∗

∗

et al.

Keyw ords:

1

2

3,4

5

6

7

8 9 10

ABSTRA CT

1. INTR

ODUCTION

History of a Sto c hastic Gro wth Mo del

Murra y Eden and Philipp e Th ´ ev enaz

Office of Researc h Services

National Institutes of Health, Bethesda MD 20892-5766, USA

The Eden mo del w as first run in 1953-1954 on the v on Neumann-Goldstine-Bigelo w designed computer at the Institute for Adv anced

Study

, Princeton, New Jersey

. “Colonies” of ab out t w en t y cells w ere displa y ed as rectangular holes in a Hollerith punc h card.

One of the earliest mo dels of sto c hastic gro wth w as originally dev elop ed for sim ulating the app earance of v arious

biological patterns; in particular, bacterial colonies. Although it receiv ed little atten tion from biologists, some t w en t y

y ears later it w as adopted b y crystallographers, solid state researc hers, other ph ysicists and c hemists. Because of the

mo del’s flexibilit y it is b eing used b y them after mo difications appropriate to the application, in order to sim ulate

their ph ysical study ob jects under a v ariet y of conditions. Only within the last few y ears has there b een an y in terest

in using this and similar digital mo dels to represen t the p ossible pro ducts of biological pro cesses. It is also w orth

noting that aside from its relev ance to probabilistically influenced pattern formation, the mo del has p ossible use

in image pro cessing for image compression and as an information-lossless w a y to co de, regions, con tours, or line

segmen ts.

Sto c hastic algorithms, discrete gro wth pro cesses, information-lossless image co ding, Eden mo del

Although the use of sto c hastic gro wth mo dels to sim ulate man y div erse phenomena has b een dev eloping rapidly

within the last fifteen y ears, it had its origins more than fort y fiv e y ears ago. T uring published a pap er in 1952 that

considered a con tin uum one-dimensional gro wth in a ring of cells in whic h a random concen tration fluctuation of

some critical c hemical comp onen t caused an instabilit y in the linear gro wth of certain of the cells in the ring. T uring

also included the illustration of a t w o-dimensional sim ulation whic h resem bled the pattern on a Holstein co w’s hide,

although he pro vided no details on the w a y in whic h the pattern w as generated. V old designed a sim ulation for

colloidal aggregation b y considering a line of discrete elemen ts and then “dropping” randomly distributed particles

that adhered to the line or to particles that had b een dropp ed earlier in the sim ulation. The mo dels of Eden w ere

in tended to sim ulate the gro wth of a colon y of non-motile bacteria gro wing on a flat surface in a one-dimensional

la y er and are describ ed b elo w.

The early pap ers o ccasioned relativ ely little in terest or exploration of suc h mo dels. First of all, these mo dels

w ere considered to b e o v erly simplistic and b ore little resem blance to the phenomena they w ere in tended to mo del.

Secondly

, the sp eed and p o w er of the computers of the fifties did not p ermit the dev elopmen t of sufficien tly large

sim ulations and statistically significan t samples .

Mo dern computational p o w er and ease of programming has made it p ossible to dev elop m uc h more complex

mo dels that more nearly resem ble the ph ysical or biological ob jects they sim ulate. Nev ertheless, they are to a large

exten t elab orations of the simpler ones. A t ypical example, one of the rare applications to biology

, is the w ork of

Drasdo They dev elop ed a hierarc h y of sto c hastic mo dels in order to sim ulate a monola y er of epithelial cells.

The mo dels included factors suc h as cell migration, rotation, gro wth, division, among others and applied them to

a global description of birth-death pro cesses as w ell as to v ery sp ecific features of in tracellular dynamics. More

recen tly , Sa v akis and Maggelakis discussed the use of the Eden mo del as w ell as the diffusion limited aggregation

pro cess (DLA) in an attempt to sim ulate w ound healing and tissue regeneration.

The proliferation of uses for discrete sto c hastic mo dels con tin ues. They ha v e b een applied to t w o-comp onen t

spreading phenomena suc h as o ccur in liquid in v asion in p orous media, grain coalescence in allo ys, fracture prop-

agation in solids, damage spreading in dielectrics, electrical or neural net w orks and virus propagation, gro wth of

to wns, mo dels of riv er net w ork ev olution, surface diffusion as in pap er to w el w etting, sedimen tation, v ap or

T

j

j

j k l

j k

k l m

k l m

j k

∈

∈

∈ ∈ ∈

∈ ∈

∈ ∈ ∈

∈ ∈ ∈

∈ ∈

2. GR O WTH ALGORITHMS

11

12

13

¯

Λ

Λ

Θ Φ Θ

Θ Φ

Φ Θ Φ

Φ Θ Φ

Θ Φ

{ |

|

|

(

∑

) }

{ |

|

|

( )

(

∑

) }

∑ ∑ ∑

∑

(

∑

)

∑ ∑ ∑

∑ ∑ ∑

∑

(

∑

)

{ }

\ ̸∅

∈ ∈ ∧

∈ ∈ ∧

{ } ⊆

∅

{ } ⊆

{ }

∈

{ ∈ | ∧ ∈ }

∈

{ }

∈

{ ∈ | ∧ ∈ }

∈

{ } l

A A a a

N N a

a N

N N a >

N N a >

N

N P N

/

N P N a / a

N P N /

N a N N

N P N /

N N

N N N

P N a P N / a

N P N a / a

N a N

N

N P N a / a

N

N N N

N P N a P N / a

P P ij ij

i j ij

ii i

i i

N ij

i i

N ij

i

i A i

i B i

N ij

N N k l

j C j

i ij i j

j C j

i j

j i i

D i

N ij C j

N j k

j E j

N j k

N N lm

i ij i

j

j E j

N j k

N N lm

i

j j i

i F i

N ij E j

N j k

E F dep osition, impurities in crystals and molecular b eam epitaxy to name some of the more common applications. P er-

colation is a related sto c hastic pro cess whic h has had considerable application to ph ysical and c hemical pro cesses.

Its general mathematical prop erties con tin ue to b e an area of activ e researc h.

In this rep ort w e review a few of the algorithms b eginning with what is regarded to b e the simplest and consider

some of its v ariations. Three of these algorithms ha v e b een describ ed and analyzed with the initial state b eing a

straigh t line of v arying (discrete) length . W e note that mo difications in the algorithms that on first sigh t migh t b e

considered trivial, ma y ha v e dramatic effect on the ob jects generated. Sev eral of the parameters presen t in an y suc h

sim ulation are discussed. Their effects are illustrated in a set of exp erimen tal computer-generated patterns. Finally ,

an accoun t is presen ted of the use of the similar algorithms in co ding images in an information lossless manner.

Consider a graph Γ giv en b y its (p ossibly infinite) symmetric adjacency matrix = = [ ], where = 1

indicates that no des and are connected (neigh b ors,) and where = 0 indicates that they are not. By

con v en tion, w e exclude self-adjacency b y setting = 0. Let us partition the corresp onding set of no des Ω =

in to a set Λ of lab eled no des and its complemen t

¯

Λ = Ω Λ. W e imp ose Λ = ; in other w ords, there should b e at

least one lab eled no de. Our goal is to gro w the set Λ at the exp ense of the set

¯

Λ, while enforcing connectivit y: eac h

added no de has to b e adjacen t to at least one lab eled no de, ev en though neither the graph Γ nor the initial set Λ need

b e connected themselv es. Let Θ = Ω ( Λ) 0 b e the set of all those lab eled no des that

ha v e at least one unlab eled neigh b or, and let Φ = Ω

¯

Λ 0 b e the set of all those

unlab eled no des that ha v e at least one lab eled neigh b or. These t w o sets Θ and Φ ma y b e understo o d to b e the in ternal

and the external side resp ectiv ely of the fron tier b et w een Λ and

¯

Λ. The gro wth algorithm presen ted in Reference 3

lab els no des iterativ ely as follo ws: according to some prescrib ed sto c hastic rule, select a subset Ξ = Φ, lab el

the no des of this subset (whic h mo difies Λ and

¯

Λ,) up date Θ and Φ, and start o v er. The algorithm ends when

Θ = Φ = .

Algorithm A. The subset Ξ = Φ is a singleton (card(Ξ) = 1.) Its asso ciated probabilit y is ( ) =

1 card

(Φ).

Algorithm B. The subset Ξ is the singleton . Its asso ciated probabilit y ( ) =

is prop ortional to the n um b er of its lab eled adjacen t no des.

The t w o previous algorithms are built on the principle of ac hieving the expansion of Λ b y reducing the external

fron tier Φ b y one elemen t at a time. The next four algorithms mak e use of the dual approac h, ac hieving the reduction

of

¯

Λ b y expanding the in ternal fron tier Θ b y one or more elemen ts.

Algorithm C. First, pic k a lab eled no de Θ with equal probabilit y ( ) = 1 card(Θ). The subset Ξ =

Ω ( = 1) ( Φ) con tains all those neigh b ors of that are unlab eled.

Algorithm D. First, pic k a lab eled no de Θ with probabilit y ( ) = 1 card

(Θ). The subset Ξ is a

singleton that is c hosen from among the unlab eled neigh b ors of with equal probabilit y . Since

ma y not b e the only lab eled no de adjacen t to , the probabilit y for the no de to b e selected is

( ) = ( ) .

Algorithm E. First, pic k a lab eled no de Θ with a probabilit y ( ) = that

is prop ortional to the n um b er of its unlab eled adjacen t no des. The subset Ξ = Ω ( = 1) ( Φ)

con tains all those neigh b ors of that are unlab eled.

Algorithm F. First, pic k a lab eled no de Θ with a probabilit y ( ) =

that is prop ortional to the n um b er of its unlab eled adjacen t no des. The subset Ξ is a singleton c hosen

from among the neigh b ors of with equal probabilit y . Since is not the only no de to whic h ma y b e

adjacen t, the probabilit y for the no de to b e selected is ( ) = ( ) . Note

that this algorithm is sto c hastically equiv alen t to Algorithm B, whic h is easy to v erify b y the substitution of

the expression for in to .

i v v

v Φ

⋃

∑

⋃

⋃

{ | ∈ }

⊆

{ | ̸∅ }

{ ∈ | ∧ ∈ }

{ }

∅ i

i

i

i i

GH i i

i

i

i

i I i

j

i ij i j

j

i j

j v v

v

u

u

u v

v

v

u

v v

u

v N Φ v

v v

v

u

u v

u

v v

N

N

N

N N

P N r /V V

r

N

N

N P N /V /

N

N a N N

N

N N

N e.g.

incr emental ac cr etional

defensive

offensive

e.g.

The six previous algorithms dep end neither on an y sp ecial structure of the underlying graph Γ nor on the space

dimension. F or the next algorithms, w e in tro duce an additional requiremen t according to whic h the graph Γ represen ts

a regular lattice. In t w o dimensions, w e t ypically consider differen t adjacency relations, sp ecifying three, four, six or

eigh t neigh b ors to an y no de ( , as giv en b y hexagonal or square lattices.) In three dimensions, w e t ypically consider

six, eigh teen or t w en t y-six neigh b ors for a cubic lattice. W e asso ciate a separate list to eac h principal direction in

the lattice, and w e distribute the initial set Φ = Φ in to those directional lists in an arbitrary w a y (it need not

necessarily b e a partition.) During the gro wth pro cess, w e shall k eep trac k of whic h directional relation is used and

w e shall up date the relev an t list. Note that w e nev er recompute Φ, but w e use the up dated Φ instead; also, the

con ten t of the set Θ is not explicitly relev an t in the next four algorithms.

Algorithm G. First, pic k at random a directional list Φ . One ma y or ma y not consider the length of the lists in

this pro cess (whic h migh t generate additional algorithms,) but an empt y list will b e rejected. Then, select the

subset Ξ Φ as a singleton con taining the no de that is at the tail of the list (first-in-last-out approac h.)

Lab el this no de and remo v e it from Φ and from all the other lists Φ in whic h it app ears. T aking directional

considerations in to accoun t, up date the lists Φ b y app ending to their tail the unlab eled neigh b ors, if an y , of

the newly lab eled no de . The algorithm ends when ev ery directional list Φ is empt y .

Algorithm H. Same as Algorithm G, but the no de comes from the head of the list Φ (first-in-first-out approac h.)

The probabilit y of selecting a no de is n ull if is not at the tail (Algorithm G) or the head (Algorithm H)

of some list Φ , and is ( ) = otherwise, where = card ( = ) is the n um b er of non-empt y

directional lists, and where is a redundancy factor that coun ts the n um b er of lists in whic h the same no de

is presen t (at the tail or the head of the lists for Algorithms G and H, resp ectiv ely .)

Algorithm I. Same as Algorithm G, but the no de comes from an ywhere in the list Φ . The probabilit y for a no de

to b e selected is ( ) = (1 ) (1 card

(Φ )) in the case of equiprobable lists.

Algorithm J. Same as Algorithm I, but the probabilit y of selecting a particular list is made prop ortional to its

length. Algorithm J is sto c hastically equiv alen t to Algorithms B and F, pro vided there is an appropriate initial

distribution Φ = Φ .

One can also decomp ose the set Θ in to directional lists. By con trast with Algorithms G, H, I and J, it is

preferable (although not necessary) to consider an initial decomp osition in whic h the lists Θ form a partition of Θ.

The algorithms w e presen t no w b enefit from this prop ert y and ensure that it is main tained during gro wth.

Algorithm K. First, pic k at random a list Θ . One ma y or ma y not consider the length of the lists in this pro cess

(whic h migh t generate additional algorithms,) but an empt y list will b e rejected. Then, pic k a lab eled no de

, either at the tail of the list (Algorithm K

G,) head of the list (Algorithm KH,) or an ywhere in b et w een

(Algorithms KI and KJ.) The subset Ξ = Ω ( = 1) ( Φ) con tains all those neigh b ors of

that are unlab eled, if an y . Lab el them and app end them to the tails of the relev an t directional lists. Remo v e

from the list Θ . The algorithm ends when ev ery directional list Θ is empt y .

Algorithm L. Algorithms LG, LH, LI and LJ are the same as Algorithms K

G, KH, KI and KJ, resp ectiv ely , but the

subset Ξ is a singleton that is c hosen with equal probabilit y from among the unlab eled neigh b ors of , if

an y . The no de is remo v ed from the list Θ only when the condition Ξ = is encoun tered. There exists an

equiv alence relation b et w een Algorithm KJ and Algorithm C and also b et w een Algorithm LJ and Algorithm

D. W e call these relations sto c hastic, in the sense that no des ha v e the same probabilit y of b eing selected for

lab eling if one pro vides the appropriate initial distribution Θ = Θ .

W e prop ose to qualify Algorithms A to LJ as b eing or , according whether Ξ is necessarily

a singleton or not, resp ectiv ely . In addition, w e qualify them as b eing if the first algorithmic step is to pic k

a no de from the in ternal fron tier Θ b et w een Λ and

¯

Λ, and if the first algorithmic step is to select a no de

from the external fron tier Φ. Since the latter terminology is based on algorithmic considerations, t w o algorithms

( , Algorithm B and Algorithm F) migh t b e classified differen tly , ev en though they are sto c hastically equiv alen t.

Y et another algorithmic classification sc heme separates those algorithms that need no set of directional lists from

A B F C D E

A B F C D

E set-b ase d list-b ase d

e.g.

T able 1.

Figure 1.

Figure 2.

3. ALGORITHMIC MODIFICA

TIONS

∘

∘ • ∘ ∘

∘ • ∘ • ∘

∘ • • • ∘

∘ ∘ ∘

{• } ∈

{∘ } ∈ •

{∘ }

∘ ∘ ∘ ∘ ∘ ∘

∘ ∘ ∘ ∘ ∘

∘ ∘

∘ •

⊂

∘ ∘

∘ • ∘ • ∘

∘ • ∘ • ∘

∘ • • • ∘

∘ ∘ ∘

N

W E N

W E E

W E

S S S

i

D i D i

i

P N / P N P N / P N / P N / P N /

P E / P E P E / P E / P E /

P E / N

N

N N

W E E

W E E

W E

S S S

Classification of some gro wth algorithms.

Set-based List-based

Incremen tal Accretional Incremen tal Accretional

Offensiv e A, B Offensiv e G, H, I, J

Defensiv e D, F C, E Defensiv e LG, LH, LI, LJ K

G, KH, KI, KJ

1

1 1 1 6

2 2 2 6 6

3 3 4 5 5

3 4 5

Initial configuration. The graph Γ is a 4-connected square lattice. The lab eled no des are Λ, and

some unlab eled no des are

¯

Λ, where refers to a direction from the lab eled no de . W e ha v e here that

Θ = Λ and Φ = .

those that do. W e name the former and the latter , resp ectiv ely . According to this terminology ,

T able 1 presen ts the classification of the algorithms w e ha v e describ ed ab o v e. Figure 1 illustrates some of them.

Let us examine the fate of some no des in Figure 1, in the ligh t of the set-based algorithms. F or example, w e

ha v e ( 6) = 1 12, ( 6) = ( 6) = 1 14, ( 6) = 1 6, ( 6) = 1 18, ( 6) = 3 14. The

examination of another no de yields ( 2) = 1 12, ( 2) = ( 2) = 3 14, ( 2) = 1 2, ( 2) = 2 9

and ( 2) = 1 2. Supp osing that the no de 6 has b een selected for lab eling, the succeeding configuration is the

same for all algorithms if they are incremen tal. It is giv en in Figure 2. The configuration for accretional algorithms is

giv en in Figure 3. In the presen t case, it happ ens to b e the same for all suc h algorithms b ecause the unlab eled no de

6 had only one neigh b oring lab eled no de 6. Note that the latter b ecomes en tirely surrounded b y other lab eled

no des, whic h means that w e ha v e no w a strict inclusion relation Θ Λ, con trary to the configuration in Figure 1

where w e had Θ = Λ. It is ob vious that at least one suc h neigh b or free cell is created with eac h step in accretional

algorithms.

1 7

1 1 1 7 7

2 2 2 6 6

3 3 4 5 5

3 4 5

Next configuration in the case of an incremen tal algorithm.

Ev en though some of the gro wth algorithms are sto c hastically equiv alen t ( , B = F = J, C = KJ and D = LJ,)

their catalog is p oten tially endless b ecause the c hoice of probabilit y distributions is arbitrary

. The catalog can b e

made ev en larger b y taking a less lo cal view of the graph Γ, considering adjacency relations that span more than

⋃

n n

n

Figure 3.

14,15

16

13

17

17

N N

W E E

W E

W E

S S S

P

r

l

l

, l

N

N etc.

e.g.

etc.

et al.

et al.

∘ ∘

∘ • ∘ • ∘

∘ • • • • ∘

∘ • • • ∘

∘ ∘ ∘

×

∅

4. ALGORITHMIC EXPERIMENTS

1 7

1 1 1 7 7

2 2 8 6 9 9

3 3 4 5 5

3 4 5

Next configuration in the case of an accretional algorithm.

t w o no des. Moreo v er, additional algorithms ma y arise with comp etitiv e gro wth, whic h app ears when the initial set

Λ = Λ is made of sev eral disconnected sub-graphs that gro w indep enden tly on the same underlying graph Γ.

In this case, it is simplest to limit the in teraction b et w een the sub-graphs to the comp etition for space

¯

Λ, but more

complicated in teractions migh t b e considered as w ell, for example dep ending on the size of a connected Λ , or on

the age of its no des relativ e to those of its comp etitors. As examples of still more gro wth algorithms, w e lea v e as an

exercise to the in terested reader the completion of T able 1 with accretional-offensiv e ones.

Anisotropic conditions of gro wth migh t sim ulate a gradien t of c hemical concen tration, n utrien t, electric c harge,

This sim ulation ma y b e ac hiev ed b y assigning differing probabilities of gro wth to differen t directions, whic h

is particularly easy to implemen t for list-based algorithms (for example Algorithms G to LJ.) W e ha v e included

examples of suc h mo difications in our exp erimen tal demonstrations.

Another algorithmic c hange that has had wide use will create “trees” rather than more-or-less compact clus-

ters. The simplest algorithmic w a y to gro w trees assigns = 0 to an y unlab eled no de already adjacen t to t w o or

more lab eled no des. The v ariet y of options discussed ab o v e can b e used in gro wing trees as w ell as clusters. F urther

complexit y can b e sim ulated b y conditioning the probabilit y assignmen ts on factors suc h as age of a cell (the length

of time it has b een in a lab eled state,) on the densit y of cells within a radius , distance to an attractor ( , to

sim ulate phototropism, )

With few exceptions, gro wth mo dels ha v e b een restricted to t w o dimensions. Nev ertheless, Jullien and Botet

generated relativ ely small clusters in three and four dimensions on linear baselines of maxim um exten t = 48 (a

square 48 48 = 2304) and = 12 (a cub e with 1728 no des). In order to mo del the dev elopmen t of the structure of

sligh tly p oisoned silica colloids Sin tes dev elop ed clusters of 50 000 cells in a cub e with = 64, on a tetragonal

lattice.

T o our kno wledge, except for Sin tes , planar clusters ha v e b een usually gro wn on a 4-connected square

lattice; that is, neigh b ors adjacen t to a giv en no de are the set of its nearest no des, and the connections run through

the sides of the square cell holding the no de . Ob viously

, gro wth on an 8-connected lattice ma y also b e considered,

where the additional connections run through the diagonals of the cells in addition to those running through the

sides. Alternativ ely , w e ma y consider t w o-dimensional gro wth on the hexagonal lattice of Figure 4. In this instance,

eac h cell can b e either 6-connected or 3-connected, in whic h case a third of the lattice no des—sho wn in gra y in

Figure 4—do esn’t b elong to Ω.

W e can gro w the set Λ on a finite set Ω, while k eeping a strictly regular structure for the lattice. W e t ypically

ac hiev e this b y considering that the geometry of our lattice is toroidal (a torus can b e tiled with squares, and hexagons

as w ell.) Initially

, let the set Λ consist of a certain n um b er of disconnected single no des that are placed arbitrarily .

A p ersonalized lab el is attributed to eac h of these no des and is propagated b y the gro wth pro cess. The same lab el

is applied to eac h of the no des’ offspring. Because Ω is finite and connected, w e can p ermit gro wth un til w e ha v e

¯

Λ = . This construction pro duces results that are somewhat reminiscen t of a section through a blo c k of solid tissue

or a section through a cluster of soap bubbles.

W e ha v e generated a v ariet y of patterns to illustrate the differen t outcomes. Although sev eral statistical functions,

notably

, the “thic kness” of the edge or the con v ex h ull as it c hanges with area, ha v e b een estimated in a n um b er