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Abstract

We consider Dirichlet series on convex polygons and their rate of approximation
in AC(D). We show that the substitution of the respective Leont’ev coefficients by
appropriate interpolating sums preserves the order of approximation up to a factor
Inn. The estimates are given for moduli of smoothness of arbitrary order. This
extends a result of Yu. I. Mel’nik in [4].
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1 Introduction

Let D be an open convex polygon with vertices at the points ay,...,ay, N > 3, D its
closure and 0D = D \ D the boundary of D. We assume 0 € D.

By AC (@) we denote the the space of all functions f(z) holomorphic in D and con-
tinuous on D with finite norm of uniform convergence || f|| 1o = sup,ep [f(2)] < oo.

Consider the quasipolynomial L(z) = S die®?, where d € €\ {0}, k=1,..., N.
For the set of zeros A of the quasipolynomial L the following results are well known [2,
Ch. 1, §2][3]:

a) The zeros AP of L with |/\$f )| > (' for sufficient large C' have the form
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where \Y) = ai% + gjei and \553)\ <e ™ Here 0 <a=const., j=1,...,N,
J J L

n > ng and any1 = a;. The parameters §; and ¢; are given by eti(ajr1—a;)ei



d; .
_dil’ where dy 1 := d;. Hence these zeros are simple. The set of zeros A can be
J

represented in the form
N
A= {)\n}nzl,...,no U <U{)\$7,])}n:n(j),n(j)+l,...) .
j=1

b) There is a constant ¢y > 0 such that there exists a positive constant A with

(4)
A4 oy . .
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< Ae " for all n > ng.

Here all B; # 0 are constant, j = 1,..., N. This inequality is true for all z € D.

For simplicity reasons we assume that all zeros of L are simple.

We can expand functions f € AC(D) with respect to the family £(A) := {e**}rea
into a series of complex exponentials, the so called Dirichlet series
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k=1 aj

1 N 2 a; — ag 7)\<aj7ak 0)
= o Z di(ar — a;) /0 f (Cbk + =2 o 9) e ) dl (4)
k=1

are the Leont’ev coefficients. Here, the index j = 1,..., N is arbitrary, but fixed. Many
deep results on these series are due to A. F. Leont’ev [2].

We know [1] that the partial series, weighted with the generalized Jackson kernel,
approximate in the order of the modulus of continuity. The question considered in this
paper is, what happens if we substitute the integration in (3) or (4) by an appropriate ap-
proximating sum. Can we choose a sum, such that the rate of approximation is preserved?
This problem was first posed by Yu. I. Mel'nik in [4] and solved there for first moduli
of continuity. We give positive answer to that question up to a factor Inn for moduli of
arbitrary order r € N.

In the following section we give the rate of approximation of the series (2) weighted
with the generalized Jackson kernel. Then we have a closer look on (3) and (4) and give
Yu. I. Mel’'nik’s approach for a sum for substituting the integral, such that the order of
approximation is held for first moduli. In the last section we extend this result to moduli
of arbitrary order.



2 Approximation with generalized Jackson weights

To estimate the regularity of functions in AC(D) we consider appropriate moduli of
smoothness introduced in [6] by P. M. Tamrazov. Let £ € D, r € N, § > 0 and A > 0.
Let U(£,9) :={z € C : |z —&| < d} be the closed §-ball with center £&. We denote by
T(D,&,r,0, A) the set of all vectors z = (z1,...,2,) € C" with

(i) z€e DNU(,6) foralli=1,...,r, and
(ii) |z —zj| > Adforalli #j4,4,j=1,...,r

If there is no vector satisfying these conditions we define T'(D, &, 7,0, A) := ). Never-
theless for A = 27" thereis a § > 0 with T(D, £, 7,6, A) # 0. Let Ty = T(D, &, r+1,5,277).
Let L(z, f, z1, ..., 2 ) be the polynomial in z of degree at most r — 1 which interpolates f
at the points z1,..., z.. The r-th modulus of f is defined by

w(f,1) = w,5(f,t)eo := sup sup sup [f(z0) — L(z20, f, 21, -+, 2)]- (5)
0<6<t ¢eD 7(Z€T1 )
z=(zQ,---, zZr

Here the supremum over the empty set is defined as zero. To estimate this modulus we
consider normal majorants ¢: These are bounded non-decreasing functions ¢ : | 0,00 [ —
] 0, 00 [ such that for fixed 0 > 1 and an exponent v > 0 the following normality condition
holds:
p(t8) < atp(d)

for all 6 > 0, ¢t > 1 [5, §1]. It is shown in [7] and [8, Thm. 1] that the modulus (5) is
normal, i.e., w, 5(f,t0)ee < C " w, 5(f, )00, where C' > 0 depends on 7 and the polygon
D only. With normal majorants we thus can define classes of regularity. By AH#(D) we
denote the class of all functions f € AC(D) with w,5(f,t) < const. - p(t).

Let 1 < j < N be fixed and r € N. Let f € AC(D) have r — 1 existing derivatives at
the vertices ai, k = 1,..., N, of the polygon. Consider for k # j + 1 the polynomial P;
of degree at most r, that interpolates f at the vertices a; and a;, and f',..., f~V at the
vertex ay. For k = j 4+ 1 let P; ;1 denote the polynomial of degree at most 2r — 1 that
interpolated f, f',..., f~Y at both points a; and aj; 1. We define
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+ h’r/ ‘f( k 2 ) 1Jvk( k 2 )l du S .
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Let n = (nq,...,ny) € NV be a multi-index. Consider the corresponding quasipoly-
nomial
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The coefficients @, ., are determined through the relations

nj

r
$nj,r,m = Z(—l)p (p) Jnj,,,"mp,

p=0

where J,. . are the Fourier coefficients of the generalized Jackson kernel

in Mt/2\*"  J., "
Kn,r<t> = /\n,r <%) = “nr + Z Jn,r,k cos kt.
k=1

2
Here n € N, r > 2, M := |%], and A, is chosen such that

1 2w

— K, (t)dt = 1.
2 Jo

For the quasipolynomials (6) the following direct approximation theorem is true:

Theorem 2.1 Let f € AH® (D), where w, is a normal majorant with exponent r € N
satisfying the Stechkin condition

/hwr(—f’t>dt+h’"-/2ﬂmdf < c-we(fh) (7)
0 t h

tr+1

for all 0 < h < 27” and a positive constant c. Let f be r — 1-times continuously
differentiable at the vertices ax, k=1,..., N, and

N
def(s)(ak) =0, 0<s<r-—1.
k=1

Letn= (ny,...,ny) € NY be a multi-index.

Then we have for approximation with the quasipolynomial Py(f) weighted with the
generalized Jackson kernel

N 1
1 = PalDllac) < const. S0, (—) ,

k=1 T
where 2, — a normal majorant with exponent r — satisfies inequality
Q,.(h) < const. - {w,(h) +0,(f,h)}. (8)

The proof is given in [1].
In the following section, we give Yu. I. Mel'nik’s approach to the question, if this rate

of approximation can be preserved, when we substitute the integral in (3) or in (4) by an
appropriate sum.



3 Substitution of integrals by appropriate sums

In [4], Yu. I. Mel'nik proposed to substitute the Leont’ev coefficients in (2) by
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for all 7# € N. He considered functions f € AH¥(D) with 3>, d;.f(a;) = 0 and approxi-
mated them with partial series of the form

me

For the rate of approximation Mel’'nik reached (see [4])

1f = Sna(H)ll acm) < const. - {w (%) +w <%> } Inn. (10)

The question that remains open, is, how (9) can be extended, such that an estimate for
the rate of approximation can be reached for arbitrary moduli?

el Z
+Z Z £y () L,(A;@)'

=1 m=n(j)

If we have a closer look at (9) and compare this formula with (3) and (4), we see that
the integral there is decomposed in 7 integrals of length %’r:

2
[z
n—1 27rp+1
/ / (ak—l— 5 — 0) e~ 50 g, (11)
e

The exponential function can be integrated easily. In general, this is not the case for
f: The antiderivative might not be known explicitly, or highly oscillating f may cause
numerical problems. Therefore the term f(aj, 4+ “% 6) is estimated by the value at the
lower bound of the integral f(ax + (a; — ax)%):

p+1

e (J) 45 —%
)/ e dg. (12)
2 p

=
n
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Evaluating the integral explicitly gives (9).

To get a better rate of approximation with coefficients of this special form we have to
find a better approximation of the function f on the staight-line interval [ a;, a) |. We give
a solution to this problem in the following section.



4 Higher order approximation

In this section we consider the question, if a better choice of /igcﬁ)()\%)) allows a higher rate
of approximation and estimation with r-th moduli of smoothness, r € N. The key to this
problem is the estimation of f in (11). We substitute f by the value of the modified r-th

difference operator

rn

sz(z)—f(z—l—%r) :Z(—l)k(Df (z—i—ki—g). (13)
For r = 1 this expression yields Ab, f(2) — f(2+2) = f(2). If we put z = a+ (a; — az)

here, we get Mel'nik’s formulas (9T)n and (12).
Substituting f in (11) with (13) for z = aj + (a; — ax) £ and arbitrary r € N yields

Fou) = pSais S ()i tz (o)
(e ) o

L o 6—)\%>(a]~—ak)
Now we can formulate the following approximation theorem:
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Theorem 4.1 Let w, be a normal majorant with exponent r satisfying the Stechkin con-

dition (7). Let f € AH* (D) and
N
def(s)(ak) =0 forall 0<s<r-—1.

Letn= (ny,...,ny) and i = (Ny,...,ny), n,0 € NV be multi-indices.

Consider the partial series Pna weighted with the generalized Jackson kernel

70 e/\mz
PaalN(2) = 3w s
m=1 m
N nj ) eA(J>z
+ ) (1 = Znyrm) 47 (AD) _ (15)
J m 10\ )
J=1 m=n(j) L)

where K;Scﬁj)()\%)) as in (14).
Then the approzimation of f with Pua(f) yields

N 1 al 1
Hf Pn n( )HAC < const. {ZQT (nk) + ZWT (E) lnnk} !

k=1

where 0, as in (8).



Proor. We show that

1
1Pac(f) = PalDllacy < C 3w (A_) -

ng

with C' > 0 independent of f, n and n and conclude with Theorem 2.1.
It is by (6) and (15) for all z € D

na(f)(2) = Pu(f)(2) =

N nj ) eA'<rrJL)Z

(1 (4) (4)
-y = nym) (R O0) = 5 (AD)) = (16)
j=1 m:n(]) L,()V(%))

We have a closer look at the difference li; 7)()\,(%)) - /if()\,(%)). Using (4), (12) and (14) we
get

HSC”J)(AU)) — kA9 =
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Now it is enough to estimate the integral in (17). First let k£ # j + 1. Then
%(rﬂ:ﬁi)>o (18)
Aj+1 — dj
By (1) we infer
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for some positive constants C', a and all § € [0,27]. Thus we obtain for all z € D

n; (4)
2m ’ G sk, e
E (1 =2y, pm)e "™ 2 — | df
0

m=n(j) L/()\g%))
2m )
< const./ Z (1-— wnj,r,m)efame do
O Jm=n(j)
nj e—27ram -1
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since the family { £

L/()\(j))} and the generalized Jackson coefficients 1 — .., are
™) m>n())

bounded.
For k = j + 1 we have for the integral in (17) and property b)
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for constants a, A > 0. Hence for the first sum by (1)

n; e
Z (1 —Zn,rm) oMY L —am
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independently of n;. Now to the second sum in (20) by property a):
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Further we can write with property a)
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The second complex exponential on the right hand side in (22) can be estimated by the
B, _aj—aj4
constant max, g e”* (e

>, which is independent of m. Because of (18) we have to



estimate the first exponential for z € [a;,a;41] only. Let z = a; + “5—"2(t 4 i¢), where
t€[0,2r] and € €]0,£1], &1 > 0. Then

2 : aji1—aj . aj;tajiq
TR (aj+ T (t4ie) — L2 ) mi(t+ic) e27rmi

e %+179 .
Thus
2 N ¢ a;ta;
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2m 5 |
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in D, where ¢ > 0 can be chosen independently of . For ¢ — 0 the claim follows for all
z€D. O

Acknowledgements

This work was supported by the “Deutsche Forschungsgemeinschaft” through the graduate
program “Angewandte Algorithmische Mathematik”, Technische Universitat Miinchen.

References

[1] B. Forster. Direct approximation theorems for Dirichlet series in the norm of uniform
convergence. Journal of Approzimation Theory, 132:1-14, 2005.

2] A. F. Leont’ev. Exponential Series. Nauka, Moskau, 1976. Russian.

[3] Yu. I. Mel'nik. Absolute convergence of series of exponents that represent regular
functions in convex polygons. Ukr. Math. J., 35:681-685, 1983.

[4] Yu. I. Mel'nik. On approximation of functions regular in convex polygons by expo-
nential polynomials of special form. Ukr. Math. J., 44(3):368-370, 1992.

[5] P. M. Tamrazov. Contour and solid structure properties of holomorphic functions of
a complex variable. Russ. Math. Surveys, 28(1):141-173, 1973.



[6]

[7]

P. M. Tamrazov. Smoothnesses and polynomial approzimations. Naukova Dumka,
Moscow, 1975. Russian.

P. M. Tamrazov. Finite-difference smoothness and approximation. In Fourier analysis
and approximation theory, volume II of Colloquia Mathematica Societatis Janos Bolyai
19, 1976, pages 827-843, Budapest, 1978.

P. M. Tamrazov. Structural and approximational properties of functions in the com-
plex domain. In P. L. Butzer und B. Szokefalvi-Nagy, editor, Lineare Rdume und Ap-
proximation, Abhandlungen zur Tagung im Mathematischen Forschungsinstitut Ober-
wolfach, Schwarzwald vom 20. bis 27. August 1977, pages 503-514. Birkhauser Verlag,
1978.



