, 1,5 1,
= -4+ -zZ+ - + -z + =7 0.
H(z) 5 2z 42 22 82 (4.3.7)

4.4 Design of Non-Stationary Subdivision Schemes

The subdivision schemes that we have described so far are called stationary, mean-
ing that the subdivision mask h is the same at each iteration k. A subdivision
scheme is called non-stationary if the subdivision mask hy is dilerent at each
iteration k, with the rest of the procedure being the same as in Section 4.2. Non-
stationary subdivision schemes are required to reproduce exponential polynomials,
which allows to construct trigonometric functions. The refinement rule is now

Poo =hk P 1ye,; (4.4.1)

where hi is the subdivision mask at the kth iteration. The relation between the
periodic sequence Py at the kth iteration and the control points p o is still defined
by (4.2.3) but hg sk is now computed by

hg Tk — hj_.. hz.. hk 1

1 2 , he (4.4.2)
If we set h = hy, we recover all the formulas of the stationary scheme. Further-
more, every convergent stationary subdivision scheme verifies the property of a [nel
invariance stated in Definition 4.2.1 (see Proposition 4.2.2). In the non-stationary

setting, however, it must be verified case by case [115].
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4.4.1 Generation of Exponential Polynomials

m 19
In this case, the subdivision mask at the kth iteration is characterized by « = 5
and its z-transform is denoted by H, .

.....

4.4.2 Generation of Trigonometric Functions

The generation of trigonometric functions allows one to e Lciehtly construct a
scheme that is capable of generating circles and ellipses, which are useful struc-
tures in the context of segmentation in bioimaging. We now present a criterion
that a (non-stationary) subdivision scheme must verify to generate trigonometric
functions.

Proposition 4.4.1. (Romani [102, Proposition 2]) A non-stationary subdivision
scheme perfectly generates ellipses if the z-transform of the subdivision mask at the
kth iteration verifies

Hk(z) = (1+2) 1+eﬂjfﬂz 1+eﬂ%z Qk(2); (4.4.3)

where Qg(z) is a polynomial in z.

That means that the subdivision scheme has to generate exponential polynomials

and that O; sz ,{A—z . In the following we provide two examples of ellipse-
generating subdivision schemes: the non-stationary Deslauriers-Dubuc and the non-

stationary minimum-support subdivision schemes.

4.4.3 Non-Stationary Deslauriers-Dubuc Subdivision Scheme

The non-stationary Deslauriers-Dubuc subdivision scheme is interpolating and ca-
pable of reproducing the exponential polynomials defined in Section 4.4.1 [100,
123], [125]. As for the stationary case, the mask at the kth iteration has a support
of size2(L 1)+ 1 and is obtained by solving

He@+H( 2)=2

(4.4.4)
Hy (z) =R %(2)Qk(2);
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Q

where R (z) = (1 +e "Z), k= 3z, and Q(z) is a polynomial in z. Vonesch
et al. [100] extenswely studied this scheme and proposed simplified solutions to
solve (4.4.4) by applying Bézout’s identity

Ck(Z)Di(Z) + Ci( Z)Dk( 2) =2 (4.4.5)

where Z = 222, Cy(Z) = z %R *(z), and Dk(Z) = 27 Q«(z). The shortest
polynomial Dy (Z) is given by
o) 1

D (Z)=@XX%AC ( 2) (4.4.6)
" g=1s=1 &+ Za) “ ’ o

where K < L is the number of dilerent elements of , Z49 ¢, ..... 4 are the roots

of Ci(Z) with multiplicity Lq, and faq;sgqul _____ arémt'he coe [ciehts of

;i Kgs2fl;Lg
the simple-fraction decomposition
2 _ X< 1, (W (4.4.7)
C( D@D oy T @ Ze @HZyP o

Example-Ellipse-Reproducing Scheme: We construct a non-stationary Deslauriers-
Dubuc subdivision scheme that is capable of reproducing ellipses. Therefore,
we want to be able to construct trigonometric functions. According to Propo-

sition 4.4.1, 0; J,f/l ; ,{,IZ . Moreover, it was shown in [100] that the ele-
ments of  must come in complex-conjugate pairs and that, if 0 is an element
of , then it must have even multiplicity. Hence, = 0;0; 2,\14 ; ZJV . The
mask at iteration k is of size 7. By solving (4.4.4), for M = 4, we obtain the
scheme
S P jmj =3
% 20+ 2P D2+ Py M=
_ @+ 2T 22 S
hdml = _ S 7P P M= 1 (4.4.8)
E 1, m=20
-0, otherwise:
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Note that, when k ¥ 1, the mask hy converges towards the stationary
Deslauriers-Dubuc scheme defined by (4.3.5) which reproduces polynomials
of degree up to 3.

4.4.4 Non-Stationary Minimum-Support Subdivision Scheme

The non-stationary minimum-support subdivision scheme generates exponential
polynomials defined in Section 4.4.1 with the shortest mask [81]. It has a support
of size L +1 and is given by

1 ¥ N
Hi (1) = 501 l+ezxz : (4.4.9)

n=1

Example-Shortest Ellipse-Generating Scheme: We construct a non-stationary

minimum-support subdivision scheme that is capable of generate ellipses.
Therefore, we choose = 0;4-; 2. . By imposing the a [elinvariance

of Definition 4.2.1, the subdivision mask at iteration k is of size 4 and is given
by sinc 2(%)H, (z), where

Hk(z):% 1+ 1+eﬁ+e% zZ+ 1+eﬁ+e% 7%+ 78
(4.4.10)

4.5 Connection with Scaling Functions and Para-
metric Curves

For any convergent stationary subdivision scheme, there is a continuously-defined
function ” associated to the mask hgs, given by (4.2.4), and applied to initial
data [116,117], which is the Kronecker delta. The function ” is called the basic
limit function of the subdivision scheme [106] (a.k.a. fundamental function [119])
and is defined as

(1) =m = Mim_ho v [m]: (4.5.1)
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Figure 4.3: lllustration of the basic limit functions of the stationary Deslauriers-
Dubuc (red solid line) and minimum-support (blue dashed line) subdivision schemes
that reproduce polynomials up to degree 3.

The function ~ is actually a scaling function (see Definition 3.2.1) that verifies the
two-scale refinement relation [126]

X
)=  h[n]"@t n); (4.5.2)
n2Z

and recursively, we have that

>
)= houk[n]”@Xt n): (4.5.3)
n2z

In Figure 4.3, we illustrate the basic limit functions of the Deslauriers-Dubuc and
minimum-support subdivision schemes that reproduce polynomials up to degree
3 (see (4.3.5) and (4.3.6), respectively). They correspond to the Deslaurier-Dubuc
interpolation function [119], given by the auto-correlation of the Daubechies scaling
function [99, 109, 122], and the cubic B-spline (g.0.0.0y (see Section 2.3.1). By
combining (4.2.3), (4.2.6) and (4.5.1), for any convergent stationary subdivision
scheme we write
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r(t) — lim_ Paolml
= I!IT1 ho s k P©. [m]
x ., m 2Kn
= polnl T
2
= pohl"t n); (4.54)
n2Z

wherem 2 Zand t = & 2 R is a continuous parameter. We recover the formulation
of a parametric curve. It means that in the particular case where the basis functions
of parametric curves are scaling functions, there is a connection with the proposed
work: the discrete filters of the scaling functions can be used as subdivision masks
for stationary schemes.

4.6 Subdivision Surfaces

4.6.1 Notation and Terminology

A triangular mesh My, at resolution k, is defined by the set
Py = Paoylm] 2 R m2f0;:::;Nx 1g of Nx points. These points are im-
plicitly connected by triangles. The valence of the vertex pgy[m] denotes the
number of its adjacent vertices in the mesh M. A vertex is extraordinary if its
valence is diLerknt from six, otherwise it is regular. A mesh M is called regular
if all its vertices have valence six.

4.6.2 Subdivision Schemes

Given the coarse mesh My, we apply repeatedly k times a subdivision rule to
obtain a finer mesh M, which does not necessarily contain the coarser mesh
M 1)- At the limit of the process, we obtain the continuously defined surface
=( 1; 2; 3) with 1; 5; 3 2 C° The subdivision rule from (k 1) to Kk is

defined by
Pk =Sk 1Pk 1 (4.6.1)
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where Sy is the subdivision operator at the kth iteration of the subdivision scheme.
As in 2D, we say that a subdivision scheme is stationary if the subdivision rules in
Sk are the same at each iteration; otherwise, it is non-stationary. The vertices of
the mesh at the kth iteration (k 1) can be directly obtained from the initial set
of control points P, by

P(k) =Sk 1Sk 2 S()P(O): (462)

Formulation (4.6.2) makes it obvious that P depends exclusively on the No ver-
tices of P(q), which we call control points. The Ny vertices of the mesh M,y at the
kth iteration (k 1) are called subdivision points.

4.6.3 Properties

In the literature there is a wide range of subdivision schemes to produce surfaces.
They diled in the properties that they confer to the limit surface.

Reproduction of specific shapes: The ability of a subdivision scheme to reproduce
ellipsoids or spheres [71,101, 105, 127].

Interpolation: At each iteration, the control points lie on the limit surface [111,
128-131].

Smoothness: The subdivision rule given in [132] leads to C* limit surfaces, while
the ones developed in [110, 133] produce C? continuous limit surfaces ev-
erywhere except at extraordinary vertices where they are only C! continu-
ous. Non-stationary schemes generalizing the Doo-Sabin and Catmull-Clark
schemes were proposed in [134]. Theorems to analyze the smoothness of a
non-stationary scheme in regions with regular and extraordinary vertices can
be found in [135] and [136], respectively.

A [melinvariance: The geometry of the limit surface changes in synchrony with any
a [neltransformation that would be applied to the initial mesh. Conditions
on the subdivision operators Sk to ensure this property are given in [105,137].
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4.6.4 Examples of Subdivision Schemes
Stationary Loop’s scheme

Loop’s scheme is a widely used subdivision scheme for triangular meshes. It has
been developed by Charles Loop in 1987 [110]. It generates a limit surface which
is C2-continuous everywhere, except at extraordinary vertices where the regularity
is C1. This scheme refines each triangle of a coarse mesh into four subtriangles
(Figure 4.5 (a) and (b)). A subdivision iteration from k to (k + 1) consists in two
steps.

convex combination

X
Pk+nldl = Paylm] + Paolul; (4.6.3)
Py [u]2Vm

where Vi, is the set of the  adjacent vertices of pgy[m] in My,

2

=2+ 3+2cos(3) and =21—. InFigure 4.4 (a) we illustrate the
vertex-point stencil where the local linear combination (4.6.3) is suggested
graphically.

Edge-Point Rule: For every edge in the coarser mesh, a new vertex is inserted.
Let us consider the two old adjacent triangles made of the vertices p[mo],
Paoy[Mmal, Paglmz] and pgg[ma], with me; my;mz;ms 2 F0;:::; Nk 19, such
that pgo[mo]pag[mi] is the common edge (Figure 4.4 (b)). The subdivision
rule yields

Pa+pld] = 2 PaolMol + Paolmi]l + 3 Paolmz] + paylms] 5 (4.6.4)
where q 2 f0;:::;Nk+1 10

This scheme is stationary, easy to implement, and has the property to be a [nel
invariant. In Figure 4.5, we illustrate the sphere approximated by Loop’s scheme
using an octahedron as initial mesh. Extensions of Loop’s scheme to get addi-
tional properties like optimal shrinkage and exponential polynomial reproduction
are considered in [71].
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8

(a) Vertex-point stencil. (b) Edge-point stencil.

Figure 4.4: Stencils for vertex-point (a) and edge-point (b) rules of Loop’s scheme.

Non Stationary BLOB scheme

The Butterfly-Loop optimal blending (BLOB) scheme is a new subdivision scheme
that we introduced in [71]. It is an a [nedinvariant non-stationary subdivision
scheme for the recursive refinement of any triangular mesh that is regular or has
extraordinary vertices of valence 4. In particular, when applied to an arbitrary
convex octahedron, it produces a G!-continuous surface with a blob-like shape as
the limit of the recursive subdivision process. In case of a regular octahedron, the
subdivision process provides an accurate representation of ellipsoids. Like Loop’s
scheme, it belongs to the class of primal subdivision schemes [127,137] since, at
each step of the refinement process, a finer mesh is created by splitting the faces
of the coarse mesh. However, we use a level-dependent vertex-point stencil and a
much larger (and also level-dependent) edge-point stencil. A subdivision iteration
from k to (k + 1) consists in two steps.

Vertex-Point Rules: The location of every former vertex pgy[m], m 2 f0;:::; Nk 1g,

convex combination

8 ) ) P - i -
% a' pgy[m]+b Paolul;  Paolm] is regular;
P [U12Vm
Pk+plal = P
% alo p[m] + b Paolul;  Paolm] has valence four;
Paolul2Vm
(4.6.5)
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(&) Mgy () M)

(d) M3, (e) My () M)

Figure 4.5: Sphere approximated by Loop’s scheme, starting from an octahedron.

where Vi, is the set of the adjacent vertices of pgo[m] in M,

a(k) _ 4(V(k))2+2\,(k)+1_ b(k) — v 1
a(vto+1) ’ g(vo+1)’ 46.6
_ 45(v0)?+18v 0+ _ 3(v0)?+78v 0 +47 (4.6.6)
a = , o = 2
48(v(O+1) ’ 192(v()+1) ’
and
R P .
v = 5 2D ¢ 2D 2[0; ) [j(0; 2acosh(500)): (4.6.7)

The parameter influences the final shape of the limit surface. These rules
are illustrated in Figures 4.6 (a) and 4.7 (a).

Edge-Point Rules: For every edge in the coarser mesh, a new vertex is inserted.
We distinguish three cases: the old edge has 1) two regular endpoints; 2)
two extraordinary endpoints with valence four; 3) one regular endpoint and
one extraordinary endpoint with valence four. We graphically provide the
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