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Abstract

The topic of this thesis is the development of new reconstruction methods for cryo-
electron microscopy (cryo-EM). Cryo-EM has revolutionized the �eld of structural
biology over the last decade and now permits the regular discovery of biostructures.
Yet, the technical challenges associated to cryo-EM are still numerous, and the
measurements remain notoriously di�cult to process. This calls for fast and robust
algorithms that can reliably handle the challenging reconstruction task at hand.

In this thesis, we investigated two reconstruction paradigms: model-based and
data-driven. Model-based methods formulate the reconstruction task as an inverse
problem and rely on a faithful model of the acquisition physics. By contrast, the
central philosophy of data-driven approaches is to let the reconstruction algorithm
be guided by the measured data through some learning procedure. Both paradigms
share a tight link in all our works: their reliance on a rigorous mathematical for-
mulation of the cryo-EM imaging model.

The �rst cryo-EM method we considered is scanning transmission electron to-
mography (STET), a modality whose primary concern is to reduce the electron
dosage required for accurate imaging. To handle this, we developed a tailored
acquisition-reconstruction STET framework that relies on the principles of com-
pressed sensing. This scheme permits high-quality reconstruction from a reduced
number of measurements, hence greatly preserving the sample.

We then designed several reconstruction algorithms for single-particle analysis
(SPA), a popular cryo-EM method that enables the determination of structures
at near-atomic resolution. A key challenge for the deployment of robust, iterative
reconstruction methods in SPA is that they usually come with a prohibitive compu-
tational cost if not carefully engineered. To circumvent this problem, we developed
a regularized reconstruction scheme whose cost-dominant operation is recast as a
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discrete convolution, which makes the use of our robust scheme feasible in SPA.
Building on this development, we devised a joint optimization framework that ef-
�ciently alternates between the reconstruction and the estimation of the unknown
orientations.

We then explored a learning-based method to estimate the unknown orienta-
tions in SPA directly from the acquired dataset of projections. Capitalizing on our
ability to model the cryo-EM procedure, we generated large synthetic SPA datasets
to train a function|parametrized as a neural network|to predict the relative ori-
entation between two projections based on their similarity. The framework relies
on the postulate that it is possible to recover, from these estimated orientation dis-
tances, the orientations themselves through an appropriate minimization scheme,
as supported by preliminary tests.

Finally, we developed a completely new paradigm for SPA reconstruction that
leverages the remarkable capability of deep neural networks to capture data distri-
bution. The proposed algorithm uses a generative adversarial network to learn the
3D structure that has simulated projections that most closely match the real data
in a distributional sense. By doing so, it can resolve a 3D structure in a single al-
gorithmic run using only the dataset of projections and CTF estimations as inputs.
Hence, it bypasses many processing steps that are necessary in the usual cryo-EM
reconstruction pipeline, which opens new perspectives for reconstruction in SPA.

Keywords: cryo-electron microscopy, tomographic reconstruction, single-particle
analysis, scanning transmission electron tomography, model-based, regularized in-
verse problems, compressed sensing, data-driven, neural networks.



R�esum�e

Cette th�ese est consacr�ee au d�eveloppement de nouvelles m�ethodes de reconstruc-
tion pour la cryo-microscopie �electronique (cryo-EM). Cette technique d’imagerie
a r�evolutionn�e la biologie structurelle ces dix derni�eres ann�ees et permet d�esormais
la d�ecouverte r�eguli�ere de nouvelles structures biologiques. Les di�cult�es li�ees �a
cette m�ethode restent toutefois nombreuses ; en particulier, le traitement algorith-
mique des images acquises repr�esente toujours une tâche extrêmement complexe.
Le d�eveloppement d’algorithmes robustes et rapides permettant une reconstruction
�able des structures tridimensionnelles est donc d’une importance capitale.

Dans cette th�ese, nous avons explor�e deux paradigmes de reconstruction pour la
cryo-EM : les m�ethodes dites model-based (bas�ees sur un mod�ele) et les m�ethodes
dites data-driven (guid�ees par les donn�ees). Les approches model-based formulent
la reconstruction comme un probl�eme inverse et s’appuyent sur une mod�elisation
pr�ecise du processus d’acquisition. Par contraste, la philosophie des m�ethodes data-
driven est de laisser les algorithmes de reconstruction exploiter les donn�ees acquises
�a travers un processus d’apprentissage. Dans nos travaux, ces paradigmes sont
�etroitement li�es en ce qu’ils s’appuient tout deux sur une formalisation math�ematique
rigoureuse du mod�ele d’acquisition d’image propre �a la cryo-EM.

La premi�ere modalit�e cryo-EM sur laquelle nous avons travaill�e est la micro-
scopie �electronique en transmission �a balayage (STET en anglais). Le d�e� principal
en STET est de minimiser la dose de radiation n�ecessaire �a une acquisition de
qualit�e su�sante. Pour r�esoudre ce probl�eme, nous avons d�evelopp�e un protocole
d’acquisition-reconstruction pour la STET qui exploite les principes de la th�eorie
de l’�echantillonnage compress�e. Cette approche permet d’obtenir des reconstruc-
tions de haute qualit�e �a partir d’un nombre restreint de mesures, ce qui garantit
une meilleure pr�eservation des �echantillons biologiques.
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Nous avons �egalement d�evelopp�e une s�erie d’algorithmes de reconstruction pour
la modalit�e dite d’analyse des particules isol�ees (SPA en anglais). La SPA est une
technique d’imagerie cryo-EM tr�es pris�ee qui permet la caract�erisation tridimen-
sionnelle des structures biologiques �a une r�esolution quasi atomique. En SPA, un
frein important au d�eploiement de m�ethodes de reconstruction it�eratives | pour-
tant d’une tr�es grande robustesse | est qu’elles s’accompagnent g�en�eralement d’un
coût computationnel particuli�erement �elev�e. Pour contourner ce probl�eme, nous
avons d�evelopp�e un algorithme de reconstruction r�egularis�ee dont l’op�eration la
plus coûteuse est reformul�ee comme une convolution rapide, ce qui rend l’utilisation
d’une telle m�ethode concevable en SPA. En s’appuyant sur cet algorithme, nous
avons ensuite con�cu une strat�egie d’optimisation jointe qui alterne de mani�ere ef-
�cace entre la reconstruction de la structure et l’estimation des orientations des
particules, qui sont initialement inconnues.

Nous avons ensuite explor�e une m�ethode data-driven dont le but est d’estimer les
orientations directement �a partir des mesures acquises par le microscope. Capital-
isant sur notre capacit�e �a mod�eliser pr�ecis�ement le processus d’acquisition d’image
en SPA, nous avons g�en�er�e de nombreuses donn�ees synth�etiques pour apprendre
une fonction | param�etr�ee par un r�eseau de neurones | qui pr�edise l’orientation
relative entre deux images de mesure en se basant uniquement sur leur similarit�e.
Ce protocole s’appuie sur le postulat qu’il est possible de retrouver, �a partir des ori-
entations relatives, l’ensemble des orientations absolues en utilisant un algorithme
d’optimisation appropri�e, comme le d�emontrent une s�erie de tests pr�eliminaires.

Pour �nir, nous avons propos�e un paradigme de reconstruction compl�etement
novateur pour la SPA qui repose sur la capacit�e remarquable des r�eseaux de neu-
rones �a capturer les distributions sous-jacentes aux donn�ees. Notre approche utilise
un r�eseau antagoniste g�en�eratif pour apprendre progressivement la structure tridi-
mensionnelle dont la distribution des projections simul�ees s’approche le plus de
celle des vraies donn�ees. Cela permet la d�etermination de structures en une seule
ex�ecution algorithmique, et cela en se basant uniquement sur les mesures acquises
et une estimation des param�etres optiques du microscope. Notre approche permet
d’�eviter nombre d’�etapes coûteuses inh�erentes aux algorithmes standards, ce qui
ouvre de nouvelles perspectives dans le domaine de la reconstruction en SPA.

Mots clefs: cryo-microscopie �electronique, reconstruction tomographique, anal-
yse de particules isol�ees, microscopie �electronique en transmission �a balayage, probl�emes
inverses r�egularis�es, �echantillonnage compress�e, r�eseaux de neurones.
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Introduction

The topic of this thesis is the development of new reconstruction methods for
cryo-electron microscopy (cryo-EM). We investigate two reconstruction paradigms:
model-based and data-driven. Model-based methods formulate the reconstruction
task as an inverse problem and rely on a faithful model of the acquisition physics. By
contrast, the central philosophy of data-driven approaches is to let the reconstruc-
tion algorithm be guided by the measured data through some learning procedure.
In this introduction, we give an overview of the scienti�c background in which our
work takes place. We then summarize its main contributions in that context. Rele-
vant chapters are mentioned throughout this introduction. A roadmap of the thesis
is given in Figure 1.

From Jacques Dubochet to Neural Networks

Two scienti�c milestones coincided with this PhD thesis and left their mark on it: 1)
Jacques Dubochet received the 2017 Nobel Prize in Chemistry for his work on cryo-
EM [1], putting Lausanne in the imaging spotlight1, and 2) deep neural networks
took over the world of signal processing, for the better [2] and the worse [3]. Hence,
by both circumstances and conception, the subject of the thesis is very much rooted
in the framework of computational imaging|the central philosophy being to exploit
the tight link between physics and algorithms to produce imaging pipelines with
enhanced capabilities.

It is hard to overstate how much the imaging method in question, cryo-EM,
has revolutionized the �eld of structural biology [4]. The use of electron beams

1imaging.ep
.ch

1
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to image ice-embedded samples has permitted the recovery of 3D bio-structures
at unprecedented resolution (Chapter 1). This revolution was made progressively
possible by key scienti�c advances in sample preparation, detector hardware, and
reconstruction algorithms [5]. The advent of atomic-resolution cryo-EM has had a
tremendous impact in biomedical research, providing invaluable insights into the
biological processes that underlie many current diseases. Cryo-EM has for example
become vital in the quest toward prevention and treatment of age-related disorders
such as Alzheimer’s or Parkinson’s diseases [6].

Yet, despite its countless successes, cryo-EM imaging remains notoriously rid-
dled with technical challenges, for which scientists have spent the better part of the

Cryo-Electron 
Microscopy (Cryo-EM)

Chapter  

1
Chapter  

2
Model-Based Tomographic 
Reconstruction for Cryo-EM

Compressed Sensing 
for STET 

Chapter  

3
Fast Regularized 

Reconstruction for SPA 

Chapter  

4

Supervised Recovery  
of Orientations in SPA

Chapter  

5
Chapter  

6
SPA Reconstruction Via  

Deep Adversarial Learning 

Chapter  

7 Conclusion

Model-based Methods Data-driven Approaches

Figure 1: Roadmap of the thesis. The work dedicated to electron tomography is
highlighted in orange, and those dedicated to single-particle analysis in blue.
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last 30 years looking for ingenuous solutions. For one, most samples of interest are
highly radiation-sensitive. This results in extremely noisy measurements that are
di�cult to process. In addition, information on key imaging parameters is com-
monly lacking. The situation is even more complex for single-particle analysis, an
EM modality that requires one to handle copious amounts of data, the unknown
orientation of samples, and their possible conformational heterogeneity. These dif-
�cult imaging conditions impose strong constraints on the quality and robustness
of the deployed image-processing methods.

Most cryo-EM variants for bioimaging are tomographic setups, which implies
that the measurements are the 2D projections of a 3D object. Hence, computa-
tional frameworks are necessary to retrieve the desired structure from the acquired
data (Chapter 2). The task of solving such inverse problems is not straightfor-
ward [7]. Those problems are generally ill-posed, meaning that one cannot rely
on the measurements alone to robustly recover the 3D object. Indeed, even small
perturbations on the measurements can massively impact the recovered solution|a
major di�culty in cryo-EM.

In practice, many cryo-EM software packages still rely on direct inversion al-
gorithms [8, 9, 10]. Those methods have the crucial advantage of being fast, so
that the processing of large datasets can be done in a reasonable amount of time.
Unfortunately, direct methods tend to be sensitive to heavy noise and/or to limited
measurements, which can reduce their performance in challenging imaging situa-
tions.

A more re�ned|and now classical|approach to overcome ill-posedness in imag-
ing consists in imposing suitable constraints on the solution [11]. One thereby
formulates an energy functional that measures the �delity of the solution to the
measured data, while regularizing the solution to have some desired properties|
typically, sparsity [12]. The sought solution minimizes this functional (Chapter 2.3).
Such variational methods rely on a faithful modelling of the imaging system, and
tend to be more robust than direct algorithms. However, model-based methods
usually require iterative schemes that come with a prohibitive computational cost
if not carefully engineered, which has limited their wider use in cryo-EM.

Finally, the past years have seen an explosion of data-driven techniques in imag-
ing applications. In particular, the deployment of deep-learning models has had a
profound in
uence in reason of their remarkable ability to autonomously capture
data representations [13]. Cryo-EM has been positively impacted too, although
learning-based methods developed for the �eld mostly address the preprocessing
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steps (e.g., measurement denoising [14]) rather than the 3D reconstruction itself.
This is likely to see future developments in view of the good match of cryo-EM for
data-driven applications and its very large datasets, although concerns about their
robustness and reproducibility could linger given the high stakes.

Considered Cryo-EM Methods

Several cryo-EM imaging variants permit the imaging of samples from the
micro to the nano-scale. In this thesis, the focus is on two high-resolution
tomographic modalities: scanning transmission electron tomography (STET)
and single-particle analysis (SPA). For the sake of clarity, we provide here a
concise introduction to both. These methods are presented in greater details
in Chapter 1.

STET is dedicated to the imaging of thin 3D slices of biological samples,
typically cells or tissues [15]. A narrow beam of electrons is used to raster-scan
the specimen tilted at di�erent orientations. The collected 2D measurements
are then used to reconstruct the desired volume. The primary concern in
STET is to reduce the electron radiation dosage|which is highly damaging
to biosamples|while maintaining an acceptable image quality. Robust
algorithms are also necessary to handle the heavily degraded measurements
and the so-called \missing wedge of information" in the Fourier domain.

SPA aims at characterizing the atomic structure of individual proteins them-
selves [16]. The procedure starts with the imaging of numerous 3D clones of
the object of interest positioned at random unknown orientations. A high-
resolution 3D reconstruction is then obtained by letting intricate algorithmic
schemes process the 2D projection measurements. The key challenges in SPA
reconstruction include heavy noise corruption, the estimation of the unknown
orientation of each projection, the handling of massive datasets, and the possi-
ble heterogeneity of samples.
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Contributions

An overarching theme of this thesis is the aim to integrate available information on
the cryo-EM imaging procedure into the reconstruction algorithms, for the purpose
of increasing their performance. The most powerful ways for doing so are to rely
on a realistic model of the acquisition physics, or to let the algorithms exploit the
large datasets through some learning procedure. In this context, our contributions
are two-fold.

1. The development of variational model-based methods for cryo-EM that can
be easily deployed in practice, with a particular focus on the increase in speed
and robustness to ill-posed imaging conditions. This is done for both STET
(Chapter 3) and SPA (Chapter 4).

2. The proposal of novel data-driven methods based on deep neural networks
that can be e�ciently and robustly used in SPA. Both supervised (Chapter 5)
and unsupervised (Chapter 6) learning procedures are explored.

The link between these two paradigms is strong. The proposed learning-based
methods directly bene�t from our ability to model the cryo-EM procedure, either
for the generation of realistic training datasets, or by using it as a module inside
the networks architectures themselves. The objective is to leverage the best of both
worlds: the guaranteed robustness of model-based approaches, and the remarkable
capabilities of learning-based methods at exploiting data statistics.

We hereafter provide a short summary for each of our main research works. All
rely on a sound mathematical framework that formalizes the practical objectives
at hand, which is also a contribution in itself. It goes without saying that these
works are the result of fruitful collaborative e�orts. Throughout the manuscript,
we indicate in footnotes the publication(s) related to each work, and detail the
contribution of each collaborator whenever the author of this thesis is not �rst
author.

Compressed Sensing for STET (Chapter 3)

We present a tailored acquisition-reconstruction STET framework [17] that exploits
the principles of compressed sensing and permits to minimize the electron dosage
required for high-quality STET imaging. More precisely, we propose to scan only a
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small random subset of pixels at every sample orientation, and present a regularized
reconstruction scheme to recover the 3D sample from these strongly undersampled
data. We demonstrate on simulated and real data that reconstruction can then be
achieved with very few measurements, hence strongly reducing the e�ect of sample
degradation and preserving image quality.

Related Publication:

Laur�ene Donati, Masih Nilchian, Sylvain Tr�epout, C�edric Messaoudi, Sergio Marco, and

Michael Unser, \Compressed Sensing for STEM Tomography," Ultramicroscopy, vol. 179,

pp. 47{56, 2017.

Fast Regularized Reconstruction Scheme for SPA (Chapter 4)

We present a fast regularized reconstruction framework for SPA that relies on a
rigorous mathematical modeling of the cryo-EM physics [18]. To make the use of
such iterative method feasible in SPA, we formulate its cost-dominant step as a
discrete convolution whose computational cost does not depend on the number of
projections. In addition, the representation of 3D objects with scaled basis functions
enables the reconstruction of volumes at any desired scale in the real space. This
brings increased robustness and permits further gains in computational speed.

We then use this fast algorithm as a building block of a new re�nement frame-
work for SPA that alternates between the reconstruction and the estimation of
the unknown orientations [19]. This joint optimization scheme bene�ts from the
robustness brought by our regularized reconstruction scheme, which positively im-
pacts its convergence. The orientations are updated in the continuum through a
semi-coordinate-wise gradient descent, which removes the need for the computation-
ally expensive step of classical re�nement procedures. We experimentally demon-
strate that this joint optimization framework can e�ciently re�ne high-resolution
3D structures from projections with initially inaccurate orientations.

Finally, we further diminish the cost per iteration of our reconstruction algo-
rithm by ingeniously splitting its objective function [20].

Related Publications:

Laur�ene Donati, Masih Nilchian, Carlos Oscar S Sorzano, and Michael Unser, \Fast Mul-

tiscale Reconstruction for Cryo-EM," Journal of Structural Biology, vol. 204, no. 3, pp.

543{554, 2018.

Mona Zehni, Laur�ene Donati, Emmanuel Soubies, Zhizhen J Zhao, and Michael Unser,
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\Joint Angular Re�nement and Reconstruction for Single-Particle Cryo-EM," IEEE

Transactions on Image Processing, 2020.

Laur�ene Donati, Emmanuel Soubies, and Michael Unser, \Inner-Loop Free ADMM for

Cryo-EM," IEEE International Symposium on Biomedical Imaging (ISBI), 2019.

Supervised Recovery of Orientations SPA: Learning from Pro-
jections (Chapter 5)

We present the outline of an ongoing research project for SPA that capitalizes on
the powerful learning capabilities of neural networks, yet still fundamentally relies
on our ability to faithfully model the cryo-EM imaging process for the generation
of the training dataset. Its target is the design of a learning-based method that
estimates the unknown orientations in SPA directly from the acquired dataset of
projections, i.e., without relying on any intermediate reconstruction procedure.

Our approach relies on the well-known observation that the more similar two
projections, the more likely they originated from two 3D particles that adopted
close orientations in the ice layer prior to imaging. Taking this line of thought fur-
ther, we train a function|parametrized as a neural network|to predict the relative
orientation between two projections based on their similarity. Using this trained
network, we can then estimate the relative orientations between pairs of projec-
tions in any SPA dataset. Our postulate is that we can �nally recover, from these
estimated relative distances, the orientations themselves through an appropriate
minimization scheme.

A new Paradigm for SPA Reconstruction via Deep Adversar-
ial Learning (Chapter 6)

We present CryoGAN, a completely new paradigm for SPA reconstruction that
leverages the remarkable capability of deep neural networks to capture data distri-
bution. CryoGAN uses a generative adversarial network (GAN) to learn the 3D
structure that has simulated projections that most closely match the real data in
a distributional sense.

The architecture of CryoGAN resembles that of standard GAN, with the twist
that the generator network is replaced by a cryo-EM physics simulator. Thanks to
this adversarial scheme, CryoGAN can resolve a 3D structure in a single algorithmic
run using only the dataset of projections and CTF estimations as inputs. The



8 Introduction

algorithm is completely unsupervised, does not rely on an initial volume estimate,
and requires minimal user interaction. It is also backed up by a comprehensive
mathematical framework that provides guarantees on the recovery of the volume
under a given set of assumptions.

Experiments on synthetic and real datasets demonstrate the ability of CryoGAN
to capture and exploit real-data statistics in challenging imaging conditions. While
the spatial resolution of the CryoGAN reconstructions from real data is not yet
competitive with the state-of-the-art, we expect these results to improve in the
near future, along with the ongoing progresses in deep learning architecture. In the
meantime, the preliminary results obtained with CryoGAN are encouraging and
demonstrate the potential of adversarial-learning schemes in image reconstruction.

Related Preprint:

H. Gupta, M. T. McCann, L. Donati, M. Unser. \CryoGAN: A New Reconstruction

Paradigm for Single-particle Cryo-EM Via Deep Adversarial Learning".

https://www.biorxiv.org/content/10.1101/2020.03.20.001016v1



Chapter 1

Cryo-Electron Microscopy
(cryo-EM)

1Cryo-electron microscopy (cryo-EM) encompasses a broad range of imaging meth-
ods that exploit the wave-like behavior of electrons in vacuum to produce a high-
resolution visualization of biological structures. At the heart of all cryo-EM disci-
plines lies the use of a transmission electron microscope (TEM) to image radiation-
sensitive samples under cryogenic conditions. Cryo-EM has been intensively used
over the past decades to study cellular and molecular biology at the nanometer
scale [21, 22]. It reveals the architecture of cells and proteins, which then brings
key insights about their functions. Hence, cryo-EM is a fundamental tool in the
search of diagnostic, preventive and curative solutions for a large spectrum of med-
ical diseases and disorders.

In this chapter, we present the operating principles underlying cryo-EM and its
variants of interests (STET, SPA), as well their speci�city and the key associated
challenges. We do not intend here to provide a comprehensive review of those topics.
Rather, we aim to equip non-expert readers with the basic knowledge of cryo-EM
necessary to an appropriate understanding of our work. For more complete reviews
on the subject, we refer to [23, 24, 25].

1This chapter uses content from our works [17, 18].

9
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1.1 Cryo-EM in a Nutshell

1.1.1 The Transmission Electron Microscope (TEM)

Common to all cryo-EM modalities is the use of electron beams for imaging, which
permits a signi�cant gain in resolution compared to other microscopy techniques
thanks to the extremely short wavelength of electrons (Figure 1.1). Such imaging
is performed using a TEM (Figure 1.2a), a device that sends parallel electrons
beams through a 3D sample to form a 2D projection image2. In short, electrons are
generated and accelerated by an electron gun, focused in beams by magnetic lenses,
and sent toward the specimen inside the TEM column. The electrons then interact
with the sample as they propagate through it, which provides indirect information
about the 3D structure of interest once magni�ed by lenses and captured by direct
electron detectors (DED). The exact design of a TEM is extremely complex and
varies depending on the application, the model, and the manufacturer.

Figure 1.1: The microscopy scale. Cryo-EM (blue) permits imaging up to the
nano-scale, whereas 
uorescence microscopy (orange) and super-resolution light
microscopy (green) are limited to lower resolutions. However, light-based methods
enable the imaging of living samples, which is impossible in cryo-EM.

2The image-formation model behind cryo-EM is detailed in Section 1.2.
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1.1.2 Radiation Sensitivity and Cryogenization of Bio-Samples

The high resolving power of TEM comes at the cost of extreme constraints being
imposed on the imaged specimen. For one, high-vacuum conditions are required
inside the microscope for the electron beams to travel in straight lines and interact
uniquely with the sample. This necessitates to �x the specimen while trying to
maximally preserve its native structure|a non-trivial feat [1]. In addition, the in-
elastic scattering of electrons with the specimen causes extensive radiation damage.
This e�ect is particularly damageable to biological samples. This is problematic
because high-resolution imaging requires dense sampling with high electron dosage.

A major technical advance with respect to those two problems has been the
development of the plunge-freezing method in the 1980s by Jacques Dubochet and
his colleagues [1]. Their cryogenization technique permits the imaging of fully
hydrated specimen with preserved structure. This is achieved by embedding the
sample in a thin layer of water and rapidly freezing it at cryogenic temperature
(about -180°C) so that no ice crystal is formed. An additional advantage of the
technique is that the imaging of samples at very low temperatures helps mitigate
the extent of radiation damage. The e�ect is rather limited though, and electron-
induced radiation damages remains a serious problem in cryo-EM. Hence, high
electron voltages have to be sparingly used to image bio-samples. This results
in challenging measurements with extremely low signal-to-noise ratio (SNR), as
illustrated in Figure 1.2b-c.

Remark 1 (Jacques Dubochet). The Swiss biophysicist and EPFL-graduate
Jacques Dubochet is a recurring character in this thesis. In 2017, the Vau-
dois received, along with Joachim Frank and Richard Henderson, the Nobel
Prize in Chemistry for his work on the cryogenization of samples in electron
microscopy. This rewarded years of developments in cryo-EM that launched
a new era in structural biology, characterized by a boom of interdisciplinary
collaborations [26, 27].
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(a) Layout of
a TEM struc-
ture. Image from
wikipedia.org/TEM.

(b) A cryo-electron tomography
measurement [14].

(c) A single-particle cryo-EM
micrograph [28].

Figure 1.2: The (a) architecture of a TEM permits high-resolution imaging, but
the (b)-(c) measurements typically show high noise degradation, which makes their
processing di�cult.

1.2 Image-Formation Model

The perfect modeling of the cryo-EM imaging system is an impossible task. Never-
theless, it is of great practical importance to approximate, as faithfully as can be,
the physics behind the acquisition process. The quest for computationally tractable
entities is also central for the design of applicable algorithms. Hence, a compromise
between accuracy and computability has to be found when modeling physical pro-
cesses. In this section, we derive the cryo-EM image-formation model that serves
as the building block for all our works (Chapters 3- 6).

1.2.1 Geometry of the Imaging Procedure

We start by de�ning the necessary mathematical objects and the 3D geometry asso-
ciated to our imaging model. We formulate the complete problem in the continuum
and later discuss discretization aspects in Chapter 2.

We model the 3D object being imaged|i.e., a physical entity that varies over
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space|as a function f : R3 ! R that maps a point x 2 R3 to a point f(x) 2 R. In
cryo-EM, this function corresponds to the electric �eld of the bio-sample of interest,
called its Coulomb potential. The function f is often assumed to be compactly
supported as the biological objects are spatially localized.

Inside the microscope, the object is positioned at a given 3D orientation with
respect to the detector plane y = (y1; y2) 2 R2, as illustrated in Figure 1.3 (left).
Hence, the geometry of the imaging procedure is described by the geometrical trans-
formation that maps the object coordinate system (x1; x2; x3) to the measurement
coordinate system (y1; y2). In order to represent all the possible orientations of
the 3D object in space, we consider that this mapping corresponds to a rotation in
SO(3), the group of all 3D rotations about the origin of R3.

In SO(3), every rotation can be described by a 3 � 3 orthogonal matrix with
determinant 1. As is standard in cryo-EM, we use Euler angles3 to parametrize
the rotation matrix that relates our two coordinate systems [29]. The Euler angles,
which we denote as � = (�1; �2; �3), are a set of three angles that describes a
sequence of three rotations about three �xed axes (Figure 1.3 (right)). The angle
�1 2 [0; 2�), called the rotational angle, describes the �rst rotation around the x3

axis. The angle �2 2 [0;�], called the azimutal angle, represents the second rotation
around the x2 axis. Finally, the third angle �3 2 [0; 2�) corresponds to the in-plane
rotation in the measurement plane. We then denote the domain of the Euler angles
as 
� = [0; 2�) � [0;�] � [0; 2�). For the sake of conciseness, we hereafter use
the term \with/at orientation �" when referring to an entity (e.g., 3D object, 2D
measurement) that is considered in an imaging geometry parametrized by �.

1.2.2 Object Projection

Due to their extremely short wavelength (� 2pm at 300kV), electrons approxi-
mately travel in straight lines in vacuum. The initial intensity I0 of parallel electron
beams decays as they propagate through the 3D sample. The transmitted intensity
I ends up being recorded as a 2D measurement b� following the Beer-Lambert’s
law [30],

b�
�
y
�

= � log

 
I
�
y;�

�
I0
�
y
� ! : (1.1)

3Although commonly used in 3D cryo-EM, the Euler angles convention comes with a few
technical challenges [29], as we shall later discuss in Chapter 5.



14 Cryo-Electron Microscopy (cryo-EM)

x1
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�3 y1

y2


2D
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Figure 1.3: Geometry of the 3D imaging model. The 3D object f in the coordinate
system (x1; x2; x3) is imaged along the projection direction #� to produce the 2D
projection b in the coordinate system (y1; y2). The Euler angles � = (�1; �2; �3) 2 
�
compactly represent the 3D rotation that maps the object coordinate system to the
projection coordinate system. The angles �1, �2, and �3, respectively correspond
to the rotation, the tilt, and the in-plane rotation in the projection plane. The set

2D denotes the support of the projection.

Under the weak-phase object approximation, the relationship between the 3D object
f and its 2D measurement b� in (1.1) is mathematically best described through the
X-ray transform P� : L2

�
R3
�
! L2

�
R2
�

[31]. The X-ray transform is a linear op-
erator that maps a 3D function into its 2D line-integral image, called the projection
image, along the projection direction #� =

�
cos �1 sin �2; sin �1 sin �2; cos �2

�
2 S2,

with S2 =
�
x 2 R3 j kxk2 = 1

	
the unit sphere in R3. Hence, we model an idealized

cryo-EM measurement as

b�
�
y
�

= P�
�
f(x)

	
(y) =

Z
R
f
�
t#� + MT

�?y
�
dt; (1.2)
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where MT
�? is the adjoint of the hyperplane projection matrix M�? 2 R2�3 given

by

M�? =

�
cos �1 cos �2 cos �3 � sin �1 sin �3 cos �1 cos �2 sin �3 + sin �1 cos �3 � cos �1 sin �2
� sin �1 cos �2 cos �3 � cos �1 sin �3 � sin �1 cos �2 sin �3 cos �1 cos �3 sin �1 sin �2

�
:

(1.3)

The matrix M�? has rows that specify the normal basis of the hyperplane per-
pendicular to the projection direction #�. Intuitively, this matrix expresses how a
point in the object domain gets geometrically positioned in the projection domain,
while its adjoint MT

�? maps the reciprocal relationship.

1.2.3 Optical E�ects and Detection

Equation (1.2) is a good starting point in the modelling of the cryo-EM imaging
procedure, but it only tells a limited part of the story. In practice, the beams exiting
the specimen undergo complex optical e�ects in the TEM microscope before they
reach the electron detectors. This results in an alteration of the projection frequency
content that is accounted for through a convolution with the shift-invariant 2D
point-spread function (PSF) h : R2 ! R of the TEM (i.e., its impulse response),
such that

b�
�
y
�

=
�
P�
�
f
	
� h
�
(y): (1.4)

In cryo-EM, these optical e�ects are mostly expressed in the Fourier domain as a
multiplication with the Fourier transform bh of the PSF, called the contrast transfer
function (CTF). The CTF is a rapidly oscillating and decreasing function with
multiple zero-crossings (Figure 1.4). Its theoretical model derives from the phase-
object approximation [32] and is most often given for ! 2 R2 by

bh(!) = E(!)A(!)C(!); (1.5)

where E is called the envelope function, A corresponds the objective aperture func-
tion, and C represents the phase contrast transfer function. The �rst two functions
are mostly responsible for the limitation in resolution, while the third one explains
the oscillatory behavior of the CTF. More details on the modeling of the CTF are
given in Appendix A.2.

These CTF features|dampening, oscillations and zero-crossings|typically dis-
tort the projection amplitude and a�ect the resolution if left uncorrected. In prac-
tice, CTF-correction is often performed on every 2D projection prior to 3D recon-
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Figure 1.4: Example of a CTF in TEM (radial plot). The function (in Fourier space)
typically displays rapid oscillations, multiple zero-crossings, and is dampened by a
decreasing envelope function. Image simulated with www.c-cina.org/tools/soft/ctf-
simulation/.

struction4. This is most often done by estimating the parameters of the theoretical
CTF model (1.5) from the acquired measurements (e.g., by analyzing their power
spectra). This is a challenging procedure by itself given the high level of noise that
degrades the cryo-EM data (see Section 1.2.4 below).

The imaging model in (1.4) describes the measurements in their continuous
form. In practice, this information is captured at a large number of equally spaced
discrete points by electron detectors. Hence, we assume that the measurements
b�
�
y
�

are acquired at the sampled points yj = j� for j 2 
2D, where the set

2D � Z2 denotes the support of the projection and is constituted of M = ]
2D

elements. For the sake of clarity, we consider � = 1 (without loss of generality)

and we denote as eb� 2 RM the discrete noiseless measurement vector for an object
with orientation �.

4Some cryo-EM variants consider the possibility for each projection to be a�ected by a di�erent
(shift-invariant) CTF. We shall discuss this point in due time.
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1.2.4 Noise Degradation

The �nal consideration is to account for random perturbations that degrade the
captured information. In cryo-EM, di�erent types of noise can undesirably a�ect
the measurements [24], but the two major noise sources originate from the inter-
action of electrons with ice and from the electron counting by the TEM detectors.
This counting process, which is by nature discrete, leads to a noise that is usually
dominated by Poisson statistics. However, when large number of detection events
arise, the electrons are no longer individually observed and the Poisson distribu-
tion approaches a Gaussian one. We thus assume a cryo-EM projection eb� to be
corrupted by a substantial additive Gaussian noise n� � N (0; �2 � Id) as suggested
in [33, 34], with n� 2 RM , such that

b�j = eb� + n�j =
�
P�
�
f
	
� w
�
(j) + n�j : (1.6)

More precise noise models than in (1.6) exist (e.g., which include noise sources
a�ected by the CTF), but those also tend to signi�cantly complexify the subsequent
processing steps. Finally, it is worth insisting that, whatever the model considered,
noise degradation in cryo-EM remains a massive processing challenge: the measure-
ments typically have one of the lowest SNR of any imaging modality [35].

Equipped with the imaging model (1.6) in which the X-ray transform plays a
central role, the idea is then to image the object under di�erent orientations, and
use tomographic reconstruction algorithms to obtain a 3D visualization of its struc-
ture (Chapter 2). In practice, this reconstruction task is always digitally handled.
Hence, careful discretization of the object f is necessary for practical applications;
this is the topic of Section 2.2.

1.2.5 Tomographic Variants in Cryo-EM

Several cryo-EM operating modes exist for bio-imaging, and most tomographic
setups fall in one of two categories (Figure 1.5):

1. Electron tomography (ET), in which a 3D tissue slice is imaged by sequen-
tially tilting the sample-stage around a single-axis of rotation (Section 1.3).
Hence, each 2D measurement corresponds to the projection of the 3D sample
at a given stage orientation, altered by some optical e�ects and noise.
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2. Single-particle analysis (SPA) , in which hundreds of thousands of protein
clones with random orientations are rapidly freezed in a thin layer of ice and
subsequently imaged (Section 1.4). Each acquired 2D image thus corresponds
to the projection of a 3D clone under an unknown orientation, altered by some
optical e�ects and noise.

(a) Schematic ET setup. The purple
area indicates the angular region left
uncovered due to technical constraints,
which results in a missing cone of infor-
mation in the Fourier domain.

(b) Schematic SPA setup. Numerous
clones of a molecule, each with its un-
known orientation, are freezed in ice and
subsequently imaged.

Figure 1.5: Illustrations of the cryo-EM variants for tomographic imaging: (a) ET
and (b) SPA.

ET and SPA share a number of similarities, most notably the cryogenization
of samples, the use of a TEM for imaging, heavy noise-degradation of the mea-
surements, and the reliance on tomographic reconstruction algorithms. Hence, the
image-formation model is the same for both variants and is given by (1.6).
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That being said, ET and SPA do di�er in some important aspects, in particular
regarding the sample preparation, the tilting strategy, and the achieved resolution.
Those di�erences (Table 1.1) lead to reconstruction challenges that are speci�c to
each imaging method.

Sample Resolution Stage Rotation Missing Information

ET Tissue/Cell Slice Nano (1-10nm) Single-axis ( � 70°) Unimaged Tilt Wedge
SPA Protein Clones Near-atomic (1-10 �A) None Proteins Orientations

Table 1.1: Main experimental di�erences between ET and SPA.

1.3 Electron Tomography (ET)

The most generic form of ET is transmission electron tomography (TET), which we
brie
y present in Section 1.3.1. In this thesis, the ET method of interest is scanning
transmission electron tomography (STET5), a variant of TET that we describe in
Section 1.3.2.

1.3.1 Transmission Electron Tomography (TET)

The core principle in TET is to incrementally tilt, around a single axis of rotation
and over a large range of tilt angles, a thin 3D sample through which parallel elec-
tron beams are sent at each tilt angle (Figure 1.6a). The recorded 2D projections,
called the tilt-views, compose the tilt-series, which is then processed to obtain a 3D
reconstruction.

In conventional TET systems, the thickness of the sample and the geometry
of the specimen holder preclude imaging through a full 180° angular range (see
purple area in Figure 1.5a) [36]. Artifacts consequent to this missing wedge of
information in the Fourier domain may appear on the reconstructed image if the
lack of angular coverage is excessive and/or if the reconstruction algorithm is not
su�ciently robust. TET is currently restricted to the imaging of thin bio-samples
(< 350nm), which ensures correct propagation of the electrons even at high tilt
(� 70°).

5The modality is also known as STEM in the community.
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Parallel Beams
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Cryo-embedded 
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Transmission 
Electron Tomography (TET)

(a) Cryo-TET set-up. Parallel beams
of electrons are simultaneously sent
through the tilted sample to form a
projection image.

Beam Scanning

Angular C
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Cryo-embedded 
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Scanning Transmission 
Electron Tomography (STET)

(b) Cryo-STET set-up. Lenses focus
the electrons in a single beam and the
tilted sample is rastered to form a pro-
jection image.

Figure 1.6: Illustrations of two cryo-ET modalities: (a) TET and (b) STET.

1.3.2 Scanning Transmission Electron Tomography (STET)

The main di�erence between TET and STET is that in STET, the specimen is
scan-rastered by a focused electron beam, and the transmitted radiation is gradu-
ally detected (Figure 1.6b). Thanks to this scanning approach, STET o�ers several
advantages over TET for the imaging of bio-samples, including an increased resolv-
ing power, an improved contrast, and better SNR [37, 38, 39]. It also broadens
the scope of acceptable biological specimens [15]. Yet, STET still su�ers from the
problems of missing information and radiation-sensitivity. Hence, a trade-o� be-
tween the acquisition quality (i.e., wide and numerous high-SNR acquisitions) and
the sample integrity (i.e., low electron dosage) must be considered during imaging.

In that respect, the 
exibility in the choice of the scanning approach o�ers some
interesting opportunities. The design of an acquisition-reconstruction STET frame-
work that combines a tailored scanning pattern and a reconstruction algorithm with
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increased robustness [17] is the subject of Chapter 3. We brie
y review below the
approaches related to this work.

Literature Review

Several works have proposed reconstruction methods for STET that address the
missing-wedge problem and permit lower-dose acquisition without introducing sig-
ni�cant degradation in the �nal volume. These methods are categorized in two
main classes depending on whether the dose reduction is achieved by tilt/angular
downsampling or by image/spatial downsampling [40].

Tilt-downsampling (T-DS) techniques refer to algorithms that perform recon-
struction from a reduced number of tilt images. T-DS is generally performed by ac-
quiring fewer projections over the widest possible angular range. To compensate for
the induced lack of information, a standard approach is to incorporate prior knowl-
edge into the reconstruction process (see Section 2.3). Such advanced T-DS recon-
struction algorithms primarily include discrete algebraic reconstruction techniques
(DART) [41, 42] and compressing sensing (CS) based methods [43, 44, 45, 46].

Image-downsampling (I-DS) techniques take a di�erent route and reduce the
electron beam coverage of individual tilt images. This can be achieved by de-
creasing the frame size, the per-pixel dwell time, or the beam current density [47].
Alternatively, one can scan only a fraction of the image pixels following a certain
downsampling pattern. The recovery of random I-DS projections has been the
topic of several publications. Most notably, Stevenset al. [48] applied a Bayesian
dictionary-learning technique to restore such measurements, while Saghiet al. [40]
used total variation (TV) to inpaint the I-DS measurements prior to feeding them
to a CS-based reconstruction algorithm. To the best of our knowledge, full 3D
tomographic reconstruction directly from the unrestored random I-DS STET data
had not yet been demonstrated prior to our work.

1.4 Single-Particle Analysis (SPA)

Single-particle analysis (SPA6) di�ers from ET in that its �nal goal is to characterize
the atomic model of proteins, i.e., the spatial organization of each atom in their

6The modality is also known in the �eld as single-particle cryo-EM. To ensure coherence with
our published works, we shall use the term SPA in this thesis.
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chains of amino acids (Figure 1.7c). The motivation is that proteins carry out
crucial functions in cells, and alterations in their structure usually a�ect their ability
to perform these tasks. Hence, SPA plays a major role in structural biology and
pharmaceutical research.

(a) Density map of � -gal
at a resolution of 7�A.

(b) Superimposition of
the atomic model and the
density map of � -gal for
visualisation purpose.

(c) Atomic model of � -
gal.

Figure 1.7: Visualization of the density map and the atomic model of the � -
galactosidase enzyme (PDB-5a1a) [49]. Images produced with Chimera [50]

A typical end-to-end SPA pipeline consists of three main phases [23].

1. The preparation of the sample and its imaging in cryogenic conditions with
a TEM (Figures 1.8a).

2. The reconstruction of the high-resolution 3D density map7 (Figure 1.7a) from
the 2D projection measurements using digital image-processing algorithms
(Figures 1.8b-c).

3. The determination of the atomic model (Figure 1.7c) based on the recon-
structed density map and prior knowledge on the physics of protein folding.

In this thesis, our focus is on the design of algorithms that reconstruct the density
map (Step 2). As the challenges faced by reconstruction algorithms in SPA derive

7 In practice, the beams of electrons interact with the electron cloud of the protein. Hence, the
imaging procedure actually provides a direct representation of its 3D electron density, called the
density map . In the next chapters, we shall use the more generic term of 3D structure for the
sake of clarity.
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from the speci�city of the imaging procedure (Step 1), we start by brie
y presenting
its key aspects. The procedure of atomic modelling (Step 3) is beyond the scope of
our work; for further details, we refer to [51].

Remark 2 (The Boom of SPA). SPA is not a young imaging method: its de-
velopment began in the 1970s. However, its popularity has rocketed in recent
years due to technical advances in detector technology and software algorithms.
This launched a \resolution revolution" [5] that saw the determination of struc-
tures progress up to near-atomic resolution. This momentum culminated in
2017 with the Nobel Prizes of its pioneers Dubochet, Frank and Henderson.

(a) Imaging Proce-
dure.

(b) Pre-processing
of the micrographs.

(c) Reconstruction of the density
map from the projections.

Figure 1.8: Illustrations of three key steps in SPA for the reconstruction of the
density map. Note that the contrast and SNR of the measurements in the micro-
graph have been exaggerated for visualization purposes. In practice, the particles
are barely visible. Images frompeople.csail.mit.edu/gdp/cryoem.

1.4.1 Imaging Procedure

The key to appreciate the speci�city of SPA is to �rst understand that the conven-
tional tomographic approach| i.e., to rotate a single object and take measurements
at every stage rotation|is not a viable option for the imaging of single proteins.
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The reason is that their radiation sensitivity is so high that they cannot withstand
the repetitive exposures to electron beams necessary in the standard setup.

The twist to get around this is to work with numerous 3D copies of the same pro-
tein, called \particles", which are supposed to be structurally identical. The idea is
to let these particles adopt random positions and orientations in a thin layer of wa-
ter, freeze them at cryogenic temperatures, and image all particles simultaneously
with parallel electron beams in a minimal number of exposures (Figure 1.8a). The
collected measurements are called micrographs (Figure 1.8b), and contain thou-
sands of projections of the protein under di�erent orientations, which can then be
used for tomographic reconstruction (Figure 1.8c).

The imaging procedure in SPA is incredibly ingenious, but its implementation
comes with a series of serious challenges. The most obvious one is that the orienta-
tions taken by the particles in the ice layer are random and thus unknown; yet, they
are essential for reconstruction. In addition, interactions with the ice surface can
sometimes drive particles to favor certain orientations, which leads to a nonuniform
angular coverage of the structure. Moreover, the acquired projections are always
extremely numerous, heavily degraded by noise, and a�ected by complex optical
e�ects, which makes their processing di�cult.

Another major challenge with more recent (and thus trickier) samples is that
many proteins are actually dynamic entities: they perform functions in cells by
changing their con�gurations upon receiving some stimuli. The range of con�g-
urations adopted by the protein, called its conformational landscape, means that
the micrographs may actually contain a mix of projections from distinct 3D struc-
tures [52]. If left untreated, this can lead to a blurred incorrect reconstruction.

To summarize, the main di�culties that have to be considered when designing
reconstruction algorithms for SPA are:

1. The unknown orientation of each projection.

2. The strong optical e�ects that modulate the projections.

3. The extremely low contrast and SNR of the projections.

4. The massive amount of measurements to process.

5. (Possible) The nonuniform distribution of the particles' orientations.

6. (Possible) The presence of degraded, unusable data in the measurements.
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7. (Possible) The structural heterogeneity of the sample.

This collection of problems makes the reconstruction task in SPA an enduring tech-
nical challenge: scientists have spent the better part of the last 30 years designing
a solid pipeline that can reliably deliver 3D structures with atomic resolution. The
result is an intricate multi-steps procedure that permits the regular discovery of
new structures, but that can still be prone to over�tting and irreproducibility.

1.4.2 Reconstruction of the Density Map

Prior to 3D reconstruction, a series of essential preprocessing steps are �rst needed
to localize, extract and normalize the individual 2D projections from the micro-
graphs [53, 54, 55, 56, 57]. Only then can one use intricate algorithmic schemes
to combine the large set of measurements, with the ultimate goal of producing a
high-resolution 3D reconstruction (i.e., smaller than 3-4�A). To handle the strongly
incomplete data (in particular, the unknown orientations), most software pack-
ages [58, 8, 9, 10, 59, 60, 61, 62] implement a so-callediterative-re�nement pipeline
during which information is gradually added to a rough initial volume 8.

Remark 3 (Terminology) . The iterative-re�nement pipeline in SPA sometimes
makes the use of the term "reconstruction" confusing. Depending on the con-
text, it can either refer to the reconstruction of the �nal density map as a global
process, to the action of the reconstruction algorithm as a local procedure, or
to any 3D structure obtained throughout the pipeline. We shall try to make its
meaning clear when the context does not.

Iterative-Re�nement Pipelines

Projection-matching approaches (Figure 1.9) re�ne the initial volume by alternat-
ing between estimation of the orientations and 3D reconstruction from the pro-
jections given the current (however inaccurate) parameter estimates [68, 69]. The
�rst rough 3D structure is often computed from high-SNR class averages|a com-
plicated task in itself given the challenging imaging conditions. From this �rst

8The search for an appropriate initialization is known in SPA as ab initio modelling [63]. It is
a very active �eld of research in itself [64, 65, 66, 62, 67], which is not surprising given the stakes.
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Figure 1.9: Schematic of the projection-matching approach. Image adapted from
cpb.iphy.ac.cn.

volume, one produces a �nite number of synthetic projections with uniformly dis-
tributed orientations. Those projection templates are used to predict the relative
orientation of every 2D projection in the experimental dataset through some ap-
propriate angular-assignment method [70]. This process is then repeated with an
increasing number of distinct synthetic projection templates until the optimization
ful�lls some convergence criterion.

Bayesian approaches [71, 72, 73] di�er in the way they handle the unknown
orientations during this alternating re�nement pipeline: they do not constrain the
2D projections to be assigned a unique orientation estimate. In practice, they rely
on the formulation of a maximum marginalized a posterior (MAP) estimation that
is solved by expectation maximization. The process starts with the calculation
of the posterior probabilities for all possible orientations based on statistical noise
models. These probabilities are then used to weight the contribution of each 2D
projection to every orientation class (as de�ned by the projection templates). This
treatment of the unknown orientations, called marginalization, is less sensitive to
the initial model and brings increased robustness in high-noise regimes compared
to projection-matching procedures. However, the marginalization process is often
computationally expensive. A recent work notably improved the computational e�-
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ciency of the MAP scheme by solving it through stochastic average gradient descent
(SGD) and using importance sampling to further reduce the cost of computing the
marginalized likelihood [74].

For both approaches, the global re�nement process equates to a high-dimensional
nonconvex optimization problem with numerous local minima, whose outcome is
still predicated on the quality of the initial reconstruction [75, 76]. Moreover,
both are computationally challenging pipelines that can demand large resources or
rely on approximations (e.g., the reliance on sums instead of integrals during the
marginalization procedure) [77].

Tomographic Reconstruction Algorithms

All iterative-re�nement pipelines rely on a reconstruction procedure at every step
of the pipeline. This reconstruction is carried out independently of the orientation
estimation. In most instances, software packages use direct algorithms based on the
central-slice theorem (Section 2.1) to perform this reconstruction [78, 79, 70]. Direct
methods work adequately when the projections are of good quality and su�ciently
numerous, and their speed is a key advantage. Unfortunately, their performance
can be limited in adverse imaging situations (Section 2.3.1).

A more sophisticated and robuster reconstruction approach is to formulate it as
a regularized inverse problem (see Section 2.3) that is solved iteratively [80, 81, 82,
83, 84]. Some approaches also take into account the blurring of each projection by
the CTF of the microscope [85, 32]. Those iterative methods permit high-quality
reconstruction but often require very large computational resources if not carefully
engineered. The design of a fast, regularized reconstruction framework for SPA
that is robust to the challenging imaging conditions is the subject of Chapter 4.

We conclude this introduction to SPA by mentioning that, although deep-
learning models have already had a profound impact in a wide range of image
reconstruction applications [86, 87, 88], their current utilization in SPA is mostly
restricted to preprocessing steps, such as micrograph denoising [89] or particle pick-
ing [90, 91, 92, 93, 94]. The design of a method that learns to estimate the unknown
orientation associated to each projection in a SPA dataset is the topic of Chapter 5.
In Chapter 6, we present a completely new paradigm for SPA reconstruction based
on deep adversarial learning, which we believe to be the �rst demonstration of a
deep-learning architecture able to perform the full SPA reconstruction procedure
without any prior training.
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Chapter 2

Model-based Tomographic
Reconstruction for Cryo-EM

2.1 Context

1The technique of mathematically combining 2D projections acquired from various
directions into a 3D volume is known astomography. Tomography is used in a
variety of imaging methods beyond cryo-EM (e.g., in X-ray computed tomography
(CT) [95]) to gather information about the internal structure of objects through
indirect measurements obtained with penetrating waves.

1This chapter uses content from our works [17, 18, 20].

29
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Remark 4 (EM and tomography) . The story between tomography and EM
goes back a long time. Interestingly, it even precedes the development of X-ray
CT by Houns�eld and Cormack [95]. In their landmark 1968 paper [96], Aaron
Klug and David DeRosier elucidated the structure of the T4-bacteriophage by
combining a small set of 2D EM images|the dawn of tomographic EM! A
former student of the brilliant crystallography pioneer Rosalind Franklin, Klug
developed reconstruction methods based on the central-slice theorem (or, as Klug
put it, \a theorem familiar to crystallographers") that are still of relevance today
(see Section 2.1.1). Sir Aaron Klug later received the Nobel Prize in Chemistry
for his outstanding contributions, which set the stage for a long series of Nobel
Prizes dedicated to this revolutionary imaging method.

2.1.1 Direct Inversion Methods

Tomographic reconstruction is most often performed using direct inversion meth-
ods. A prominent approach is the �ltered back projection (FBP) algorithm [97],
which implements a discrete version of the analytically-derived X-ray inversion for-
mula [31]. In FBP, the projections are �ltered with an appropriate convolution
kernel before being back projected in the object domain. As the X-ray inversion
formula is also an integral operator, FBP relies on the approximation of integrals by
sums and the use of interpolation to evaluate quantities between samples whenever
needed.

In cryo-EM, many software packages rather rely on direct Fourier-reconstruction
(DFR) methods [78, 79] that are based on thecentral slice theorem. This theorem
relates the Fourier transform of a 2D projection to an hyperplane (orthogonal to
the projection direction) in the Fourier transform of the 3D object. Formally, this
writes as

F3D
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�
denote the 2D

and 3D Fourier transform operators respectively, and! 2 R2. We recall that
M � ? 2 R2� 3 is the hyperplane projection matrix whose expression is given in (1.3).
A popular DFR approach uses interpolation kernels in the Fourier domain to bring
irregularly-distributed samples onto a regular grid for each 2D projection, before
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applying an inverse 3D fast Fourier transform (FFT) to the set of regridded pro-
jections [70].

The success of direct inversion methods owes primarily to their speed and
their satisfactory performance when handling numerous, high-quality measure-
ments. However, the X-ray inversion formula is based on assumptions that can
get violated when the measurements are lacking (e.g., missing wedge of informa-
tion in STET) or heavily degraded by noise. Hence, the e�ciency of direct methods
is usually limited in adverse imaging situations, which can be especially problem-
atic in cryo-EM. An alternative is to rely on more robust iterative optimization
approaches. These methods necessitate the modeling of the imaging process with
a discrete system matrix H that is physically accurate and can be handled com-
putationally. This entity is at the core of our works and permits the formulation
of the discrete forward model which relates the acquired 2D measurements to the
unknown 3D structure of interest.

2.2 Discrete Forward Model in Cryo-EM

We �rst recall that the cryo-EM image-formation model, which we fully derived in
the continuum in Section 1.2, is given by

b �
j =

�
P�

�
f

	
� h

�
(j ) + n �

j ; (2.2)

where

ˆ f : R3 ! R is the 3D object being imaged;

ˆ � = ( � 1; � 2; � 3) 2 
 � parametrizes the problem geometry inSO(3);

ˆ P� : L 2
�
R3

�
! L 2

�
R2

�
is the X-ray transform operator for an orientation � ;

ˆ h : R2 ! R is the PSF of the TEM microscope;

ˆ b � 2 RM is the 2D measurement vector (i.e., the projection2) for an orienta-
tion � ;

ˆ n � 2 RM is the additive Gaussian noise vector associated tob � ;
2Unless otherwise indicated, we shall use the term \projection" throughout this thesis to con-

cisely refer to a noisy, PSF-convolved 2D cryo-EM projection measurement.
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ˆ j 2 
 2D � Z2 indicate the indices of the M-sized vectors, withM = ] 
 2D .

For practical reasons, we make the choice to look for an approximation~f : R3 ! R
of f that accurately represents the 3D object in a computationally-convenient,
shift-invariant basis.

2.2.1 Discretization Scheme

Following the generalized sampling scheme [98], we parametrize~f in the reconstruc-
tion space

V(' ) =
�

~f =
X

k 2 Z3

c[k ]' (� � k ) : c 2 `2
�
Z3�

�
; (2.3)

where ' 2 L 2(R3) is a suitable basis function. In practice, the coe�cient sequence
c is restricted to a �nite number of coe�cients as the object ~f and the basis func-
tion ' we consider (see below) are compactly supported. We write this vector of
coe�cients as c =

�
c[k ]

�
k 2 
 3D

. Here, the set 
 3D � Z3 corresponds to the support

of the coe�cients required to represent the object ~f , and the number of elements
in 
 3D is N = ] 
 3D .

In practice, the coe�cients c 2 RN are optimized during the reconstruction
procedure (Section 2.3). Once the optimization is done, the obtained coe�cients
can be re-expanded in the spaceV(' ) through (2.3) to obtain the continuous rep-
resentation of the reconstructed volume.

A suitable choice for the basis function' is the optimized Kaiser-Bessel window
function (KBWF) [99, 100] de�ned as

' (x ) =

8
>><

>>:

�
1 �

� kx k
a

� 2
� m

2
I m

�
�

q
1 �

� kx k
a

� 2
�

I m (� )
if 0 � k x k � a;

0 otherwise.

(2.4)

The KBWF depends on three parameters: 1) the orderm of the modi�ed Bessel
function I m , 2) the window taper � , and 3) the support radius a. KBWFs satisfy
several key desirable properties of basis functions: they form a Riesz basis [101],
they are compactly supported, and they have minimal deviation from the partition-
of-unity condition 3 [98] for speci�c sets of parameter values (e.g., m = 2, � = 10:83,

3 It was shown in [100] that the properties of \compact support" and \partition-of-unity" were
mutually exclusive for isotropic basis functions.
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a = 2) [100]. Moreover, their isotropic property allows for a signi�cant reduction
in computational costs, as we shall later illustrate in Chapter 4.

2.2.2 System Matrix and Forward Model

We now make the assumption that the measurementb � in (2.2) are taken from
the approximation ~f of f given by (2.3), and we aim at recovering its coe�cients
c. Using the linearity and shift-invariance properties of the X-ray transform (see
Appendix A.1), we rewrite the cryo-EM image-formation model as

b �
j =

�
P�

� ~f
	

� h
�
(j ) + n �

j ; (2.5)

=
X

k 2 
 3D

c[k ]
�
P� f ' g � h

�
(j � M � ? k) + n �

j : (2.6)

This gives the entries of the system matrixH � for a single orientation � as

[H � ]j ;k =
�
P� f ' g � h

�
(j � M � ? k): (2.7)

In practice, the tomographic setup produces a series ofP projections, each with
orientation � p, where p = 1 ; : : : ; P. For the sake of conciseness, we hereafter use
the notations b � p = bp, n � p = np, and H � p = H p. By concatenating these entities
for P measurements, we obtain the discrete formulation of the complete cryo-EM
forward model as

b = Hc + n; (2.8)

where

b =

2

6
6
6
4

b1

b2

...
bP

3

7
7
7
5

2
�
RM � P

= RMP ; H =

2

6
6
6
4

H 1

H 2

...
H P

3

7
7
7
5

2 RMP � N ; and n =

2

6
6
6
4

n1

n2

...
nP

3

7
7
7
5

2 RMP :

(2.9)

Finally, we remark that the direct storage of the matrix H is not feasible due
to its size: its number of entries is typically on the order of billions for cryo-EM.
To circumvent this problem, we follow the approach presented in [102]. Taking
advantage of the isotropy of KBWFs, we store the oversampled values of (P� f ' g� h)
for a single orientation � = � p in a look-up table, from which we then derive all the
entries of H whenever needed.
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2.3 Model-based Reconstruction with Sparsity Con-
straint

2.3.1 Inverse Problems and Ill-Posedness

Equipped with the discrete linear cryo-EM forward model, the reconstruction task
now consists in recoveringc from b in (2.8). In other words, the goal is to \reverse"
the acquisition process to reconstruct the 3D structure of interest, a procedure that
falls in the scope of inverse-problem theory. This process can be more or less
arduous depending on the imaging conditions. Formally, an inverse problem is said
to be well-posed if a solution exists, is unique, and continuously depends on the
measurements [103, 104]. By contrast,ill-posed inverse problems refer to problems
that do not satisfy one (or more) of these conditions.

Ill-posed problems often arise in practice. For one, the system matrixH is of-
ten non-invertible as the object size tends to exceed the measurements size. Even
when H is invertible, it is usually ill-conditioned, i.e., the ratio of its maximal
and minimal singular values is large. Hence, even small perturbations on the mea-
surementsb massively impact the recovered solution, which makes direct inversion
futile in presence of noise. Most inverse problems in biological imaging|and cer-
tainly cryo-EM|are ill-posed to some degree, meaning that one cannot rely on the
measurements alone to uniquely and/or stably recover the desired object.

2.3.2 Sparsity-Based Variational Formulation

A standard solution to handle ill-posed imaging conditions is to rely onregularized
variational methods that inject prior information into the reconstruction proce-
dure. When the noise distribution is assumed to be Gaussian, the data-�delity
term that best measures the �delity of the reconstruction to the acquired data is
quadratic [105]. Then, variational methods take the form

bc = arg min
c2 RN

1
2

kHc � bk2
2 + � R(Lc ); (2.10)

where bc 2 RN is the recovered volume estimate,R : RQ ! R is a regularization
functional, L 2 RQ� N is a regularization operator, and � > 0 is the regularization
parameter that sets the strength of the regularization.
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Di�erent constraints based on prior knowledge can be applied to the recon-
structed 3D object through the term R(Lc ). A popular approach is to exploit
the sparsity of natural objects, i.e., the fact that they can be represented with a
small number of nonzero (or near-zero) coe�cients in a suitable basis speci�ed by
the operator L [106]. The inclusion of a sparsity-promoting constraint in (2.10)
is classically achieved by using the convex̀1 norm as a regularization functional,
i.e., R = k�k1. In this case, the cost function in (2.10) is non-di�erentiable, which
notably precludes the use of gradient-based minimization methods [107].

In this thesis, we often use the popular edge-preserving total-variation (TV)
regularization as our sparsity-based prior [12]. TV regularization is obtained by
combining the discrete gradient operatorr 2 R3N � N with the mixed ( `1=`2)-norm
de�ned, for all u 2 R3N , as

kuk2;1 =
NX

n =1

kun;: k2 (2.11)

with un;: 2 R3. Hence, we setR(Lc ) = kckTV = kr ck2;1 in (2.10).

2.3.3 ADMM-based Minimization Algorithm

Many e�cient iterative algorithms have emerged over the years to solve non-
di�erentiable, convex optimization problems [108, 109, 110, 111, 112]. A powerful
splitting-based algorithm with prime convergence speed that solves (2.10) is the
alternating direction method of multipliers (ADMM) [113, 114]. The philosophy
behind ADMM is to decompose a relatively intricate optimization problem into a
set of simpler sub-problems that are solved recursively until convergence.

We start by introducing an auxiliary variable u = Lc , u 2 RQ , to rewrite (2.10)
as a constrained optimization problem

bc = arg min
c2 RN

1
2

kHc � bk2
2 + � R(u) s:t: u = Lc : (2.12)

Its augmented Lagrangian function is given by

L (c; u; � ) =
1
2

kb � Hc k2
2 + � R(u) + � T (Lc � u) +

�
2

kLc � uk2
2; (2.13)
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where � 2 RQ is the vector of Lagrange multipliers, and � > 0 is a penalty param-
eter that in
uences the convergence speed.

ADMM theory [113] then asserts that (2.12) can be decomposed into simpler
problems by alternatively minimizing (2.13) with respect to c and u, and updating
� with a gradient ascent on (2.13), such that

8
>>><

>>>:

c(k+1) = arg min
c

L
�
c; u (k ) ; � (k )

�
(2.14a)

u (k+1) = arg min
u

L
�
c(k+1) ; u; � (k )

�
(2.14b)

� (k+1) = � (k ) + � (Lc (k+1) � u (k+1) ): (2.14c)

Hence, the ADMM sub-solvers of (2.12) are given by

8
>>><

>>>:

c(k+1) = arg min
c

1
2 kHc � bk2

2 + �
2 kLc � u (k ) + � ( k )

� k2
2 (2.15a)

u (k+1) = arg min
u

� R (u) + �
2 kLc (k+1) � u + � ( k )

� k2
2 (2.15b)

� (k+1) = � (k ) + � (Lc (k+1) � u (k+1) ): (2.15c)

The pseudo code corresponding to this cyclic three-steps minimization scheme is
given in Algorithm 1.

The �rst ADMM step (2.15a) is a quadratic minimization with respect to c that
requires one to solve

r cL
�
c(k+1) ; u (k ) ; � (k ) � = 0; (2.16)

which is equivalent to solving the linear system

�
� L T L + H T H

�
c(k+1) = H T b + � L T

�
u (k ) +

� (k )

�

�
(2.17)

in terms of c(k+1) . The di�culty in our case is that we cannot explicitly build
the inverse of the matrix

�
� L T L + H T H

�
due to the size ofH T H . We thus rely

on an iterative algorithm|classically, the conjugate gradient (CG) method [107]|
to solve (2.17). This inner CG algorithm includes iterates that necessitate the
application of the normal matrix H T H to the current volume estimate, which can
be very costly if this normal matrix is not carefully engineered and/or if multiple
CG loops are needed. The matrixL T L often takes the form of a (diagonalizable)
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convolution operator, assuming that proper boundary conditions are used. Even
when this is not the case, its application often has negligible computational cost
compared to that of H T H .

We recognize in the second ADMM step (2.15b) the proximal operator corre-
sponding to the regularization functional R . We recall that the proximal operator,
prox� : RQ ! RQ , of a function, � : RQ ! R, is de�ned by

prox� (u; � ) = arg min
u

1
2

kz � uk2
2 + � �( u) (2.18)

for � > 0. In many instances, the proximal operator admits a closed-form expression
that can be e�ciently computed [115]. In the case of TV regularization, where
Q = 3N , the proximal operator associated to the k�k2;1 norm corresponds to a
rapid pointwise thresholding operation [116]

h
proxTV (u; � )

i

n;:
=

 

1 �
�

kun;: k2

!

+

un;: (2.19)

with u 2 R3N , un;: 2 R3, and (�)+ = max( �; 0). The step (2.15b) is often said
to be a generic (i.e., application-independent) statistical step, as it a�ects the
reconstruction quality via the regularization constraints imposed on the solution.
Finally, the third ADMM step (2.15c) is a simple update of the Lagrange multipliers
that corresponds to a gradient ascent on (2.13).

A de�nite advantage of ADMM is that it reaches a solution with acceptable
precision in relatively few iterations [117]. Di�erent stopping criteria can be chosen
for the ADMM and CG algorithms. In our works, we either �x the maximal number
of outer ADMM loops and inner CG loops, or we stop the run when the di�erence
between successive iterations drops below a certain threshold. The complete algo-
rithmic scheme derived in this section is implemented in the GlobalBioIm library,
an open source MATLAB library for solving inverse problems (see Remark 5). The
library being particularly 
exible, one can easily introduce additional constraints
(e.g., positivity constraint), implement di�erent splitting schemes, or use alterna-
tive minimization algorithms.
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Algorithm 1 ADMM with inner CG loops

Inputs: c 0 2 RN , b 2 RMP , � > 0, � > 0
1: u0 = Lc 0, � 0 = u0

2: k = 0
3: while (ADMM stopping criteria not met) do
4: while (CG stopping criteria not met) do

5: c(k+1)  solve (2.17) using CG
6: end while
7: u (k+1) = prox R

�
Lc (k+1) � � ( k )

� ; �
�

�

8: � (k+1) = � (k ) + �
�
Lc (k+1) � u (k+1)

�

9: k = k + 1
10: end while
11: return c (k+1)

Remark 5 (GlobalBioIm) . The optimization methods that decouple the physi-
cal aspects of the problem from the imposition of prior constraints on the signal
are of special interest in inverse problems. They permit a particularly modular
implementation that uni�es modality-speci�c reconstruction algorithms under
a common reconstruction framework [118]. The user-friendly and open-source
GlobalBioIm library [119, 120] capitalizes on this uni�ed multiplicity of modali-
ties to o�er users a standardized resolution of a wide range of imaging problems.

Although they are more robust than direct methods, most iterative reconstruc-
tion schemes come with a prohibitive computational cost if not carefully engineered.
This is an important challenge in cryo-EM given the amount of data that needs to
be processed. The dominant computational cost in our reconstruction algorithm is
the linear step (2.17), which requires the repeated application of the normal ma-
trix H T H . Note that, although the discrete product H T b in (2.17) needs only be
computed once during the whole optimization procedure, this can also be costly in
its own right. The quest for computationally tractable formulations for H T H and
H T b is discussed in Chapter 4.



Chapter 3

Compressed Sensing (CS) for
STET

3.1 Introduction
1This work is dedicated to STET imaging (Figure 3.1, left), which we introduced
in Section 1.3.2. As explained then, the primary concern in STET is to reduce the
electron dosage|which is damaging to the sample (Figure 3.1, right)|while main-
taining an acceptable reconstruction quality. Our contributions to this conundrum
is the design of a robust acquisition-reconstruction scheme for STET that permits
high-quality reconstruction from limited STET measurements.

To set the context, we recall that popular downsampling strategies for low-dose
STET imaging include the two following approaches.

ˆ Uniform tilt-downsampling (T-DS) , where one acquires fewer equally-spaced,
fully-scanned 2D projections over the widest possible angular range. This is
equivalent to increasing the angular increment between two successive tilts.

ˆ Random image-downsampling (I-DS), where one scans only a fraction of the

1The content of this chapter is based on [17]: Laur�ene Donati , Masih Nilchian, Sylvain
Tr�epout, C�edric Messaoudi, Sergio Marco, Michael Unser. Compressed Sensing for STEM To-
mography. Ultramicroscopy, 2017.

39
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Figure 3.1: (Left) In a typical STET setup, the lenses focus the electrons in a
single beam and the tilted sample is scan-rastered to form a projection image. The
purple area indicates the angular region left uncovered due to technical constraints,
which results in a missing cone of information in the Fourier domain. (Right) A
primary concern in STET is to reduce the electron damage that results from an
increased electron exposure (image adapted from [122]).

3D sample at each orientation following a random downsampling pattern,
resulting in incomplete 2D projections.

In [40], Saghi et al. combined the two downsampling techniques and demon-
strated that further reduction of radiation damage could be achieved by doing
so. Interestingly, they choose to perform the reconstruction in two distinct steps.
They �rst �lled the missing pixels in each undersampled 2D projection through
TV-inpainting [121]. They then recovered the 3D volume from these restored pro-
jections with a TV-regularized tomographic reconstruction scheme.

The reconstruction task in such low-dose STET imaging conditions is highly ill-
posed due to the multiple sources of missing information. Those include a limited
number of projections, unscanned pixels in the projections, a missing wedge of
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information in the Fourier domain, and strong noise degradation of the projections.
This adverse situation advocates for the development of more robust reconstruction
methods than the one proposed in [40].

A particularly powerful paradigm to robustly handle reconstructions from very
few measurements is compressed sensing (CS) [123]. CS is extremely relevant to
biomedical imaging and has been applied with great success to multiple imaging
modalities [124, 125, 126, 127]. In short, the CS theory assesses that sparse signals
can be acquired with a reduced number of measurements provided that proper
acquisition and recovery methods are used.

In this work, we present a tailored acquisition-reconstruction STET framework
that relies on the principles of CS and permits to minimize the electron dosage
required for high-quality STET imaging. More precisely, we propose to scan only a
small random subset of pixels at every sample orientation, and present a regularized
reconstruction scheme to recover the 3D sample from these strongly undersampled
data. We demonstrate on simulated and real data that reconstruction can then be
achieved with very few measurements, hence strongly reducing the e�ect of sample
degradation and preserving image quality.

The chapter is organized as follows. In Section 3.2, we recall the principles
of CS theory and three of its key ingredients: data sparsity, incoherent sensing,
and `1-regularized signal recovery. We then demonstrate the applicability of each
principle to STET in the subsequent sections. In Section 3.3, we discuss the spar-
sity of biological STET samples. In Section 3.4, we demonstrate the incoherence
property of the random I-DS scheme associated with the wavelet representation
basis. In Section 3.5, we describe the nonlinear reconstruction scheme that permits
the robust recovery of volumes from measurements acquired in low-dose imaging
conditions. We present our experimental results in Section 3.6 and our conclusions
in Section 3.7.

3.2 CS Theory

As a preliminary, we brie
y describe here the three theoretical components of CS
theory that are of central importance to our work.
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3.2.1 Data Sparsity

The theory of CS relies on the notion of sparsity [123]. A signal is said to besparse
if it has a concise representation in some basis. The mathematical formulation is
as follows. Let the expansion of a signalc 2 RN in an orthonormal representation
basis 	 = [  1 2 � � �  N ] 2 RN � N be given by

c =
NX

n =1

an  n ; (3.1)

wherea = ( a1; a2; : : : ; aN ) 2 RN is the sequence of expansion coe�cients ofc, with
an = hc;  n i . The implication of sparsity is that, in a suitable sparsifying basis 	 ,
the signal c is represented by very few nonzero coe�cientsan (in comparison to
N ). Those nonzero coe�cients thus concentrate most of the signal information. In
practice, most objects of interest are not exactly sparse, but rather approximately
sparse (i.e., compressible). For these signals, most of the coe�cients in the sparsi-
fying basis 	 have near-zero values instead of strictly null ones. We say that the
K-sparse approximation of the signal is obtained when one keeps only theK � N
larger coe�cients and discards the rest.

3.2.2 Incoherent Sensing

It is well known in signal processing that sampling a signal below the Nyqvist
frequency introduces aliasing artifacts that manifest themselves as periodizations
in the Fourier domain [98]. A key idea in CS is to rely on a sensing matrixA
(i.e., an acquisition process2) that introduces incoherent artifacts in the sparsifying
representation basis	 . These artifacts are said to be incoherent because they
spread uniformly throughout the basis 	 in a noise-like manner. Hence, the few
non-zero entries ofa stand out from the introduced incoherent artifacts, and can
then be recovered through sparsity-promoting reconstruction [123].

The smallest sampling frequency that can accurately capture the signal infor-
mation is directly determined by the incoherence of the sensing matrixA with
respect to the sparsifying representation basis	 [128]. The coherence of a ma-
trix relates to the amount of cross-correlation between its column vectors [129].

2We use here the notation A to describe a more generic acquisition process than the cryo-EM
one introduced in Chapter 2 and modeled by H .



3.2 CS Theory 43

In CS theory, the incoherence condition is ful�lled when A respects the restricted
isometry property [130]. Simply said, the larger the incoherence of the sensing-
representation bases pairA / 	 , the fewer the number of samples needed for proper
signal reconstruction.

Herein lies the key practical challenge in CS: to design a physical acquisition
procedure that su�ciently ful�lls the incoherence condition when paired with an
appropriate representation basis. In that respect, an important consideration for
the present work is that the column vectors of random matrices are largely inco-
herent with any �xed basis. Hence, random sensing matrices can very e�ciently
capture information on sparse signals with a minimal number of measurements,
which we shall exploit for the design of an incoherent STET acquisition scheme
(Section 3.4).

3.2.3 `1-Regularized Signal Recovery

Let now consider the task of reconstructing the signalc 2 RN from its measure-
ments b 2 RMP collected through the sensing matrixA 2 RMP � N , i.e. Ac = b.
Assuming that the conditions of sparsity and incoherence are met, CS theory as-
sesses that it is possible to correctly recover the original signal from its undersam-
pled measurements. More precisely, the transform coe�cientsa of c in (3.1) are
recovered by solving the optimization problem [131]

ba = arg min
a2 RL

kA	a � bk2
2 s:t: kak0 < K; (3.2)

with ba 2 RN and K > 0. The `0 seminorm kak0 counts the number of nonzero
elements of a, while the quadratic term enforces data consistency. Hence, the
minimization (3.2) yields the K -sparse solution that is the most compatible with the
measured data [123, 132]. In addition, the incoherence condition ensures that (3.2)
can be relaxed into the more computationally-tractable problem [131]

ba = arg min
a2 RN

kA	a � bk2
2 + � kak1; (3.3)

where the `1-norm promotes the sparsity of c in 	 with a strength set by � > 0.
The estimated signalbc can then be re-expanded throughbc =

P N
n =1 ban  n .
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3.3 Sparsity of STET Samples

We start our application of the CS principles to STET by exposing the sparsity
of the considered bio-samples in the discrete Haar wavelet transform (Haar DWT)
domain. In preamble, we recall that it has long been established that most natural
images or volumes are (approximately) sparse in appropriate domains, such as
the discrete cosine transform (DCT) and the DWT [133]. Similarly, the sparsity
of various signals of relevance in biomedical imaging has been demonstrated by
multiple works [124, 134, 135, 125]. In [136], Andersonet al. assessed the sparsity
of various EM samples in the block-DCT domain. For cryo-ET, Songet al. showed
that the projections exhibit sparsity in the DCT domain [137]. The suitability of the
DWT for sparsely representing ET data has also been demonstrated in a number of
empirical studies [138, 139, 140]. Even though the aforementioned works certainly
provide compelling arguments for the sparsity of STET samples, we con�rm this
property in Figure 3.2 for the sake of completeness.

3.4 Incoherence Analysis for Random-Beam STET
(RB-STET)

We now restrict our interest to the low-dose STET regime achieved through ran-
dom I-DS, motivated by the observation that random matrices are largely inco-
herent with any �xed basis. For the sake of conciseness, we hereafter refer to this
acquisition setup as random-beam STET (RB-STET), for which an illustration is
provided in Figure 3.3 (left). In this section, we �rst derive the discrete forward
model for RB-STET. We then experimentally demonstrate the incoherence of RB-
STET sensing associated to the DWT representation basis	 . As discussed, this
amounts to verifying that the artifacts introduced by the RB-STET acquisition
scheme behave in a \noise-like" manner in	 .

3.4.1 Discrete Forward Model of RB-STET

We now derive the discrete forward model that relates the 3D object of interest
c to its RB-STET measurements b. This acquisition process corresponds to the
straight-line transmission of the electron beam through the sample at positions
dictated by the random I-DS scanning pattern. Hence, we can largely rely on the
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Figure 3.2: Illustration of the sparsity of biological 2D STET images in the Haar
DWT. We consider typical STET samples (here in 2D) and compute their Haar
DWT coe�cients using the ImageJ software [141]. We then discard most of these
coe�cients (90%-95%) and compute the inverse transform to get the K-sparse ap-
proximation of the original images. In the image domain, a large range of nonzero
coe�cients is observed for all samples (left histograms). In contrast, most coef-
�cients in the sparsifying domain have near-zero values (right histograms). As a
result, discarding of 90%-95% of the transform coe�cients does not lead to signi�-
cant perceptual losses in the inverse-transformed images (far right).

building blocks for cryo-EM modelling introduced in Section 2.2. In particular, we
use the system matrixH p de�ned in (2.7) to model the transmission process for a
sample at orientation � p 2 
 � . The random scanning for this projection bp is then
handled by introducing the diagonal matrix Sp 2 RM � M , whoseM -sized diagonal
has entries equal to ones at the locations on the projection plane scanned by the
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Figure 3.3: (Left) The RB-STET acquisition scheme. (Right) A fully-sampled
linear-scanning scheme. Image from Sylvain Tr�epout.

electron beam, and zeros elsewhere. We assume here that this random-scanning
regime follows a uniform distribution.

By concatenating all the relevant entities and assuming an additive Gaussian
noise model, we obtain the discrete formulation of the RB-STET forward model for
P projections as

b = Ac + n = SHc + n; (3.4)

with c 2 RN ,

b =
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6
6
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3

7
7
7
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5
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7
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5

2 RMP � N ; and n =

2
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n 1

n 2

...
n p

3

7
7
7
7
5

2 RMP :

(3.5)

The treatment of optical e�ects deserves some discussion here. An inherent
problematic of optical imaging systems in the context of CS is that their PSF can
negatively a�ect the incoherence of such sensing systems due to the correlative
nature of the convolution. In our case, we make the assumption that this deviation
from the ideal CS world is manageable and does not preclude the use of a CS-scheme
based in STET. Hence, we do not include the e�ect of PSF in our RB-STET forward
model and seth = � in (2.2), with � the Dirac delta distribution. We investigate
the soundness of this assumption in Section 3.6.2 by running experiments with real
STET projections.




