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Abstract

This thesis addresses statistical inference for the resolution of inverse problems. Our
work is motivated by the recent trend whereby classical linear methods are being re-
placed by nonlinear alternatives that rely on the sparsity of naturally occurring signals.
We adopt a statistical perspective and model the signal as a realization of a stochastic
process that exhibits sparsity as its central property. Our general strategy for solving in-
verse problems then lies in the development of novel iterative solutions for performing
the statistical estimation.

The thesis is organized in five main parts. In the first part, we provide a general
overview of statistical inference in the context of inverse problems. We discuss wavelet—
based and gradient-based algorithms for linear and nonlinear forward models. In the
second part, we present an in-depth discussion of cycle spinning, which is a technique
used to improve the quality of signals recovered with wavelet-based methods. Our
main contribution here is its proof of convergence; we also introduce a novel consis-
tent cycle-spinning algorithm for denoising statistical signals. In the third part, we
introduce a stochastic signal model based on Lévy processes and investigate popular
gradient-based algorithms such as those that deploy total-variation regularization. We
develop a novel algorithm based on belief propagation for computing the minimum
mean-square error estimator and use it to benchmark several popular methods that
recover signals with sparse derivatives. In the fourth part, we propose and analyze a
novel adaptive generalized approximate message passing (adaptive GAMP) algorithm
that reconstructs signals with independent wavelet-coefficients from generalized linear
measurements. Our algorithm is an extension of the standard GAMP algorithm and
allows for the joint learning of unknown statistical parameters. We prove that, when
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the measurement matrix is independent and identically distributed Gaussian, our al-
gorithm is asymptotically consistent. This means that it performs as well as the oracle
algorithm, which knows the parameters exactly. In the fifth and final part, we apply our
methodology to an inverse problem in optical tomographic microscopy. In particular,
we propose a novel nonlinear forward model and a corresponding algorithm for the
quantitative estimation of the refractive index distribution of an object.

Keywords: Approximate message passing, belief propagation, compressive sensing, cy-
cle spinning, inverse problems, iterative shrinkage, phase microscopy, sparsity, statisti-
cal inference, tomographic microscopy, total variation regularization, wavelets.



Résumé

Cette these s’intéresse a 'inférence statistique pour la résolution de problémes inverses.
Notre travail est motivé par les récentes avancées dans ce domaine ol les méthodes
linéaires classiques sont de plus en plus souvent remplacées par des alternatives non li-
néaires qui exploitent la parcimonie des signaux naturels. Nous adoptons une approche
statistique et modélisons le signal comme réalisation d'un processus stochastique possé-
dant des propriétés essentielles de parcimonie. Notre stratégie générale pour la résolu-
tion des problémes inverses repose alors sur le développement de nouveaux algorithmes
itératifs d’estimation statistique.

Cette thése s’organise en cinq parties principales. Dans la premiere partie, nous don-
nons une perspective générale de I'inférence statistique dans le contexte de la résolution
de problémes inverses. Nous présentons des algorithmes basés sur les ondelettes et le
gradient dans le cadre de modéles linéaires et non linéaires. Dans la deuxiéme par-
tie, nous discutons en détail le concept de cycle spinning, une technique utilisée pour
améliorer la qualité de signaux reconstruits par des méthodes d’ondelettes. Ici, notre
contribution principale est la démonstration de sa convergence ; nous introduisons de
plus le nouveau concept de consistent cycle spinning pour le débruitage de signaux sta-
tistiques. Dans la troisiéme partie, nous introduisons un modele de signal stochastique
basé sur les processus de Lévy et analysons des algorithmes standards basés sur le gra-
dient, comme les méthodes de variation totale. Nous développons un nouvel algorithme
basé sur la méthode de belief propagation pour le calcul d’estimateur d’erreur quadra-
tique moyenne minimale, et 'utilisons pour comparer plusieurs méthodes classiques
de reconstruction de signaux a gradient parcimonieux. Dans la quatrieme partie, nous
proposons et analysons un nouvel algorithme d’adaptive GAMP pour la reconstruction
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de signaux a composantes indépendantes a partir de mesures linéaires généralisées.
Notre algorithme est une extension de I'algorithme GAMP et permet I'estimation de pa-
rametres statistiques inconnus. Nous démontrons que lorsque la matrice de mesure est
Gaussienne, indépendante et identiquement distribuée, notre algorithme est asymp-
totiquement consistent. Cela signifie qu’il est aussi performant qu'un algorithme avec
oracle, qui connaitrait les valeurs exactes des parameétres. Dans la cinquieme et derniére
partie, nous appliquons nos méthodes a un probleme inverse de microscopie tomogra-
phique par diffraction. Nous proposons en particulier un nouveau modeéle non linéaire
et un algorithme itératif associé pour la reconstruction quantitative de la distribution
d’indices de réfraction.

Mots clés : Microscopie, ondelettes, probléemes inverses, parcimonie, régularisation, re-
construction.
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Chapter 1

Introduction

The term inverse problem refers to a general framework used to convert observed mea-
surements into information about a physical object. For example, given tomographic
measurements of a cell, we might wish to learn about its internal composition and
structures. Having the capability to solve inverse problems is useful because it tells us
something about physical quantities that we are unable to observe directly. Accord-
ingly, inverse problems are some of the most important and well-studied mathematical
problems in science and engineering. They have found many applications in different
areas of science, including medical imaging, geophysics, astronomy;, etc.

Two main reasons that make inverse problems of practical relevance difficult are as
follows:

* they are sometimes ill-posed, which means that many different solutions may be
consistent with the measured data;

* they are high-dimensional in the sense that the measurements and the correspond-
ing solution might contain millions or even billions of data entries.

These challenges force algorithmic solutions to strike a specific balance between the
quality of the reconstructed signal and the computational complexity for obtaining it.
In this thesis, we attempt to refine the theory and develop new algorithms for ad-
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dressing these challenges in a principled way. In particular, the ill-posed nature of
the problem is offset by introducing a statistical framework where observed measure-
ments are complemented with prior information on the statistics of the object. On the
other hand, the high-dimensionality of the data is addressed by developing iterative
algorithms that are restricted to performing the most basic operations with minimal
memory and computational load. Nonetheless, as we shall see, our simple algorithms
are still capable of producing satisfactory results for numerous practical applications in
biomedical imaging.

1.1 Main Contributions

This thesis brings four main contributions to the field of inverse problems.

1. We provide a theoretical justification for the popular technique called cycle spin-
ning in the context of general linear inverse problems. Cycle spinning has been
extensively used for improving the visual quality of images reconstructed with
wavelet-domain methods. We also refine traditional cycle spinning by introduc-
ing the concept of consistent cycle spinning that can be used to perform wavelet-
domain statistical estimation. In particular, we empirically show that consistent
cycle spinning achieves the minimum mean-squared error (MMSE) solution for
denoising stochastic signals with sparse derivatives.

2. We introduce a continuous-domain stochastic framework for modeling signals with
sparse derivatives. Our framework is based on Lévy processes and provides us with
a large collection of structured statistical signals for benchmarking various stan-
dard algorithms used for solving inverse problems. We also develop a novel MMSE
estimation algorithm for our signal model. This algorithm—based on a message-
passing methodology—allows us to evaluate the optimality of other commonly
used algorithms. For example, it is well known that the popular total variation
(TV) method corresponds to performing maximum-a-posteriori (MAP) probability
estimation of signals with Laplace distributed gradients. One of our findings is that
TV is in general a poor estimator for such Laplace processes; however, it reaches
the performance of MMSE estimation for piecewise-constant compound Poisson
processes.
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3. Generalized approximate message passing (GAMP) is an iterative algorithm for
performing statistical inference under generalized linear models. The algorithm
can be derived by simplifying the equations of a more general belief propagation
(BP) algorithm, which is intractable in the setting of general inverse problems.
Our contribution in the context of GAMP is twofold: (a) we extend the traditional
GAMP with a novel algorithm called adaptive GAMP that can learn unknown sta-
tistical parameters present in the inverse problem during the reconstruction; (b)
we prove that adaptive GAMP is asymptotically consistent for certain measurement
models when learning is performed via the maximum-likelihood (ML) estimator.
This means that adaptive GAMP can perform as well as the oracle algorithm that
knows the parameters exactly.

4. We introduce a novel inverse problem formulation suitable for optical tomographic
microscopy. The latter is an advanced digital imaging technique that combines the
recording of multiple holograms with the use of inversion procedures to retrieve
the quantitative information on the object. Here, our contribution is a nonlinear
forward model that simulates the physics of the wave propagating through the
sample. Compared to existing linear alternatives, our forward model provides an
improved description of the measured data due to its ability to properly emulate
the diffraction and propagation effects of the wave field. We finally develop a novel
iterative algorithm, which uses the structure of our nonlinear forward operator, for
quantitatively estimating the object.

1.2 Organization of the Thesis

This thesis is organized as follows: In Chapter 2, we expose the principles behind the
formulation and resolution of inverse problems. We also present classical and state-
of-the-art reconstruction techniques within a general statistical framework. In Chap-
ter 3, we discuss an algorithmic strategy to perform competitive reconstruction using
wavelet-regularization. The key concept that yields the improvements is cycle spin-
ning, which we shall study in great detail. In Chapter 4, we study Lévy processes and
the corresponding statistical estimators. The Lévy model will allow us to revisit several
state-of-the-art reconstruction algorithms and compare them against the optimal MMSE
estimator that we develop. In Chapter 5, we present the adaptive GAMP algorithm that
allows us to apply the message-passing philosophy to more general inverse problems.
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The algorithm has the capability to learn the unknown statistical parameters during the
reconstruction. In Chapter 6, we present several numerical comparisons for algorithms
discussed in the thesis. In Chapter 7, we present our algorithm for the optical tomo-
graphic microscope, which is a promising technique for quantitative three-dimensional
(3D) mapping of the refractive index in biological cells and tissues.



Chapter 2

A Practical Guide to Inverse
Problems

2.1 Introduction

In this chapter, we introduce the inverse problem formalism that will be used exten-
sively in the sequel. We start by discussing several categories of forward models that
can be used to model various practical acquisition systems. In the process, we also ad-
dress the issues related to the discretization of continuous-domain inverse problems®.
This is important since practical methods for solving inverse problems often rely on dig-
ital processing of the data in a computer. We finally introduce the statistical framework
and several standard approaches that are currently used for solving inverse problems.
Experimental evaluations throughout this chapter illustrate the capabilities of the de-
scribed methods while simultaneously highlighting the necessity for the contributions
presented in the rest of this thesis.

1 The subsection on the discretization of inverse problems is based on our paper [1].

5



6 A Practical Guide to Inverse Problems

2.2 Forward Model

2.2.1 Continuous-Domain Formulation

The usual starting point in the formulation of inverse problems is the formal under-
standing of the acquisition process relating the physical signal x to the measured data
of the form

y=S{x} 2.1)

The continuous-domain signal x may be a function of space and/or time, while the
measurements are stored in an M-dimensional vector y. For notational convenience,
we assume that the signal and measurements are both real valued; nonetheless, all
the algorithms considered in this thesis can be easily extended to work with complex
valued signals. We also assume that the signal is of finite energy, and thus it belongs to
the normed space L,(R?). In full generality, the scalar value of x at every continuous
coordinate r = (ry,...,r,) inside RY is denoted by x(r) € R. We refer to S as the
forward operator and typically assume that it models accurately the physics behind the
acquisition. Depending on the acquisition modality, computation of S might involve
various linear or nonlinear operations, including projection, orthogonal transforma-
tion, discretization, etc. In particular, we shall distinguish among the following four
categories: nonlinear, generalized linear, linear, and signal denoising.

Nonlinear Models

The most general nonlinear forward model allows us to handle sophisticated acquisi-
tion modalities. Such models must still be sufficiently structured to be implemented
and computed digitally on a computer. The computational complexity for numerical
evaluation of such models should be weighted against the benefits of having a more
accurate representation of the acquisition. As we shall see later, nonlinear models also
complicate the recovery of the signal by leading to nonconvex costs in variational recon-
struction methodology. In such difficult cases, it is beneficial to derive a linearizations
of the model. Then, one can use the latter to obtain a good initial guess for the solution
that can subsequently be refined by using the nonlinear model. We will illustrate one
concrete example of a nonlinear forward model in Chapter 7, where we consider the
quantitative recovery of the refractive-index in tomographic microscopy [2].
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Figure 2.1: Generalized linear model.

Generalized Linear Models

The generalized linear model (GLM), illustrated in Figure 2.1, is a special case of nonlin-
ear model that consists of a known linear mixing operator H followed by a probabilistic
componentwise nonlinearity p,,,. Such models have been extensively studied in statis-
tics [3]. The linear part of the model has the general form

2m = [H{x}], = f x(P)Y(r)dr, (m=1,...,M) (2.2)
Rd

where the measurement function v, represents the spatial response of the mth de-
tector in the acquisition system. The conditional probability distribution p,, that is
subsequently involved can model noise and various other types of deformations that
are intrinsic to the physics of the acquisition.

One relevant practical example arises in analog-to-digital conversion (ADC), where one
needs to estimate a signal from quantized measurements y = Q(H{x}). This is a chal-
lenging problem because the quantization function Q is nonlinear and the operator H
mixes x, thus necessitating joint estimation. Although reconstruction from quantized
measurements is typically linear, more sophisticated, nonlinear techniques can offer
significant improvements. In the case of ADC the improvement from replacing con-
ventional linear estimation with nonlinear estimation increases with the oversampling
factor [4-9].

From the algorithmic side, reconstruction methods based on GLM formulation might
also suffer from nonconvexity of the cost function during optimization. The approaches
based on message-passing algorithms seem to perform the best for GLM based inverse
problems. In Chapter 5, we will introduce adaptive generalized approximate message
passing (adaptive GAMP) algorithm that is specifically tailored for statistical estimation
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under GLM [8-10].

Linear Models

Further simplification of GLM is the linear forward model, which can be obtained by
assuming that the distortion, characterized by the output nonlinearity p,, is additive
and signal independent. This allows us to re-express (2.2) as

y=z+e with z=H{x}, (2.3)

where H is given in (2.2) and e represents the noise, which is very often assumed to
be independent and identically distributed (i.i.d.) Gaussian. Linear inverse problems
are central to most modern imaging systems with applications in diverse areas such
as biomicroscopy [11], magnetic resonance imaging [ 12], x-ray tomography [13], etc.
The major advantage of linearity is that it allows us to borrow some intuition and rely
on standard theoretical results from linear algebra. Typically, when confronted with a
more general inverse problem, it is sensible that one reflects if there is a possibility to
obtain a suitable linearization of the problem.

Most algorithms we develop in this thesis are particularly well-suited to solve linear
inverse problems under Gaussian noise assumption. It is possible to extend many of
them to more general types of noise, but this might result in nonconvex formulation
of the reconstruction. In such scenarios, we can use the solution obtained under the
Gaussian assumption to initialize the more general algorithm.

Signal Denoising

Even further simplification is possible by assuming that our acquisition system simply
samples the signal x. In the context of the general form (2.2), this assumes that v,
corresponds to a shifted Dirac delta function, which allows us to write

y=z+e with z,=x(r,), (m=1,...,M) (2.4)

where {r;,},,— _u are locations where the signal samples are taken and e represents
the noise. A more general denoising model with a signal dependent noise can be ob-
tained by sampling directly in the GLM formulation.



2.2 Forward Model 9

Signal denoising is considered as the most basic form of signal reconstruction. The
sources of noise are typically application dependent, but the two most common types
are Gaussian and Poisson noises [14]. Algorithmically, signal denoising is useful as a
key sub-routine in methods for solving more general inverse problems. As we shall see
in detail, it is referred to as proximal operator corresponding to a particular statistical
distribution of the signal [15]. Also, denoising provides a practical scenario for testing
various prior distributions since it disregards the effects due to the linear mixing oper-
ator H. We shall consider the signal denoising problem in Chapter 4, where we study
the optimal estimation of signals with sparse derivatives.

2.2.2 Discrete Representation of the Signal

It is most often impossible to solve an inverse problem analytically, and we must resort
to a computer program to recover x. In order to perform computations digitally, we
need to discretize x into a finite number of parameters N that can be represented as a
vector x € RV, To obtain a clean analytical discretization of the problem, we consider
the generalized sampling approach using shift-invariant reconstruction spaces [16].
The advantage of such a representation is that it offers the same type of error control as
finite-element methods, i.e., the approximation error between the original signal and
its representation in the reconstruction space can be made arbitrarily small by choosing
a sufficiently fine reconstruction grid.

The idea is to represent the signal x by projecting it onto a reconstruction space. We
define our reconstruction space at resolution A as

ACHE {xﬁ(r>=2x[k]wim(’“ k) : x[k]ezw(zd)} 25)

kezd A

where x[k] = x(7)|,_g, and ¢, is an interpolating basis function positioned on the
reconstruction grid AZ?. The interpolation property is ¢;,,(k) = 6[k]. For the repre-
sentation of x in terms of its samples x[k] to be stable and unambiguous, ¢;,, has to
be a valid Riesz basis for V, (¢;,.) [16]. Moreover, to guarantee that the approximation
error decays as a function of A, the basis function should satisfy the partition of unity
property

D omlr—k)=1, (2.6)

kezd
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for all » € RY. The projection of the signal onto the reconstruction space Vi (¢;,,) is
given by

P x(r)= x(Ak)cpim(i —k:), (2.7)

kezd

with the property that P, P, x = Py, x (i.e. Py, x is a projection operator). To simplify
the notation, we shall use a unit sampling A = 1 with the implicit assumption that the
sampling error is negligible?. Thus, the resulting discretization is

(1) =Py x(r) = > x[k]@i(r —k). (2.8)

kezd

To summarize, x; is the discretized version of the original signal x and it is uniquely
described by the samples x[k] = x(7)|,_ for k€ Z!. The main point is that the
reconstructed signal is represented in terms of samples even though the problem is still
formulated in the continuous-domain.

Although the signal representation (2.8) contains an infinite sum, in practice, we re-
strict ourselves to a subset of N basis functions with k € Q, where  is a discrete set of
integer coordinates in a region of interest (ROI). Hence, we rewrite (2.8) as

x,(r) = Zx[k]SDk(T), 2.9)

keQ

where ¢, corresponds to ¢;,.(-—k) up to modifications at the boundaries (periodization
or Neumann boundary condition).

2.2.3 Discrete Measurement Model

The discretization that we just presented allows us to obtain elegant discrete repre-
sentation for the generalized linear, linear, and signal denoising forward models. For
more general nonlinear models the discrete representation might lack a closed form
matrix-vector representation.

2 If the sampling error is large, one can use a finer sampling and rescale the reconstruction grid appro-

priately.
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Generalized Linear Models

By using the discretization scheme in (2.9), we are now ready to formally link the
continuous model in Figure 2.1 to a corresponding discrete forward model. We substi-
tute the signal representation (2.9) into (2.2) and obtain the discretized measurement
model written in a matrix-vector form as

y~Dy..(ylz) with z=Hx, (2.10)

where y is the M -dimensional measurement vector, X = {x[k]}cq is the N-dimensional
signal vector, and H is the M x N measurement matrix whose entry (m, k) is given by

[H]m,k = (wm: wk) = f ¢m(7°)90k("“) dr. (211)
R4

This allows us to specify the discrete linear forward model that is compatible with the
continuous-domain formulation. The solution of this problem yields the representation
x1(7) of x(r) which is parameterized in terms of the signal samples x.

Nonlinear Models

Unfortunately, in the case of nonlinear forward models, an elegant model similar to (2.10)
is generally not possible. However, it is still necessary to represent the signal as in (2.9)
and replace the forward operator S by a discrete operator S that can be computed by
substituting continuous-domain operators with their discrete counterparts acting di-
rectly on the samples x

y=S(x) +e, (2.12)

where e models the noise and potential discrepancies due to discretization. An example
of such implementation is given in our microscopy application in Chapter 7.

2.2.4 Wavelet Discretization

Occasionally, we might prefer to represent the signal x in terms of its wavelet coeffi-
cients [17]. In that case, we constrain the basis function ¢;;, to be a scaling function
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that satisfies the property of multiresolution [18]. To obtain an equivalent character-
ization of the object with its orthonormal wavelet coefficients, we simply define the
wavelets as a linear combination of ¢,,. Then, there exists a discrete wavelet transform
(DWT) represented with the matrix W that bijectively maps x to the wavelet coefficients
w as

w=Wx & x=WTw, (2.13)

and that represents the signal x in a continuous wavelet basis. Note that the matrix-
vector multiplications above have efficient filterbank implementations [19].

2.3 Statistical Inference

As we have mentioned in Chapter 1, inverse problems are often ill-posed. This means
that measurements y cannot explain the signal x uniquely, and in order to separate
meaningful solutions from the noise, we are obliged to introduce supplementary in-
formation describing x. Statistical theory provides a unified approach for imposing
additional constraints on the solution. The basic idea is to introduce a prior probability
distribution p, favoring solutions that we consider to be correct and penalizing those
that we consider to be wrong. Then, given the prior p,, one can express the posterior
distribution of the signal given the measurements

Pxy(X[y) o< pyx(¥1%) px (%), (2.19)

where o< denotes equality after normalization, and py is the conditional distribution
of the data given the signal. The posterior (2.14) provides a complete statistical char-
acterization to the problem. In particular, the maximum-a-posteriority (MAP) estimator
is given by

X, = argmax {py,(x[y)} (2.15a)
XERN

= argmin {—1og (pyx(y1%)) —log (py(x))} (2.15b)

= argmin {2(x) + ¢ (x)} (2.15¢)
XERN

In the context of inverse problems, the first term 2 in (2.15) is called the data term
due to its direct dependance on the measurements, while the second term ¢ is called
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the regularizer due to its capability to impose more meaningful solutions. Similarly,
we might be interested in finding the minimal mean squared error (MMSE) estimator,
which is usually expressed as the computationally intractable N-dimensional integral

Ky = argmin {E[[x—x[|* | y]} (2.16a)
XERN
=E[x|y] (2.16b)
= f X pyy(x]y) dx. (2.16¢)
RN

Once we accept the statistical perspective, we have several degrees of freedom to de-
velop practical methods for solving inverse problems.

* The first degree of freedom lies in the specification of the prior distribution p,. In
some cases such as for MMSE estimation, we would want the prior to match the true
empirical distribution of possible signals x as closely as possible. At the same time,
we want the prior to be as simple as possible in order to result in low-computation
reconstruction algorithms. Prior distributions promoting sparse solutions in some
transform domains are currently state-of-the-art in this regard [20].

* Specification of the conditional distribution py is the second issue to address. For
the generalized linear model (2.10), this task becomes trivial and yields

M
Pyx %) = P, (7IHX) = [ [ pypo (vl [Hx],0). (2.17)

m=1

In more generic scenarios, one might either find an accurate statistical distribu-
tion characterizing the distortion or make a simplification by assuming a Gaussian
noise model. The latter results in the popular least-squares data term penalizing the
quadratic distance between y and z.

* Once the prior p, and the data distribution py,, are specified, we must develop an
algorithm for computing the MABE MMSE, or other estimators efficiently. We will
cover several state-of-the-art approaches based on two distinct philosophies: (a)
methods that explicitly minimize some predetermined cost-function, (b) methods
based on passing messages on graphical models. In the former category we have
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methods such as fast iterative shrinkage/thresholding algorithm (FISTA) [21] and
alternating direction method of multipliers (ADMM) [22], while in the latter we
have belief propagation (BP) algorithm [23] and generalized approximate message
passing (GAMP) [24].

* Sometimes, we know the prior and the data distribution up to a finite number of
unknown parameters

px(x|6x): py|z(Y|z> ez); (218)

where 8, € ©, and 0, € ©, represent parameters of the densities and ©, C R%
and ©, C R% denote the corresponding parameter sets. For example, such scenario
is realistic when we know the family of the prior distribution, but have no direct
way of obtaining the parameters of the prior. Then, we must also find a method to
choose the parameters 8, and 0, in a suitable way. The adaptive GAMP algorithm
that we present in Chapter 5 is an effective method of doing this under generalized
linear models.

In the rest of this section, we will discuss some of the standard approaches for solving
inverse problems.

2.4 Least Squares

The simplest prior is actually a flat prior. Thus, one basic approach for solving a general
inverse problem is the least-squares (LS) method that assumes a uniform prior p, and
an additive white Gaussian noise (AWGN) [25]. Although, it is particularly well suited
for linear forward models with M > N, nothing prevents it from being applied more
generally.
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Algorithm 2.1: Gradient-descent to minimize: 6,(x) = (1/2)|ly— S(x)ll%

input: datay, initial guess X°,
step-size y € (0,1/L], where L is the Lipschitz constant of V€,
and efficient implementation of V€.
set: t«1
repeat
X=X —yVE,(xT) (gradient step)
te—t+1
until stopping criterion
return X'

2.4.1 Nonlinear Model

In nonlinear form of LS, one seeks the solution

%, £ argmin (4,0} (2190
XERN
1
— argmin{ 5 Iy~ SGOIE | (2195
XERN

which can be interpreted as a search for a signal x that—by means of S—matches y as
closely as possible. The Euclidean norm || - ||, in (2.19b) corresponds to the assumed
Gaussianity of the noise.

In the most general scenario, the LS function %, is non-convex, which implies that
there might be many global and local solutions to the problem (2.19). In such cases,
the computation of the global solution may be intractable, and we simply expect our
optimization algorithms to find any one of the local minimizers of 6.

For differentiable forward models S, the gradient of 4, is given by

a T
V6, (x) = [ﬁ(x)] (S —y), (2.20)

where (9 /dx)S(x) is the Jacobian matrix of S. When the gradient (2.20) can be com-
puted efficiently for all x, we can use the gradient descent method summarized in Algo-
rithm 2.1 for finding a local solution of (2.19). The step-size y > 0 must be sufficiently
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small to guarantee the convergence of the algorithm. More specifically, for a Lipschitz
continuous gradient V&,

||V(gLS(X)_V(gLS(Z)“2 <L ||X_Z||z, (fOI' all X:ZGRN) (221)
where L > 0 is the Lipschitz constant of V%, the convergence is guaranteed for any

y €(0,1/L] [21,26]. In practice, it might be difficult to determine L analytically, and
we might need to hand-pick a suitable step-size y.

2.4.2 Linear Model

In the linear acquisition scenario, the LS reconstruction reduces to

X, = argmin {6, (x)} (2.222)
x€RN
1
—argmin{ 3 Iy~ il (2.22b)
xeRN 2

where H is the measurement matrix given by (2.11). In this case, the gradient takes a
simple form
V6, (x)=H/(Hx—y). (2.23)

In imaging, due to high-dimensionality of the problem the matrices H and H” cannot
be stored explicitly in memory, and we require an efficient implementation of two basic
operations:

1. multiply(x) = Hx, (for all x € RN)

2. multiplyTranspose(z) = H'z. (for all z € RM)

Finding Lipschitz constant of the gradient reduces to computing the largest eigenvalue
of H'H
L=2A, (HTH), (2.24)

which can be precomputed once by using an iterative method such as power iteration.
The iterative LS approach for linear models is summarized in Algorithm 2.2.
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Algorithm 2.2: Gradient-descent to minimize: 6,(x) = (1/2)|ly— Hxll%

input: datay, initial guess X°,
Lipschitz constant L = A__ (H'H),
and system matrix H.
set: t«1
repeat
XX —(1/LHT(HX ! —y) (gradient step)
t—t+1
until stopping criterion
return X'

When M > N and H is nonsingular, the LS solution is given by
%, = (H"H) """y (2.252)
—x+(H"H) 'H'e (2.25b)

where H™! denotes the inverse of the matrix H. In many practical applications, it is the
case that H is ill-conditioned, which implies a presence of small singular values. As a
result, LS yields a solution of poor quality due to the amplification of noise through the
inverse of H'H in (2.25b).

When M < N, the situation is worse, because any x € RV that satisfies
H'Hx=HTy, (2.26)

corresponds to a valid LS solution. Since in such scenario H is singular, the system (2.26)
has an infinity of possible solutions. Therefore, depending on the initial guess X°, Al-
gorithm 2.2 can converge to any of these solutions.

2.4.3 Signal Denoising

In signal denoising, LS returns the trivial solution
X, =Y. (2.27)

This implies that to denoise a signal, we must go beyond the uniform prior.
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Algorithm 2.3: Fast gradient-descent for: 6,(x) = (1/2)|ly— S(x)llg

input: the datay, an initial guess X°,
a step-size v € (0,1/L], where L is the Lipschitz constant of V%,
and an efficient implementation of V%;.
set: t—1,8"%% kye1
repeat
X —stTl—yve (st (gradient step)
ke L (14 11 462,)
$ R+ (kg — D/kE =%
t—t+1
until stopping criterion
return X'

2.4.4 Accelerated Gradient descent

It is well-known that the sequence of solutions {X'},cy obtained via the standard gra-
dient descent converges quite slowly to the local minimizer of the cost 6. In fact, it
has been shown in [21] that its rate of convergence is given by

<o * L <o *
%Ls(xf)—%w(x)sﬂlle—x||§, (t>1) (2.28)

where L is the Lipschitz constant of the gradient, and x* € RY is any of the local
minimizers of 6.

It turns out, it is possible to obtain an algorithm that has exactly the same per-iteration
complexity as the standard gradient-descent, but has significantly better rate of con-
vergence. The idea was originally developed for differentiable functions by Nesterov
in [27]. The improved rate of convergence comes from a controlled over-relaxation
that utilizes the previous iterates to produce a better guess for the next update. Possi-
ble implementations of the scheme for LS are shown in Algorithms 2.3 and 2.4. The
convergence rate of the accelerated gradient-descent is given by

G(R) — Gu(x") < IR —x |2, (6> 1) (2.29)

(t+1)2
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Algorithm 2.4: Fast gradient-descent for: 6(x) = (1/2)|ly— Hxll%

input: datay, initial guess X°,
Lipschitz constant L = A__ (H'H),
and system matrix H.
set: t«1,8° %0 ky—1
repeat
Xt s —(1/L)HT (Hs™ —y) (gradient step)
ko3 (10 T raRE,)
5 X (ke — D/k)E —% )
t—t+1
until stopping criterion
return X'

In practice, switching from a linear to a quadratic convergence rate translates into im-
pressive improvements over the standard gradient descent. Extensions of such acceler-
ated techniques to non-smooth functions typically deliver state-of-the-art performance
for high-dimensional inverse problems and will therefore constitute our methods of
choice [21].

Figure 2.2 provides a concrete example where a linear inverse problem is solved with
LS. A Lung image of size 256 x 256 in Figure 2.2(a) is measured via 256 equally-
spaced Radon projections in the range [—m/2, /2] in Figure 2.2(b). The measure-
ments have additionally been corrupted by AWGN with the variance corresponding to
101og,,(||Hx||?/|le||*) = 40 dB. Figures 2.2 (c) and (d) illustrate the solutions of Algo-
rithms 2.2 and 2.4, respectively, after 200 iterations. The algorithms were initialized
with the image X0 =o. Figures 2.2(e) and (f) illustrate the evolution of the LS cost
and the signal-to-noise-ratio (SNR) of the reconstruction, respectively. This example
illustrates the convergence gain from using the accelerated gradient descent algorithm
for LS. Moreover, it shows a typical behaviour of LS: as the algorithm progresses the
quality of the recovered signal drops. The drop can be more or less significant depend-
ing on the amount of noise and the condition number of the measurement matrix. One
standard approach to circumvent such behaviour at the reconstruction is to regularize
the solution by replacing the uniform prior in LS with some other p, that imposes useful
restrictions to the solution.
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Figure 2.2: Least-squares reconstruction of a 256 x 256 Lung image from 256
Radon measurements: (a) original; (b) measurements; (c) gradient-descent
solution at t = 200; (d) fast gradient-descent solution at t = 200; (e) evolution
of the cost; (f) evolution of SNR

2.5 Wavelet-Domain Reconstruction

We now present wavelet-based methods for signal reconstruction. The idea is to define
the prior distribution of the signal in the orthogonal wavelet domain. This is achieved
by first expanding the signal as in (2.13), and introducing a simple prior for the wavelet
coefficients. The prior distributions that we will consider have the general separable
form

N
px(®) o< p(Wx) = ., ((Wx1,), (2.30)

n=1
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where o< denotes identity after normalization, and p,, is the distribution of the nth
wavelet-coefficient. We define the potential function ¢, as

Pw(W) = —log (py(W)) (2.31a)
N N
- ‘Z 10g (P, (Wn)) = Z b (Wy). (2.31b)
n=1 n=1

We start the section with the review of signal denoising, where we revisit the classi-
cal wavelet soft-thresholding algorithm [28]. The algorithm is based on two empirical
observations: (a) the energy of natural signals concentrates on very few wavelet coeffi-
cients; (b) the energy of i.i.d. noise is spread out uniformly in the wavelet domain. Ac-
cordingly, the noise can be suppressed by simply discarding small wavelet-coefficients.
We then extend the wavelet denoising algorithm to more general inverse problems by
introducing the concept of proximal operators. Initially, we will limit our discussion to
the linear forward models with AWGN. At the end of the section, we present a more gen-
eral algorithm for computing wavelet-based solutions under nonlinear forward models.

2.5.1 Signal Denoising

In the simplest case of AWGN denoising, the posterior distribution of the signal becomes

N
Py xly) o< [ [(9(x, = yu1 0%)ps, (TWx],)), (2.32)

n=1
where ¢ denotes the zero-mean Gaussian distribution
1 x2
e 27 (2.33)
oVvarn

The orthonormality of the wavelet-basis implies the norm identity ||X||§ = ||Wx||§ that
allows for an equivalent wavelet-domain characterization of the signal statistics

Y(x;0%) =

N
puwiw) o< [ J(9w, —ups09p,, (w,)), (2.34)
n=1

where w = Wx and u = Wy. Such characterization effectively reduces the vector
estimation problem into N-scalar estimation subproblems.
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MAP Denoising

The wavelet-based MAP estimator is given by

Xy = argmin {6,,,,(x)} (2.35a)
X€ERN
1
= argmin {— l|x— y||§ + aquw(Wx)} (2.35b)
XERN 2
1
@wr argmin{EHW—WyHg + 02¢W(W)}, (2.35¢)
weRN

where in (a) we use the orthonormality of the wavelet-basis. Computationally, the
estimator (2.35) reduces to

* wavelet-transformation u = Wy,

¢ scalar MAP estimation

w, = argmin{%(w—un)2 +02q§wn(w)} , (n=1,...,N) (2.36)

weR

* inverse wavelet-transformation X,,,, = W' W.

Since, the scalar estimator (2.36) can be precomputed and stored in a lookup table,
the overall denoising procedure is very efficient. The optimization in (2.35c) can be
represented more compactly by defining the proximal operator

W = prox,, (u; 0%) (2.372)
prox, (us; o?)
= E (2.37b)
prox, (uy; o?)
N .1
= argmm{—llw—ullg+02¢W(w)}. (2.37¢)
wERN 2

Then wavelet-domain MAP estimation can be represented with a simple and efficient
formula
Ko = WTprox¢w(u; 0?) with u=Wy. (2.38)
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MMSE Denoising

The wavelet-based MMSE estimator can be computed in a similar way by performing
the following operations

e wavelet-transformation u = Wy,

¢ scalar MMSE estimation

w, = J Wy Dw, ju, Whlu,) dw,, (n=1,...,N) (2.39a)
R
_ o 0, =y 00)py, (w,) v, .
[ 9w, —u,;02p,, (w,) dw,
* inverse wavelet-transformation X,,,,; = W’ W.
This can be represented more compactly as
Ryss = W Eypy [Wlu]  with  u=Wy. (2.40)

A quick glance at (2.40) and (2.38) reveals major similarities between MMSE and MAP
estimators. The only observable difference is the shape of the scalar estimation func-
tions: in MMSE they are obtained via integration (2.39), while in MAP they are ob-
tained via optimization (2.36). Unfortunately, this similarity is restricted to signal de-
noising with orthogonal wavelets, and breaks for more general forward models and
priors. Orthonormality of the wavelet transform and Parseval’s norm identity provide
the necessary elements for making MMSE computationally equivalent to MAP. One of
our contributions in Chapter 3 will be the extension of this idea to more general wavelet-
transforms by relying on the concept of consistent cycle spinning.

Ilustrative Examples

As the first example, we assume that the wavelet-coefficients of the signal are zero-
mean i.i.d. Gaussian with variance O')ZC. Since the wavelet-expansion of an i.i.d. Gaussian
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Output: T (u)

Input: u

Figure 2.3: Illustration of 7, (dashed) and Z,,, (solid) shrinkage functions
for a Laplace prior with parameter A = 2 and AWGN of variance 0% = 1.

vector has exactly the same distribution, estimation can be performed in the spatial- or

the wavelet-domains equivalently. By introducing the prior distribution
1 _lw?
pw(W;02) = ——e »%, (2.41)

v (2ro2)N

into (2.36) and (2.39), we obtain

o.2

— —_ — — X
Wy = Wy = Tio7 u. (2.42)
X

The estimation is thus reduced to linearly shrinking noisy wavelet-coefficients u in a way
that is inversely proportional to signal power 0)2( and proportional to o2, i.e., higher
noise implies more shrinking.

When the wavelet-coefficients of the signal are assumed to be i.i.d. Laplace random
variables with parameter A, the prior is given by

A
Pw(W;A) = Ee_l”“’”l. (2.43)

Then, MAP estimator reduces to

Ry = W' T, (Wy; 202), (2.44)
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where the pointwise soft-thresholding function  is given by
TuwW; 2) = (Iw|—A), sgn(w). (2.45)

The resulting denoising method corresponds to the popular wavelet-domain soft-thresholding
algorithm that yields sparse solutions [28,29]. The scalar MMSE estimator J,,; for
the Laplace prior has also an analytical expression, albeit a more complicated one, that
can easily be found in the literature [15]. The final MMSE estimator is then computed
as
Rose = W T (Wys A, 02), (2.46)

Both 7,,,, and J,,, are illustrated in Figure 2.3 for A =2 and 0 = 1.

2.5.2 Linear Model

We now consider the linear inverse problem
y=Hx+e, (247)

where the vector e represents i.i.d. Gaussian measurement noise of variance o2. Given
the wavelet-domain prior (2.30), one can express the posterior distribution

px\y(XIY) S Py\x(Y|X) px(x) (2.48a)
o ]_[%(ym [Hx],,; 2)1_[pw [Wx,), (2.48b)

where ¥ is the Gaussian distribution. MAP estimator is given by

X, = argmin {6,,,,(x)} (2.49a)
XERN
1
= argmin{—”y—HxH% +02q,’>w(Wx)} s (2.49b)
xRN 2

where ¢,, is the potential function in (2.31). Although, we might also be interested in
finding the MMSE solution to general linear forward models, this becomes computa-
tionally intractable. We will thus concentrate in obtaining a method for computing the
MAP estimator (2.49). In Chapter 5, we will return to the problem of MMSE estimation
and present an adaptive GAMP method that can be used for approximating MMSE.
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Algorithm 2.5: ISTA to minimize: 6,,,(x) = (1/2)|ly — Hx||3 + 0% ¢ (Wx)

input: datay, initial guess X°,
Lipschitz constant L = A__(H” H), noise variance o2,
system matrix H, and operator prox, .
set: t«1
repeat
zt — %1 —(1/L)HT (Hx ! —y) (gradient step)
X' — W'prox, (Wz';0%/L) (shrinkage step)
te—t+1
until stopping criterion
return X'

ISTA Algorithm

An elegant and nonparametric method for computing the estimator (2.49) is the so-
called iterative shrinkage /thresholding algorithm (ISTA) [30-32]. The latter relies on
the separable proximal operator

A . 1
W = prox,_(u; A) = argmin { §||w—u||§ + 7Lq5w(w)} . (2.50a)

weRN

The proximal operator corresponds to the wavelet-based MAP solution of the denoising
problem (2.37). For our wavelet-domain priors, it reduces to a collection of scalar
nonlinear maps that can be precomputed and stored in a lookup table.

Based on the definition of our forward model, ISTA can be expressed as in Algorithm 2.5.
Iterations of ISTA combine gradient-descent steps with pointwise proximal operators.
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To understand why the algorithm actually minimizes the cost, we bound %,,,, as follows

o) = 3 [Hx— I + 0, (W) (2.512)

D 2Ryl + =[BT (R )] (2.51D)
+(x—X")TH HE—X"") + 0 ¢ (Wx)

(%) %”Hif_l — Yl + (x =R [HT(H/it—l —y)] (2.51¢)

1 ~t—
+ ZIIX—Xt HI3 + 02w (Wx)

= % [[x—[® " —yHT (HR —y)]||s + 0>pu(Wx) +const  (2.51d)
=2(x%7), (2.51e)

where “const” denotes terms that are constant with respect to x. In (a) we performed a
quadratic Taylor expansion of the cost around x = X'"!, in (b) we selected y such that

o I = 2.52)
for all x € RY. To guarantee monotone convergence, equation (2.52) restricts the
choice of y to the interval (0,1/L], where L = A__(HTH). Note that the auxiliary cost
function 2(x,%'"!) that depends on the previous estimate X! is much simpler than
the original cost 6,,,,. Our formulation imposes 2(x,X"!) > %,,,(X'™!) with equality
when x = X'"!. Thus, one can recover the ISTA iteration by simply minimizing the cost

2(x,%X1) over x and setting the solution to be X'.

FISTA

Similar to the gradient descent algorithm for LS estimation, the main weakness of ISTA
is in its slow convergence. FISTA, summarized in Algorithm 2.6, is an improvement of
the standard ISTA that results in a rate of convergence that is equivalent to accelerated
gradient descent of Section 2.4.4. The convergence to the global minimizer of %,,,
is only achieved when the potential function ¢,, is convex [21]. Note that a simpler,
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Algorithm 2.6: FISTA for: 6,,,,(x) = (1/2)|ly — Hx||5 + 02¢,,(Wx)

input: datay, initial guess X°,
Lipschitz constant L = A__(H” H), noise variance o2,

system matrix H, and operator prox, .
set: t—1,8"%% kye1

repeat
7t st —(1/L)HT (Hs™ —y) (gradient step)
X'« W'prox, (Wz'; o?/L) (shrinkage step)

k.3 (1 +4/1 +4kf_1)
st X+ (ke — D/k)E =%
t—t+1

until stopping criterion

return X'

and in some cases more effective way of speeding up ISTA, was proposed by Wright et
al. [33], where the acceleration is obtained by using larger step-sizes.

2.5.3 Nonlinear Model

In the most general case, we consider the solution x accurate if it is consistent with
the available measurements y. While adopting this principle, we nevertheless want to
accomodate for noise and model imperfections. Therefore, it is practical to propose a
soft constraint, demanding that X reintroduced into our forward model results in mea-
surements y that are close to y. Accordingly, we define the general data discrepancy
measure %2(x), which depends explicitly on the signal x, and implicitly on the measure-
ments y and the forward model S. The data term might also depend on some unknown
parameters inherent to the forward model. A popular data term that we have already
discussed is the LS cost

1
2(x)=6,x)=Zly— SGOIl3- (2.53)

Other possible 9 can be obtained by considering different noise distributions as in (2.15c).
To obtain a wavelet-based estimator for general forward models, we assume that 2 is
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Algorithm 2.7: FISTA for: %,,,(x) = 2(x) + ¢, (Wx)

input: data y, initial guess X°,

step-size y € (0,1/L] where L is the Lipschitz constant of V&,
and efficient implementation of V2 and prox,, .
set: t—1,8"%0 kye1

repeat
2t — s —yvg(st!) (gradient step)
X' — W'prox, (Wz';y) (shrinkage step)

ke 3(1+ /144K
st =X+ (kg — D/kIE =X
t—t+1

until stopping criterion

return X'

differentiable with respect to x and that its gradient V2 can be efficiently computed.
Algorithm 2.7 summarizes the resulting method for computing the MAP estimator for
general forward models.

2.6 Gradient-Based Regularization

We now present an alternative to wavelet-based approach. The prior distribution of the
signal will be defined in the gradient domain. Although, the idea can be generalized be-
yond gradient [34], the state-of-the-art performance of gradient-based regularization
such as total variation (TV) [35] makes the latter particularly interesting [36]. With
the new priors, our algorithms favor signals whose gradient follows certain statistical
distributions. For computational reasons, we will restrict ourselves to separable prior
distributions of the form

N
px(x) o< py(Dx) = [ | py, ([Dx],), (2.54)

n=1
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where D € RN is the discrete-counterpart of the gradient. Note that for each signal
pixel n, there are d gradient coefficients
[Dlx]n
u, = [Dx], = S (2.55)
[Ddx]n
where Dy denotes the derivative along the dimension k. This implies that p, is a

multivariate probability distribution. It is also important to note that sometimes the
prior of form (2.54) may be improper, which means that it cannot be normalized.

We define the potential function ¢, as

Pu(w) = —log (py(w) (2.562)
N N
- _Z log (py, (u,)) = Z Py, (uy). (2.56b)
n=1 n=1

2.6.1 Linear Model

Given our prior (2.54), we can express the posterior distribution

M N
Py ®ly) o< [ [ 90y —[Hx],:0%) | [ pa, (IDX1,), (2.57a)
m=1

n=1

where ¢ is the Gaussian distribution. Similar to the wavelet-domain estimation, we
will restrict our discussion to the MAP estimation, due to intractability of the MMSE
estimator. We will extensively address MMSE estimation for signals with sparse deriva-
tives in Chapter 4. The MAP estimator is specified by

—~ . (1

Xy = argm1n{—||y—Hx||§ +02¢u(Dx)}. (2.58)
xRN 2

We will define the proximal operator for ¢, in (2.56) as

~ R . 1
X = prox, (z;A) = argmin { 3 llx—zl|? + A¢u(Dx)} ) (2.59)

XERN
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Algorithm 2.8: FISTA for: 6,,,,(x) = (1/2)|ly — Hx||5 + 0*¢,(Dx)

input: datay, initial guess X°,
Lipschitz constant L = A__ (H” H), noise variance o2,

system matrix H, and operator prox .
set: t—1,8"%X0 kye1

repeat
2t st —(1/L)HT (Hs ! —y) (gradient step)
X' « prox, (z'; o?/L) (prox step)

ke 3(1+ /144K
st = X+ (ke — D/k)E —X7)
t—t+1

until stopping criterion

return X'

The proximal operator corresponds to the gradient-based MAP solution of the denois-
ing problem H = I. However, unlike the wavelet-based approach, here the proximal
operators are not scalar mappings that can be precomputed easily. One needs to de-
velop additional algorithms for computing them [36,37]. Algorithm 2.8 summarizes
the FISTA approach to gradient-based MAP estimation. Note that Algorithm 2.8 and
Algorithm 2.6 are nearly identical with only difference being in the computation of the
respective proximal operators.

Total Variation prior
The anisotropic version of the popular TV method is obtained by assuming an i.i.d.

Laplace prior on the components of u = Dx. This results in the following minimization
problem

o s . (1
Xy = argmm{—”y—Hxllg+7L||Dx||1} (2.60a)
x€RN 2
1 d
=argmin<{ —|ly—Hx]||} + AZ IDex|l; ¢, (2.60b)
xRN 2 k=1
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Algorithm 2.9: FISTA for: 6,,,(x) = 2(x) + ¢,(Dx)
input: data y, initial guess X°,
step-size v € (0,1/L] where L is the Lipschitz constant of V2,
and efficient implementation of V2 and prox, .
set: t—1,8°%% kye1

repeat
2t sl —yvg(sth) (gradient step)
X'« prox, (z';7) (prox step)

ke (14 /1+4K2)
st = X+ (ke — D/k)E =X
t—t+1

until stopping criterion

return X'

where, without loss of generality, we assumed that A incorporates both the noise vari-
ance o2 and the scale parameter of Laplace distribution. The problem with the anisotropic
formulation in (2.60) is that it gives preference to some orientations of the signal. Con-
sequently, there is an alternative isotropic formulation of TV method that results in the
minimization of form

N
_ A . 1
., £ argmin {Euy—qui 2 ||[Dx]n||2} (2.612)
XERN =1
1 N
= argrrbllin { > lly— Hx||§ + AZ \/[Dlx]ﬁ +oo 4 [Ddx]g} , (2.61b)
xeR n=1

with some appropriate boundary conditions for the signal. Although, alternative gradient-
priors have been extensively discussed in literature [1,38], classical TV is probably the
most popular regularizer for solving inverse problems in imaging.
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Figure 2.4: Evolution of the reconstruction SNR of a 256 x 256 Lung image
from 64 Radon measurements with noise variance corresponding to the input
SNR of 50 dB.

2.7 Experimental Evaluation

We revisit the problem of reconstructing an image from its Radon measurements. This
time, however, the Lung image in Figure 2.5(a) is only projected 64 times. The noiseless
measurements z = Hx have then been corrupted with AWGN corresponding to input
SNR of 50 dB. We compare three reconstruction algorithms: linear, wavelet-domain,
and TV. The linear solution is obtained by minimizing

1
% (x) = < |ly—Hxll3 + Allxl3,
2

where A > 0 is the parameter, which is hand picked for the lowest MSE. The linear
solution is illustrated in Figure 2.5(b) and has the final SNR of 18.86 dB. In wavelet-
domain algorithm, we penalize the {;-norm of wavelet-coefficients to promote sparse
solutions to the problem. We use the Haar transform with 5 decomposition levels and
the penalization is only performed on the detail (high-pass) coefficients. The parameter
A is again tuned for the optimal MSE performance. The corresponding solution with
SNR 19.8 dB is illustrated in Figure 2.5(c). The TV solution is obtained by minimizing
the cost (2.61) with MSE optimal A. The final TV solution llustrated in Figure 2.5(d),
has SNR of 21.89 dB.
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(d)

Figure 2.5: Reconstruction of a 256 x 256 Lung image from 64 Radon mea-
surements with noise variance corresponding to the input SNR of 50 dB: (a)
original; (b) linear (SNR = 18.86 dB); (c) wavelet-domain £; (SNR = 19.8
dB); (d) TV (SNR = 21.89 dB).

The first thing our experimental evaluation illustrates is that it is possible to signifi-
cantly improve the reconstruction performance by using nonlinear reconstruction. By
now, it is well-known that sparsity-driven nonlinear algorithms systematically outper-
form their classical linear counterparts. The second observation is related to subopti-
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mal performance of orthogonal wavelet-domain methods compared to TV. The superior
performance of TV makes it the method of choice for solving general inverse problems.
However, it is known that it is possible to improve the performance of wavelet-domain
methods by making them shift-invariant. We will discuss this idea in detail in the next
chapter. The final observation is that due to oracle-aided tuning of A, the performances
presented here are not achievable in practice and one needs to develop more practical
ways to set the unknown parameters in the problem.

2.8 Summary

We reviewed and addressed a range of issues related to the resolution of inverse prob-
lems. In particular, we presented wavelet— and gradient-based approaches to compute
regularized solutions to inverse problems. Computational simplicity of wavelet-based
approaches makes them ideal for dealing with high-dimensional data sets encountered
in practice. However, our experimental evaluations have illustrated that the gradient-
based methods yield solutions of superior quality. This suboptimal performance of
wavelet-based methods is mainly attributed to the lack of translation-invariance in or-
thogonal wavelet-bases [39]. In Chapter 3, we address this issue by showing that it is
possible to make wavelet-based methods equivalent to their gradient-based counter-
parts.

Due to unavailability of tractable methods for performing MMSE estimation, our algo-
rithms were mostly limited to computing MAP solutions. One delicate aspect of apply-
ing our statistical estimators to imaging is that the true statistical distribution of the
data is rarely known. Moreover, it was shown by Gribonval [40] that a MAP solution
X, fOr an assumed prior p, might, in fact, correspond to an MMSE solution X,,,,, for
another prior q,. Thus, if our data is actually distributed as q,, one might actually use
the MAP solution to approximate MMSE. From this perspective, practically successful
methods commonly interpreted as MAP estimators (e.g. TV regularization) could ac-
tually be computing an MMSE solution of the problem. In Chapter 4, we investigate
this issue thoroughly by introducing a generative stochastic model for signals that have
sparse-derivatives. Our signals based on Lévy processes are ideally suited for TV-like
algorithms. The key to our investigation will be a novel message-passing algorithm for
computing the MMSE solution for Lévy processes.
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We take the issue of MMSE estimation further in Chapter 5. In particular, we propose
and analyze a novel algorithm called adaptive GAMP. This message-passing algorithm
is ideally suited for statistical estimation under generalized linear models when the sig-
nal prior p, can be made separable in some basis. Besides approximating the MMSE
solution, the algorithm is also capable of learning the unknown statistical parameters
in the problem. In Chapter 6, we also present several simulations comparing the perfor-
mance of MMSE estimator computed with GAMP against wavelet— and gradient-based
approaches discussed in this chapter.

Finally, in Chapter 7, we apply the non-linear forward model-based algorithm to 3D
imaging of objects using optical tomographic microscope, which is a very challenging
modality due to the extremely large dimensionality of the data and ill-posed nature of
the inverse problem. We shall propose a novel characterization of the forward model
as well as TV-based iterative estimation algorithm.



Chapter 3

Cycle Spinning: Boosting
Wavelet-Domain Reconstruction

3.1 Overview

In this chapter, we discuss cycle spinning, which is a widely used technique for improv-
ing the performance of wavelet-based methods for solving linear inverse problems.
Extensive numerical experiments have shown that it significantly improves the quality
of the recovered signal without increasing the computational cost. Our first contribu-
tion is theoretical, where we provide the first convergence result for cycle spinning.
We prove that the sequence of reconstructed signals is guaranteed to converge to the
minimizer of some global cost function that incorporates all wavelet shifts. Our second
contribution is conceptual, where we develop the consistent cycle spinning technique
that allows to compute MAP and MMSE solutions to the signal denoising problem in
synthesis formulation. We empirically validate the MMSE performance of the technique
through statistical estimation of Lévy processes!.

1 This chapter is based on our papers [41-43]

37
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3.2 Introduction

We revisit the problem of estimating an unknown signal from noisy linear observations

y=Hx+e, (3.1)

where the matrix H € RM*N models the response of the acquisition device; the vector e

represents the measurement noise, which is assumed to be independent and identically
distributed (i.i.d.) Gaussian. As mentioned in Chapter 2, when problem (3.1) is ill-
posed, the standard approach is to introduce some prior distribution p, that promotes
solutions with desirable properties. In the wavelet-based framework, regularization
is achieved by favoring solutions that have sparse wavelet expansions. One popular
approach is to use the non-smooth convex function ¢,,(Wx) = ||Wx||;, where W €
RN*N represents a wavelet transform [30-32]. Although (2.49) generally does not
admit a closed-form solution with non-quadratic regularizers, it can still be computed
efficiently using iterative algorithms such as ISTA [30-32]. Based on the definition of
our statistical model, ISTA can be expressed as in Algorithm 2.5 with the pointwise
shrinkages of the form

prox,, (w; ) = 7(w; ) £ (|w|— A),sgn(w), (3.2)

Because of its simplicity, ISTA has become the method of choice for finding sparse so-
lutions.

3.3 Cycle Spinning

The theory of wavelet-regularized reconstruction is often formulated with orthogonal
wavelet transforms. However, in order to make regularized wavelet-based methods
truly competitive, one needs to make the transform shift-invariant. The concept was
first introduced by Coifman and Donoho for wavelet-based denoising under the name
of cycle spinning [39].

Let the matrix W, denote an orthogonal wavelet transform with k-th shift applied to
all the basis functions® in W. We consider the K different shifts W;, ..., W that are

2 Alternatively, this effect can be achieved by shifting and unshifting the signal.
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Algorithm 3.1: ISTA with Cycle Spinning
input: data y, initial guess X°,
step sizes {y, },cy, NOise variance o2,
family of K shifted wavelet transforms {Wy}x—1 k.,
system matrix H, and operator prox, .

set: t«1

repeat
k; —1+(t—1 modK) (choice of basis)
2t —x -y HT (B —y) (gradient step)
X' — Wy prox, (W z';7,0%) (shrinkage step)
t—t+1

until stopping criterion

return X'

required to get a shift-invariant version of W. The original idea developed in [39] was
to perform a one-time shrinkage of form

K

<1 T . =~ _ .2

X= T kZ:;Wk W, with Wy =prox, (W,y;o°), 3.3)
Practically, the method performs K basic wavelet-denoising operations in parallel and
averages the results. A remarkable property of cycle spinning is that it is guaranteed to
improve upon the non-redundant wavelet denoising [15].

An alternative technique called recursive cycle spinning was introduced by Fletcher et
al. [44,45]. They proposed to improve the simple averaging solution in (3.3) with a

scheme that iteratively updates the initial guess X’ =y as

%t = w]{[ Tres(W X5 1),  (tE€N) (3.4)

where k, =1+ (t —1 mod K) is an iteration-dependent shift, 7, is some admissible
thresholding function, and the parameter A > 0 controls the amount of shrinkage. The
authors have proved the convergence of this iterative denoising algorithm for thresh-
olding functions Z,., that perform projections>.

8 Note that the soft-thresholding operation (3.2) is not a projection and thus is not usable within this

scheme.
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The idea of cycle spinning was generalized to more-general linear inverse problems by
Figueiredo and Nowak [30]. They incorporated both parallel and recursive variations
of cycle spinning into an iterative reconstruction scheme, and reported significant im-
provements in reconstruction quality. Currently, cycle spinning is used in the majority
of wavelet-based reconstruction algorithms to obtain higher-quality solutions with less-
blocky artifacts [11,12,46,47]. However, it is rarely accounted for in the accompanying
theory.

A simple way to implement cycle spinning for solving general linear inverse problems,
without increasing the memory usage, is to consider Algorithm 3.1. Even though Algo-
rithm 3.1 has nearly the same computational cost as Algorithm 2.5, it yields results of
significantly higher quality (see Figure 3.2). The algorithm is different from the original
formulation of cycle spinning in [39], where the thresholded wavelet-coefficients corre-
sponding to different shifts are simply averaged. It rather corresponds to the recursive
cycle spinning approaches used in [11,12,30,44,46,47].

3.4 Analysis of Cycle Spinning

The apparent limitation of the cycle-spinning method in Algorithm 3.1 lies in its greedy
nature. At each iteration, the algorithm simply makes a locally optimal step towards
the minimization of

1
G, @) =cly- Hx|[5 + 0% ¢, (W, %), (3.5)

instead of using the information available from all possible shifts. We are not aware
of any prior analysis of the convergence properties of such a scheme. In Theorem 3.1
below, we establish the first convergence result for cycle spinning applied for solving
linear inverse problems.

Theorem 3.1. Define

. 1x
Culx) £ = > 60, (3.6)
k=1

where
1
600 =S lly— Hx|12 + 0% ¢, (WX). (3.7)
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Assume also a nonempty, convex, bounded, and closed subset Z C RN. Set y, = 1/(L+/t),
where L is any constant such that L > A,,.(H H). Let X° be an arbitrary vector in &,
and {X'},cy be the sequence generated by Algorithm 3.1 with an additional projection step
onto &. Then,

tlirgo Cs(X')=6. where €:= {(rég} B (x). (3.8)

Proof: See Section 3.8.

When K = 1, cycle spinning reduces to the standard ISTA, which is known to con-
verge [21]. What our theorem proves is that, by iteratively cycling through K orthog-
onal wavelets, we are minimizing a cost function that regularizes the solution over all
the shifts simultaneously, with the advantage that the underlying regularizer is truly
shift-invariant. Note that the set & is a set of possible values for the signals x. It can
be selected as an arbitrary subset of RN that is large enough to contain the signals of
interest, and that is nonempty, convex, bounded, and closed.

3.5 Consistent Cycle Spinning

We now focus on a simpler problem of signal denoising with the objective of further
boosting the performance of wavelet-domain MAP estimation. In particular, we in-
troduce the concept of consistent cycle spinning (CCS), which can be used to cast the
estimation with redundant transforms into the synthesis form that still preserves the
Parseval’s identity. Then, it becomes possible to denoise the signal with the MMSE es-
timator in (2.40). In order to validate MMSE performance of CCS experimentally, we
present in Section 3.6.2 numerical evaluations on statistical signals with sparse deriva-
tives.

We start by defining the transform matrix

w,
T= | : (3.9
Wk
and its pseudo inverse
coa 1
U E[w{...wg] (3.10)
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that satisfy the following two properties of Parseval frames

1 .
argmin{EHZ—TxH%} =T'z, (forallzeRY) (3.11)

X€ERN

and T'T =1 [15]. Then, the original (noniterative) cycle spinning algorithm (3.3) can
be written as
X=T'W with W= prox, (Ty; o?). (3.12)

In the context of signal reconstruction, (3.12) is often referred to as synthesis formula-
tion, while the iterative version analysed in Theorem 3.1 is called the analysis formula-
tion [48]. Synthesis and analysis formulations are equivalent when T is orthogonal (i.e.
K = 1), but yield different solutions when T is overcomplete. The underlying reason
for this dissagreement is in the Parseval’s identity, which is lost for redundant transform
matrices. The major advantage of the synthesis formulation is that in the orthogonal
case the computation of the MMSE solution becomes simple (See Section 2.5.1). CCS
refers to a technique that performs synthesis—type redundant wavelet-domain recon-
struction by enforcing the norm equivalence as follows

— (1 )
W = argmin {E lw—ull2+ K02¢w(w)} s.t. TT'w=w, (3.13)

WERKN

where u = Ty. In the context of general overcomplete transforms, such formulation
was studied by Elad et al. [49]. The factor K that appears in front of o2 is due to the
relation

K|Ix|l3 = |ITx|[3, (3.14)

which is true for any x € RY. Thus, CCS combines better approximation capabilities of
redundant representations with wavelet-domain solutions that behave as if the trans-
form were truly orthogonal. Note that under the consistency constraint in (3.13), the
estimation reduces to a simple pointwise shrinkage of wavelet-coefficients. This obser-
vation hints at the use of shrinkage functions other than MAP. For example, one can
use the shrinkage that computes MMSE solution to the denoising problem. In view of
results by Gribonval in [40], usage of MMSE shrinkages corresponds to implicit penal-
ization with the corresponding MMSE potential function ¢ "*".

A practical optimization scheme for the constrained minimization problem (3.13) with
possibly non-convex potential functions can be obtained by using an augmented-Lagrangian
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Algorithm 3.2: Consistent Cycle Spinning (CCS) for Signal Denoising

input: data u= Ty, initial guess X°,
quadratic penalty T > 0, noise variance o2,
transform matrix T,
and scalar shrinkage 7.
set: t«—landu’«<0
repeat
W =7 ((u+ 7T +p)/(1+1);K0?/(1+ 1))
gt =1 (wt —‘U,t_l/T)
‘ut — ut—l _ T(Wt _Ts(\t)
t—t+1
until stopping criterion
return X'

approach [22]. The idea is to introduce the augmented-Lagrangian cost function

£ (w,x)= %Hw— u||§ +Ko?¢,(w)+ %||W—Tx||§ —ul(w—Tx), (3.15)
where T > 0 is the penalty parameter and u € RXV is the vector of Lagrange multipli-
ers. The condition w = Tx asserted by the penalty function constrains w to the column
space of T, which is equivalent to the consistency condition w = TT'w. Although the
quadratic penalty term in ¥ does not influence the final solution, it typically improves
the convergence behaviour of the iterative optimization [50]. To solve the minimiza-
tion, we alternate between solving the problem for w for x fixed and vice versa, which
corresponds to the alternating direction method of multipliers (ADMM) algorithm [22].
Implementation of CCS is summarized in Algorithm 3.2.

3.6 Numerical Evaluation

We now present some numerical results illustrating the concepts discussed in this sec-
tion. We divide experiments into two main parts. In the first, we illustrate the results
of Theorem 3.1 by considering general linear inverse problems. In the second part,
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*
TV

CTV‘(ﬁt) -

Figure 3.1: Estimation of a sparse signal from noisy measurements. We plot
the gap (‘gw(it) — %T*v) against the iteration number t. The plot illustrates the
convergence of cycle spinning to the minimizer of the cost function €.

we highlight the MMSE denoising capability of CCS by considering a statistical signal
model based on Lévy processes. Advantage of using the Lévy signal model is that we
can then compare the results to the MMSE estimator computed by the message-passing
algorithm developed in Chapter 4.

3.6.1 Convergence of Cycle Spinning

We illustrate Theorem 3.1 with two simple examples. In the first example, we consider
the estimation of a piecewise constant signal of length N = 128 corrupted by AWGN
corresponding to an input signal-to-noise ratio (SNR) of 30 dB. An interesting property
of such signals is that they can be sparsified with the finite-difference operator, which
justifies the use of TV regularization [51]. Since the TV regularizer corresponds to an
{,-penalty applied to the finite differences of the signal, our theorem indicates that it
can also be minimized with cycle spinning when W corresponds to the Haar-wavelet
basis with one level of decomposition and a zero weight in the lowpass. In Figure 3.1,
we plot the per-iteration gap (%”Tv(if) - ‘6;\‘/), where X' is computed with cycle spinning
and %6, is the TV-regularized least-squares cost. We set A = 0.05 and, following our
analysis, we set the step-size to y, = 1/(4+/t). As expected, we observe that, as t — 00,
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Figure 3.2: Reconstruction of Cameraman from blurry and noisy measure-
ments. (a) original, (b) blurry, (c) standard wavelet-based ISTA (SNR = 19.10
dB), (d) reconstruction with TV (SNR = 21.58 dB), (e) wavelet-based recon-
struction with cycle spinning (SNR = 21.58 dB).

we have that (%W(if) - ‘6;;) — 0. Moreover, we note that, for large t, the slope of
(%W(Sc\f) - <6T’:,) in log-log domain tends to —1/2, which indicates the asymptotic rate
of convergence 0(1/4/t).

In the second example, we consider an image-deblurring problem where the Camera-
man image of size 256 x 256 is blurred with a 7 x 7 Gaussian kernel of standard devi-
ation 2 with the addition of AWGN of variance o> = 10™°. In Figure 3.2, we present
the result of the reconstruction with three different methods: standard Haar-domain
{,-regularization, anisotropic TV [52], and cycle spinning with 1D Haar-basis functions
applied horizontally and vertically to imitate TV. The regularization parameters for the
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ol| —©— CCS-MAP/MMSE i
—— frame-MAP/MMSE b
ortho-MAP/MMSE

A SNR [dB]

Figure 3.3: SNR improvement as a function of the level of noise for Brownian
motion. The wavelet-denoising methods by reverse order of performance are:
standard soft-thresholding (ortho-ST), optimal shrinkage in a wavelet basis
(ortho-MAP/MMSE), shrinkage in a redundant system (frame-MAP/MMSE),
and optimal shrinkage with consistent cycle spinning (CCS-MAP/MMSE).

standard wavelet approach and TV were optimized for the least-error performance.
The regularization parameter of cycle spinning was set by rescaling the regularization
parameter of TV according to Acs = v/2K Ay, with K = 4*. Therefore, we expect cycle
spinning to again match the TV solution. It is clear from Figure 3.2 that cycle spin-
ning outperforms the standard wavelet regularization (improvement of at least 2 dB).
As expected, the solution obtained by cycle spinning exactly matches that of TV both
visually and in terms of SNR.

3.6.2 Statistical Estimation with CCS

We experimentally evaluate CCS by considering two versions of the algorithm: CCS-
MAP and CCS-MMSE that use MAP and MMSE shrinkage functions, respectively. We
test the estimation performance of the algorithms on Lévy processes that will be dis-
cussed with much greater detail in Chapter 4. One can view Lévy processes as continuous-

4 The goal is for cycle spinning to be minimizing exactly the same cost function as TV. Thus, the factor K
is due to the number of shifts, while the factor +/2 is due to the normalization of the Haar wavelets.
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Figure 3.4: SNR improvement as a function of the level of noise for a Lévy pro-
cess with Laplace-distributed increments. The wavelet-denoising methods by
reverse order of performance are: ortho-MAP (equivalent to soft-thresholding
with fixed A), ortho-MMSE, frame-MMSE, frame-MAP CCS-MAB and CCS-
MMSE. The results of CCS-MMSE are compatible with the ones of the reference
MMSE estimator in Chapter 4.

time analogs of random walks. Their defining property is that they have indepen-
dent and stationary increments [53, 54], which implies that the applications of finite-
difference operator on samples of a Lévy process decouples it into a sequence of inde-
pendent random variables. In the experiments, we consider the denoising of four types
of Lévy processes of lengths N = 2048 in the Haar-wavelet domain. All the results were
obtained by averaging 10 random realizations of the problem for various noise levels.
The metric used for comparisons is the SNR improvement
2
ASNR = 10log;, (u) (3.16)
lIx—xII3
The four statistical distributions for our signals are (see Figure 4.2 for an illustration of
their realizations)

* Gaussian: This is the best-known example of a Lévy process. We set the distribu-
tion of increments to A4(0,1).

* Laplace: We set the scale parameter to one.
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Figure 3.5: SNR improvement as a function of the level of noise for a com-
pound Poisson process (piecewise-constant signal). The wavelet-denoising
methods by reverse order of performance are: ortho-ST, ortho-MMSE, frame-
MMSE, and CCS-MMSE. The results of CCS-MMSE are compatible with the
ones of the reference MMSE estimator obtained using message passing in
Chapter 4.

* Compound-Poisson: We consider the sparse scenarios and set the mass probability
at 0 to 0.6. The size of the jumps follow the standard Gaussian distribution.

* Cauchy: We set the distribution of the increments to be Cauchy (a = 1) with scale
parameter p = 1.

The wavelet denoising methods compared are the standard orthogonal wavelet soft-
thresholding (ortho-ST), statistically optimal shrinkages in the orthogonal wavelet do-
main (ortho-MAP/MMSE), traditional cycle spinning (3.12) with statistically optimal
shrinkages (frame-MAP/MMSE), and statistically optimal shrinkages with CCS (CCS-
MAP/MMSE). Note that for the Gaussian signals in Figure 3.3 MAP and MMSE estima-
tors coincide resulting in the same shrinkage operation that is linear.

In Figure 3.4 we compare 6 statistical estimators for denoising Lévy processes with
Laplace increments: ortho-MARB ortho-MMSE, frame-MAB frame-MMSE, CCS-MAB and
CCS-MMSE. We remark that for Haar basis and the Laplace prior, CCS-MAP reduces to
the popular TV-denoising algorithm [41]. Figure 3.4 exposes several possible ways
for improving the quality of the reconstructed signal. First, as expected, when the
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Figure 3.6: SNR improvement as a function of the level of noise for a Lévy
flight with Cauchy-distributed increments. The wavelet-denoising methods
by reverse order of performance are: ortho-MAB ortho-MMSE, frame-MMSE,
frame-MAB CCS-MAB and CCS-MMSE. The results of CCS-MMSE are compat-
ible with the ones of the reference MMSE estimator obtained using message
passing in Chapter 4.

transform is orthogonal MMSE outperforms MAP. We also see the boost in performance
due to cycle spinning with both frame-MAP and frame-MMSE giving better results that
ortho-MAP and ortho-MMSE. Due to redundancy, wavelet-domain MMSE estimator
loses its optimality in space domain, which is corroborated by the relative performance
of frame-MAP against frame-MMSE. The correct MMSE/MAP order, however, is re-
established for CCS, where the strict norm equivalence between domains is enforced.

In Figure 3.5, we denoise piecewise-constant compound Poisson signals. In this case,
we omit MAP estimators which correspond to trivial solutions due to the mass at 0. As
before, we observe that model based ortho-MMSE improves over the standard wavelet
soft-thresholding. Another significant boost is obtained by passing from orthogonal
wavelets to cycle spinning. Finally, the best performance is obtained by enforce the
norm equivalence via CCS.

In Figure 3.5, we consider the highly compressible Lévy signal with Cauchy incre-
ments [55]. We again see that CCS-MMSE yields the best SNR performance, while
ortho-MAP yields the worse one.
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Finally, it is important to note that the results of CCS-MMSE presented here are fully
compatible with the message-passing MMSE estimator developed in Chapter 4. This
implies that CCS-MMSE does indeed perform MMSE estimation for Lévy processes in
AWGN.

3.7 Summary

We have considered cycle spinning as a simple tool for boosting the performance of
wavelet-domain statistical estimators. We have established the convergence result of
the iterative cycle-spinning technique for solving linear inverse problems. We have
proved that the algorithm converges to the minimizer of a regularized least-squares
cost function where the regularizer penalizes translation-invariant wavelet coefficients
in the analysis form [48].

We have then introduced the CCS technique that performs estimation in the synthesis
form. We empirically illustrated its application for performing MAP and MMSE denois-
ing with redundant wavelets. Although, the current formulation of CCS is restricted
to the problem of signal denoising, the obtained results are encouraging and show the
potential of MMSE type estimators. We will see in Chapter 5 an alternative way of
obtaining similar estimators for other types of linear inverse problems.

One can imagine numerous possible extensions of our results. The analysis of cycle
spinning presented in this chapter was deterministic; an interesting avenue for future
research would be to see if it also holds in the stochastic setting, where k, would be
generated randomly at each iteration. Our analysis indicates that the rate of conver-
gence of cycle spinning is no worse than @(1/+/t). A possible direction of research is to
search for a faster convergence rate by using various standard acceleration techniques
for ISTA algorithms [21]. On the other hand, the empirical MMSE performance of CCS
requires an in-depth investigation, which is also a topic of future research.
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3.8 Appendix

3.8.1 Useful Facts from Convex Analysis

Before embarking on the actual proof of Theorem 3.1, it is convenient to summarize a
few facts that will be used next.

A subgradient of a convex function f at x is any vector g that satisfies the inequality
f({y) = f(x)+ (g,y—x), for all y. When f is differentiable, the only possible choice for
g is Vf(x). The set of subgradients of f at x is the subdifferential of f at x, denoted
d f (x). The condition that g be a subgradient of f at x can then be written g € 2 f (x).

The proximal operator is defined as
x = prox,(z;7) (3.17)

. 1
= argm1n{—||x—z||§ + yqb(x)} s
XEX 2

where  CRY, y > 0 and ¢ is a convex continuous function. The proximal operator
is characterized by the following inclusion, for all x,z € &':

X =prox,(z;y) & z—x€yd ¢(x). (3.18)

We say that an operator T : & — & is nonexpanding if, for all x,z € &, it satisfies
ITx—Tz||, < ||x— z||,. Note that the proximal operator is nonexpansive.

Next, we present the Browder-Gohde-Kirk’s fixed-point theorem. It is a standard theo-
rem in convex analysis (see [56, Theorem 4.19])

Theorem 3.2. Let 2 be a nonempty bounded closed convex subset of RN and let T : & —
Z be a nonexpansive operator. Then, the operator T has a nonempty set of fixed points,
ie., FixT # ().

The Krasnoselskii-Mann theorem will also be of use (see [56, Theorem 5.14]).

Theorem 3.3. Let & be a nonempty closed convex subset of RN, let T :  — % be a
nonexpansive operator such that FixT # @, let (0,),ey be a sequence in (0, 1) such that
Den0:(1—6,) = 00, and let x° € Z. Set X' = X"+ 6,(TX""! —X"""). Then, the
sequence {X'},cy converges to a point in FixT.
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3.8.2 General Model

For the purpose of our analysis, we consider the cost function

K K
GO0 = £ DG =90+ < > Bl (3.19)
k=1 k=1

It is more general that the cost function of Theorem 3.1, which it includes as a special
case. We shall also make the following assumptions:

¢ The feasible set Z C RY is nonempty, convex, bounded, and closed. There exists
D > 0 such that for all x,z € &, ||x —z||, < D.

* 92 :RY - R is convex and differentiable, with a Lipschitz-continuous gradient.
There exists L > 0 such that, for all X,z € Z, ||[V2(x) — V2(2z)||, < L||x—z||,.

* For each k, ¢, is a continuous, convex function that is possibly nondifferentiable.

* The gradient of 2 and the subgradients of ¢, are bounded. There exists G > 0 such
that, for all k and all x e &, ||V2(x)||, < G and |9, ¢ (X)|l, < G.

Note that for ¢;(x) = [[W,xll;, we have 9, [Wix|l; = {W;g | lIglloo < 1,{Wig,x)=
[|[W,x||;}, which indeed implies that the subgradients are bounded [57]. Then, the
Algorithm 3.1 is a special case of the proximal-gradient algorithm summarized in Al-
gorithm 3.3.

3.8.3 Main Technical Lemmas

The proof of Theorem 3.1 relies on two lemmas that we shall prove now.
Lemma 3.1. Forall t =1,2, ..., and for any X* € &, we have that
%, (X)) — 6, (x) (3.20)

1 St— * o~ *
< — (X =2 — X" —x"[13) + 67, G™.
2y,
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Algorithm 3.3: Minimizes: %.(x) = 2(x) + (1/K) Yr_, ¢x(x)

input: datay, initial guess X°,

steps {y;}+ey in (0,1/L] where L is the Lipschitz constant of V2,

and an efficient implementation of V2 and prox, .

set: t«1

repeat
k; <~ 1+(t—1 modK) (choice of regularizer)
2t X -y, VoY) (gradient step)
X' « prox, (z';7,) (shrinkage step)
t—t+1

until stopping criterion

return X'

Proof. The optimality condition of (3.18) implies that there must exist a vector g° €

9 . ¢ (X) such that
=%y, (V2R ™) +g).
Then, we can write
X x5 = X" =y (V2E ) +8") =3
=7 =x; -2y (V2R + g, X7 —x)
+72IVaET) +g'll5.
By using the triangle inequality, we can bound the last term as
IV +g' 2 < 4G>.
To bound the second term we proceed in two steps. We first write that
(Vo3 — x*)(ﬁi)@(if—l) —-9(x*)
(g@(if) —(V2(x), % —x1) — 9(x*)
=9(x) - 2(x")— (V2R),—r, (V2E™) +8'))

© <>t * 2
29(X)—2(x")—2y,G%,

(3.21)

(3.22)

(3.23)

(3.24)
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where in (a) and (b) we used the convexity of 2, in (c) we used the Cauchy-Schwarz
inequality and the bound on the gradient. Then, in a similar fashion, we can also write
that

(g, %71 —x) = (gL, % —x) — (g% —%') (3.25)
(a) . .

> ¢ (X)— ¢ x)— (&', —r (V2R ) +g"))

(b) .

> ¢y (X)) — ¢y (x)—2y,G2,

where in (a) we used the convexity of ¢ k> in (b) we used the Cauchy-Schwarz inequal-
ity followed with a bound on the gradient.

By plugging (3.23), (3.24), and (3.25) into (3.22), by reorganizing the terms, and by
using the definition 6 (x) = 2(x) + ¢y (x), we obtain the claim. O

Lemma 3.2. With {X'},cy in & and X € &, let X' — x. Then,

n—oo

(&
lim {&Z%{r(x )} = 6.(X). (3.26)

Proof. We introduce the shorthand notation 5, = € (X') — 6, (%X). The convergence
of X' and the continuity of %) imply that, for a given € > 0, there exists an m such that,
for all t > mK, |6, = |6, (X*) — 6}, (X)| < €/2. Then,

nk

nK
1 1
— > 6. X)) -6 =|— 6, (X)) — 6, (X
'nK; L) =) = [ 2, (6.6~ 6, %)
<=D & |+—= 5,
nkK t=1 nkK t=mK+1
1 G 1 ZK:
S — 2160+ — 15 (3.27)
nK t=1 nkK t=mK+1

m m
S—( max |5t|)+(1——)( max |5t|).
n \te[l..mK] n te[mK+1...nK]
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Now, considering /i > (2m/e€) (maxte[li_'mK] |6 t|) and realizing that the second term is
bounded by €/2, we conclude that, for a given € > 0, there exists 7 such that, for all
n>,

1 nkK R
— D16, (&) — 6. ®)| <e. (3.28)
t=1

O

3.8.4 Proof of Theorem 3.1

Let x* denote a minimizer of %6,,. We introduce the shorthand notation A, = ||X* —x* ||§.
By following an approach similar to [58], we sum the bound in Lemma 3.1

nK nK
> (6, &) — 6, (x) = Z €, (X)) — nK .,(x")
t=1
1 nK
<D (A=) +66 S
t=1 Ve t=1
nK—1
1 1 ( 1 1) )
<—A —— A, +6G* ) v
S 21 o 2 le Yer1 Ve Z '
@p? p2"&
<—+= ( )+6G22yf
2r1 2 G \rm 7
+6G2 Yes (3.29)
2YnK Z ‘

where in (a) we used the boundedness of %. Then, by choosing y, = 1/(Lv/t), by
using the bound Zthl 1/4/t < 24/T, and by dividing the two sides of inequality by nk,
we obtain

1 ”ZK: C
— 2,6, X) -6 (x) < —, (3.30)
nk < Jn
where the constant C is given by
LD? 12c;2
C= (3.31)

zf LVK'
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To complete the proof, we argue that the sequence {X'},cy converges to a fixed point
in &. On one hand, note that, due to the nonexpansiveness of proxg, (+;v.) and the
Lipschitz property of 2, the operator Ty : & — X,

Tyx = prox,, (x—yV2(x);7) (3.32)

is nonexpanding for any v € (0,1/L]. Therefore, the composition T = Ty ---T; is
also nonexpanding. Then, from Theorem 3.2, we know that there exists at least one
fixed-point of T in &. On the other hand, for our choice y, = 1/(L+/t), Theorem 3.3
implies that the subsequence generated via X¢* = TxX("=1) converges to the fixed-point
x € FixT. Since, y, — 0, we have that (X' ™' — T, ') - 0 and conclude that X' — .
Finally, this allows us to show that

@ i}
0< %cs(x) - (gcs(x )
® jim {2 HZK:% &)= 2o (3.33)
= lim { — X)) —6:<0, .
nK — kt CS

where (a) comes from the optimality of x*, (b) from Lemma 3.2, and (c) from the upper
bound (3.30).



Chapter 4

Optimal Estimators for
Denoising Lévy Processes

4.1 Overview

In this chapter, we investigate a stochastic signal-processing framework for signals with
sparse derivatives. The signal model is based on Lévy processes that include the well-
known Brownian motion and piecewise-constant Poisson process; moreover, the Lévy
family also contains other interesting members exhibiting heavy-tail statistics that fulfill
the requirements of compressibility. We use our simple generative model to develop and
test various standard reconstruction algorithms. For example, we will see that the MAP
estimator for the Lévy process with Laplace increments coincides with total-variation
(TV) regularization.

In order to concentrate on the important issue of the dependancy between various re-
construction algorithms and our prior probability model, we restrict ourselves to the
problem of signal denoising. There are two main advantages of working in this sim-
plified regime: (i) the estimated solutions do not depend on the type of measurement
model H; (ii) it becomes possible to develop a tractable computational method for
evaluating the MMSE estimator. In fact, one of our major contributions here is a novel

57
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implementation of the MMSE estimator based on the belief propagation algorithm per-
formed in the Fourier domain. Our algorithm takes advantage of the fact that the joint
statistics of general Lévy processes are much easier to describe by their characteristic
function, as the probability densities do not always admit closed form expressions. We
then use our new estimator as a benchmark to compare the performance of existing
algorithms for optimal recovery of signals with sparse gradients®.

4.2 Introduction

We restrict our attention to the problem of estimating a signal x from a noisy vector
y = x + e where the components of e are independent and distributed with a known
probability distribution. It is clear that if we suppose that the components of the vector
x are also independent, then the estimation problem becomes separable and reduces
to N scalar estimation problems. In practice, however, due to correlations between
the components of x, simple pointwise techniques are suboptimal and more refined
methods often perform significantly better. Here, we consider the problem of estimating
signals that have sparse derivatives. We take a continuous-domain perspective and
propose Lévy processes [15,53,54,59] as a natural approach to model such signals.

The fundamental defining property of a Lévy process is that it has independent and
stationary increments. Therefore, the application of a finite-difference operator on
samples of a Lévy process decouples it into a sequence of independent random vari-
ables. Interestingly, the class of Lévy processes is in one-to-one correspondence with
the class of infinitely divisible distributions. Such distributions typically exhibit a heavy-
tail behavior that has recently been proven to fulfill the requirements of compressibil-
ity [55, 60]. Therefore, Lévy processes can be considered as the archetype of sparse
stochastic signals [15].

Many recent algorithms for the recovery of sparse signals can be interpreted as MAP
estimators relying on some specific priors. From this Bayesian perspective, state-of-the-
art methods based on gradient regularizers, such as TV [35] minimization, implicitly
assume the signals to be sampled instances of Lévy processes [61]. Our aim is to in-
vestigate MMSE estimator for Lévy processes. The estimator provides a lower-bound
on the mean-squared error (MSE) for the problem of recovery of signals with sparse

1 This chapter is based on our paper [51]
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derivatives. Unfortunately, due to high-dimensional integration, MMSE estimators are
computationally intractable for general signals. By considering the Lévy signal model,
we propose a novel method for computing the MMSE estimator based on the belief-
propagation (BP) algorithm on cycle-free factor graphs [62-64].

The main contributions in this chapter are as follows:

* Bayesian formulation of the signal-recovery problem under the Lévy hypothesis for
a general “signal+noise” measurement model. With this formulation, we are able
to derive an equivalence between MAP estimators for Lévy processes and some
existing algorithms for the recovery of sparse signals.

* Characterization of the MSE optimal solution and the determination of performance
bounds. We show that the MMSE estimator can be computed directly with the BP
algorithm. The algorithm also obtains the marginals of the posterior distribution,
which allows us to estimate the MSE of the reconstruction and to provide confidence
intervals.

* Development of a novel frequency-domain message-passing algorithm specifically
tailored to the MMSE estimation of Lévy processes. Some of the sparsest priors
considered here do not have closed-form probability density functions. Indeed,
they are represented in terms of their characteristic function obtained by the Lévy-
Khintchine theorem [53,54]. The frequency-domain algorithm allows us to use the
characteristic function directly without any numerical inversion.

* Experimental evaluation and comparison with standard solutions such as LMMSE,
{,-minimization, and {,-relaxation [65]. In particular, the availability of MMSE
allows us to benchmark these estimators on signals with desired properties such as

sparsity.

4.3 Signal and Measurement Model

In this section, we describe the signal model summarized in Figure 4.1. We first give
a powerful, yet simple continuous-domain stochastic formulation of the signal. The
one-to-one mapping between our model and the extended family of infinitely divisible
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(t) z e RY y € RM
— _X_ > Pyl (Y]2) ——
Sparse Lévy Unknown Available

Process Sampling Samples Componentwise Measurements

Measurement Channel

Figure 4.1: Signal model considered in this work. The continuous-domain
Lévy process x(t) is sampled, and the resulting vector z € RM is passed through
a separable measurement channel p,, to yield y € RM. We investigate the es-
timation of interpolated vectors x € RN, N > M, from the noisy measurements

y.

distributions is discussed. We finally describe the measurement model and provide
examples of typical measurement channels.

4.3.1 Lévy Processes

Stochastic processes are often used to model random signals, the Brownian motion
and the Poisson process being the two most common examples. Lévy processes—often
seen as analogues of random walks in continuous time—extend those two processes to
a larger family of distributions. They represent a fundamental and well-studied class
of stochastic processes [53,54]. Let {x(t) : t = 0} be a continuous-time stochastic
process. It is called a Lévy process if

1. x(0) =0 almost surely;

2. foreachNeNand0<t; <ty <<ty < oo the random variables {x(t,,;)—
x(t,):1<n<N—1} are independent;

3. foreach 0 < t; < ty < 00, the random variable (x(t,)— x(t;)) is equal in distri-
bution to x(t, —t;);

4. foralle>0andforallt; >0

tlin} Prob (|x(t,) —x(t;)| > €)=0.
270
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Together, Properties 2 and 3 are commonly referred to as the stationary-independent-
increments property, while Property 4 is called the stochastic continuity.

One of the most powerful results concerning Lévy processes is that they are in one-to-
one correspondence with the class of infinitely divisible probability distributions. The
random variable x is said to be infinitely divisible if, for any positive n € N, there exist
i.i.d. random variables y(V, ..., y(™ such that

d

In other words, it must be possible to express the pdf p, as the n-th convolution power
of p,. In fact, it is easy to show that the pdf of the increment u, = x(t +5) — x(s) of
length t of any Lévy process is infinitely divisible

(€))
t/n

(k) (kt) ((k—l)t)
u[/n=x — | — X 8
n n
(k)

The increments u, /n are of length t/n and are i.i.d. by the stationary-independent-
increments property. Conversely, it has also been proved that there is a Lévy process
for each infinitely divisible probability distribution [53].

(n)

d d
ut:x(t):u t/n’

+otu

where each

The fundamental Lévy-Khintchine formula provides the characteristic function of all
infinitely divisible distributions: p,, is an infinitely divisible probability distribution if
and only if its characteristic function can be written as

pu(w)=E [é"’“] = exp (jaw — %bw2 + f (eiwz -1 —jzw]l|z‘<1(z)) v(z) dz),
R\{0}

where a €R, b > 0, and where I}, is an indicator function. The function v > 0 is the
Lévy density satisfying

min(l,zz)v(z) dz < oo.
R\{0}

The representation of p, by a triplet (a, b, v(:)) is unique. Here, we limit our attention
to even-symmetric pdfs p,(x) = p,(—x) which results in the simplified Lévy-Khintchine
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(a) Brownian moﬁon
T T T T T T

(b) Compounq Poisson process
T T T T T T

(c) Laplace increment process

(d) Lévy ﬂight‘process
Figure 4.2: Sample paths of Lévy processes discussed in this chapter.

formula

Pu(w) = exp(— %bwz—f (1 —cos(wz))v(z) dz). 4.1)
R\{0}

4.3.2 Examples

We now give examples of a few Lévy processes that are particularly interesting for us.
Sample paths of these processes are shown in Figure 4.2. Without loss of generality,
we assume an increment u = x(s) — x(s — 1) for some fixed s > 1.

1. Brownian Motion: By setting a = 0 and choosing the Lévy density v(z) = 0, we
obtain the familiar Brownian motion that has stationary independent increments



4.3 Signal and Measurement Model 63

characterized by
A 1 bw?
bylw)=e"277, (4.2)

with b > 0. This implies that the increments of the resulting Lévy process are
Gaussian random variables with mean O and variance b, which corresponds to
u ~ A(0,b). We illustrate in Figure 4.2(a) a single realization of a Brownian
motion.

2. Compound Poisson Process: Let {z; : k € Z,} be a sequence of i.i.d. random
variables with distribution p, and let n(t) ~ Poisson(A) be a Poisson process of
intensity A > 0 that does not depend on any g,. The compound Poisson process y

is then defined as
n(t)

) => %,
k=1
for each t > 0. This is a Lévy process obtained by setting the parameter triplet to
(0,0,v(z) = Ap,(2)), which results in the characterization of increments

Pulw) = Mo, (4.3)

where p, is the Fourier transform of p,. On finite intervals, the sample paths of
the process are piecewise-constant (Figure 4.2(b)), while the size of the jumps
is determined by p, [54]. Compound Poisson processes are piecewise-constant
signals for which TV-like estimation algorithms are well suited [66]. The parameter
A controls the sparsity of the signal; it represents the rate of discontinuities.

3. Laplace Increment Process: The Lévy process with Laplace-distributed increment
u is obtained by setting the parameter triplet to (0, 0,v(z) =e2l/ |z|), which re-

sults in
2

A2+ w2’
where A > 0 is the scale parameter of the Laplace distribution. To obtain the
characteristic function (4.4), we remark that

bu(w) = (4.4)

) e—llz\
log (pu()) = f (0 -1) < g
R\{0} =]
© e
= ZJ (cos(wz)—1) dz.
0 z
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Then, by differentiation with respect to w and integrating back using the condition
p,(0) =1, we obtain (4.4). The corresponding pdf is

p(u) = %e"””'. (4.5)

An interesting observation is that the Bayesian MAP interpretation of the TV regu-
larization method with a first-order finite-differences operator inherently assumes
the underlying signal to be a Lévy process with Laplace increments. We give in
Figure 4.2(c) an illustration of such a process.

4. Lévy-Flight Process: Stable random variables are such that a linear combination
of two independent ones results in a third stable random variable [53]. In the
symmetric case, they are often referred to as symmetric a-stable random variables
and written as u ~ SaS, where 0 < a < 2 is the stability parameter. It is possible to
generate a Lévy process with a-stable increments by setting (O, 0,v(z) =c,/ |z|1+°‘),
which results in

Pu(w)=erlel, (4.6)

with p > 0 and 0 < a < 2. Such distributions are heavy-tailed and are known
to result in highly compressible sequences [55]. A sample signal generated from
a Cauchy-increment Lévy flight, which corresponds to the a-stable process with
a =1, is illustrated in Figure 4.2(d).

4.3.3 Innovation Modeling

Recently, an alternative system-theoretic formulation of Lévy processes was proposed
in the context of the general theory of sparse stochastic processes [15]. The authors
specify the Lévy process {x(t) : t = 0} as the solution of the stochastic differential
equation

d
—x(t) = w(t), 4.7)
dt
where the differentiation is interpreted in the weak sense of distributions. The process
w is a non-Gaussian white noise referred to as a continuous-time innovation process.
According to the formalism developed in [15], the Lévy process is then generated by
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integrating the white noise according to

t
x(t)= f w(t’)dt’, (4.8)
0

which provides a convenient linear-system interpretation. The only delicate aspect of
this interpretation is that the white noise must be considered as a tempered distribution,
since it is too rough to admit a classical interpretation as a function of t. The result
confirms that, for all positive k € Z,, the quantities

U = x(k) —x(k—1) = Dyx(k)

k
:J. w(t)dt = (rect(-—k+%)’w(.)> (4.9)
k—1

are i.i.d. random variables that can be seen as discrete innovations [67]. The symbol
(-,-) denotes an inner product between two functions, Dj is the finite-difference opera-
tor, and rect is the rectangular function, which is 1 inside the interval [—1/2,1/2] and
zero outside. The fundamental observation is that the increment is obtained by apply-
ing the discrete version of the derivative to x, in an attempt to emulate (4.7) using
discrete means only.

4.3.4 Measurement Model

Consider the measurement model illustrated in Figure 4.1. The vector z € RM contains
the uniformly sampled values of x

z, =x(m4,), (m=1,...,M) (4.10)

where A, > 0 is the sampling interval. The components of y are generated by a sepa-
rable measurement channel given by the conditional probability distribution

M
py\z(Yl Z) = l_[py|z(ym |Zm) (4.11)

m=1

The measurement channel models distortions affecting the signal during the acquisition
process. This chapter addresses the computation of the estimator X of the vector x € RV
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on some uniform grid
x, =x(n4a,), (n=1,...,N) (4.12)

where A, > 0 is the interpolation interval. We wish to minimize the squared-error of
the reconstruction in the situations when A; = m,A, for some positive m; € N. This
implies that in general N > M. In other words, we seek more estimates than there are
samples. The special case N = M reduces the problem to signal denoising. From now
on, we assume A (M —1) = A,(N —1) and set A, = 1 to simplify the expressions.
In particular, this implies that for any m; = A /A, we have z,, = X, (n—1)+1 for all
me[l...m].

The generality of the measurement channel allows us to handle both signal-dependent
and -independent distortions. Some common noise models encountered in practice
are

1. Additive White Gaussian Noise: The measurements in the popular AWGN noise
model are given by y = z + e, where e € R is a signal-independent Gaussian
vector with i.i.d components e, = y, —z, ~ A(0,c2). The transitional probability
distribution then reduces to

py(y 12) =9(y —z;0%). (4.13)

2. Scalar Quantization: Another common source of signal distortion is the analog-
to-digital converter (ADC). When the conversion corresponds to a simple mapping
of the analog voltage input to some uncoded digital output, it can be modeled as
standard AWGN followed by a lossy mapping Q : R — %. The nonlinear function
Q is often called a K-level scalar quantizer [68]. It maps the K-partitions of the
real line {Q_l(ci) :i=1,...,K } C R into the set of discrete output levels ¢ =
{¢; :i=1,...,K}. This channel is signal-dependent. It is described in terms of the
transitional probability distribution

Pys(y 12) =f Y(z' —2;0%) de’, (4.14)
Q')

where Q71(y) = {z €R : Q(2) = y} denotes a single partition.
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4.4 Bayesian Formulation

We now specify explicitly the class of problems we wish to solve and identify corre-
sponding statistical estimators. Consider the vector u € R obtained by applying the
finite-difference matrix D to x, whose components are given in (4.12). Then, from the
stationary independent increments property of Lévy processes the components

u, = [Dx]n =Xp— Xp—1, (4.15)

of the vector u are realizations of i.i.d. random variables characterized by the simplified
Lévy-Khintchine formula (4.1). Note that, from the definition of the Lévy process we
have x, = 0. We construct the conditional probability distribution for the signal x given
the measurements y as

px\y (X | Y) < py|x (Y | X)px (X)

M - (4.16)
< l_[ py|z(ym | zm) l_[pu ([DX]H),
m=1 n=1

where we use o< to denote identity after normalization to unity. The distribution of the
whitened elements p,, is, in principle, obtained by taking the inverse Fourier transform
p,(u) = Z71{p,}(w); however, it does not necessarily admit a closed-form formula.
The posterior distribution (4.16) of the signal provides a complete statistical character-
ization of the problem. In particular, the MAP and MMSE estimators of x are specified

by
K, = argmax {pyy (x| y)} (4.17a)
XERN

Xyws: = E[x]y] (4.17b)

4.4.1 MAP Estimation

An estimation based on the minimization of some cost functional is a popular way of
obtaining the MAP estimator X,,,,. The availability of efficient numerical methods for
convex and nonconvex optimization partially explain the success of such methods [36,
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38,66,69]. The MAP estimator in (4.17a) can be reformulated as

Xy = argmax {pyy, (x|y)}
X€ERN

. (4.18a)
= argmin {2 (x) + ¢, (Dx)},
XERN
where

M

9 (x)=— > 108 (py (Yo | 20)); (4.18b)
m—lN
$u (DX) =— > log (p, ([Dx],) (4.18¢)
n=1

The term 9 is the data term and ¢, the regularization term.

In the AWGN, model the MAP estimation reduces to the popular regularized least-
squares minimization problem

N
R = argmin{% ly—zll? + 02> qsu([nx]n)}, (4.19)

x€RN =1

where z € R™ is given in (4.10).

The estimator in (4.19) clearly illustrates the connections between the standard varia-
tional methods and our stochastic model. In particular, in the framework of the Lévy
process, the Brownian motion yields the classical Tikhonov regularizer. The Lévy pro-
cess with Laplace increments provides the £,-based TV regularizer. Finally, the Lévy-
flight process results in a log-based regularizer that is linked to the limit case of the £,
relaxation as p tends to zero [65,70]. Such regularizers have been shown to be effec-
tive in several problems of the recovery of sparse signals [38,66]. In [41] the authors
have proposed an efficient method for solving the regularized-least-squares-based MAP
denoising of Lévy processes. We also point out that the MAP estimation of compound
Poisson processes yields a trivial solution due to a point mass at zero.
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m\z(l/l | z1) Py\z(l/z | z2) Py|z(Z/M | z01)

Pulr1) Pu ([Dx]z> Pu ([DX]:;) Pu ([th) Pu ([DX]N>

Figure 4.3: Factor-graph representation of the posterior distribution (4.16)
with m; = 2. In the graph, square factor nodes represent the probability den-
sities and circled variable nodes represent the unknowns. The functions ,ulz
and u;, represent beliefs at the variable node 2.

4.5 Message-Passing Estimation

4.5.1 Exact Formulation

In this section, we specify the MMSE estimator X, in (4.17b) for the signals under
the Lévy-process model. Unfortunately, due to the high-dimensionality of the integral,
this estimation is intractable in the direct form. We propose to use the sum-product
belief-propagation (BP) [62] method to efficiently approximate the marginalization of
the posterior (4.16), whose direct computation is intractable otherwise. The BP-based
message-passing methods have successfully been used in numerous inference problems
in statistical physics, computer vision, channel coding, and signal processing [24, 62—
64,71-75].

In order to apply the BB we construct the bipartite factor-graph G = (V, F, E), structured
according to the posterior distribution in (4.16). We illustrate in Figure 4.3 an example
of a factor-graph for m; = 2. The graph consists of two sets of nodes, the variable
nodes V = {1,...,N} (circles), the factor nodes F = {1,...,N + M} (squares), and a
set of edges E linking variables to the factors they participate in. To introduce the BP
algorithm, we define the functions ,ui and u;, which denote the messages exchanged
along the edges of the graph. These messages—often referred to as beliefs—are in fact
pdfs representing the desirable state of the variable node n. We also define for all
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ne(l...N)and j =1+ (n—1)/m, the function

p_y\z(.yj |X): when jJEN

n,(x) = { (4.20)

1, otherwise.

Whenever the component x, has a corresponding measurement, the function 7, is
equivalent to the probability distribution of the noise. Otherwise, 1, is equivalent to
the constant function.

Given the measurements y € RM and the functions 7, and p,, the steps of the BP
estimation are

1. Initialization: Set

i (x) = p,(x), (4.21a)
py(x) = 1. (4.21b)
2. Message Updates: Forn=1,...,N —1, compute
() o< J Pu(x —2)n,(2)ul(2) dz, (4.222)
R
Hy—n(x) O< J pu(z —x)n;(2)u (2) dz, (4.22b)
R

where j = N —n+ 1. As in (4.16), the symbol o< denotes identity after normal-

ization to unity. Since the pdf p,, is symmetric, the expressions can be rewritten in
: ! 1

terms of the convolutions u, ,; o< p, * U, and uy_, < p, *1n ju;.

3. Result: Forn=1,...,N, compute

(Xyse Jn = f XDy, 1y (x|y) dx, (4.23a)
R

where the marginal pdf is obtained by
Pty (x [y) o< pl ()] (x)n,, (). (4.23b)

The proposed update rules recursively marginalize the posterior distribution, reducing
intractable high-dimensional integration into 2N convolutions. It is well-known that
BP gives exact marginal probabilities for all the nodes in any singly connected graph.
Consequently, for our problem the solution of the algorithm coincides with X,,,,;.
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4.5.2 Fourier-Domain Alternative

The BP algorithm presented in Section 4.5.1 assumes availability of a closed-form ex-
pression for the pdf p,. Unfortunately this form is often unavailable, since the dis-
tribution is defined by its characteristic function p, obtained by the Lévy-Khintchine
formula (4.1). When the general shape of the pdf is unknown, a naive numerical eval-
uation of the inverse Fourier-transform of the characteristic function can lead to unex-
pected results. As an example, consider the compound Poisson process. The character-
istic function (4.3) describes the distribution of the increments, but does not generally
admit a closed-form expression of its inverse Fourier transform. Moreover, it results in
a pdf containing a probability mass (a Dirac delta function) at zero, which needs to be
taken into account explicitly for a correct numerical inversion.

Fortunately, the BP algorithm presented above can readily be performed in the fre-
quency domain. The message-update equations are obtained by the convolution prop-
erty of the Fourier transform, which amounts to switching the role of multiplications
and convolutions in (4.22) and (4.23b). The final estimation step is also simplified by
applying the moment property

dTl
dewn

flw)| (4.24)

w=0

f x"f(x)dx =j"
R
where f (w)= f i (x)e ¥ dx is the Fourier transform of f.

1. Initialization: Set

(@) = Py (), (4.252)
B ()= 5(w), (4.25b)

where 6 is the Dirac delta function.

2. Message updates: Forn=1,...,N —1, compute

L, (@) o< py(@) - (1, % A1) (@), (4.262)
fiy_p (@) o< py(@) - (7% 7)), (4.26b)

where j = N—n+1. The symbol o< denotes identity after normalization by the zero
frequency component. The functions 1), represent the Fourier transform of (4.20).
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3. Result: Forn=1,...,N, compute

~

od o,
Kunise Jn =1J d_pxnb’(w ly) > (4.27a)
@ w=0
where the characteristic function p, |, (w|y) of the marginalized posterior is ob-
tained by

P,y (@ y) o (@ * il %7, (w). (4.27b)

Note that (4.27a) and (4.27b) can be evaluated with a single integral. This is achieved
by reusing convolutions in (4.26) and evaluating the derivative only at zero.

4.5.3 Implementation

In principle, the BP equations presented above yield the exact MMSE estimator for our
problem. However, due to the existence of continuous-time integrals in the updates,
they cannot be implemented in the given form. To obtain a realizable solution, we
need to choose some practical discrete parameterization for the messages exchanged
in the algorithm. The simplest and the most generic approach is to sample the functions
and represent them on a uniform grid with finitely many samples. In our implementa-
tion, we fix the support set of the functions to [—KQ,EQ,KQ,EQ]Z. We retain only these
samples for which f(x) > e. Thus, the total number of samples for representing the
function depends on both the truncation parameter € > 0 and on the sampling step
Q> 0. It is given by Lo, = 2Kg . + 1. The proper parameter values depend on the
distribution to represent and on the measurements y. Then, both time- and frequency-
domain versions can be obtained by approximating continuous integrals by standard
quadrature rules. In our implementation, we use Riemann sums to approximate the
integrals.

4.6 Experimental Evaluation

We now present several experiments with the goal of comparing various signal-estimation
methods. The performance of the estimator is judged based on the MSE given by

N 1 -
MSE = 1010g10(ﬁ||x—x||§), (4.28)
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Figure 4.4: Denoising of Brownian motion.

where x,X € RY. We concentrate on the four Lévy processes discussed in Section 4.3.2
and set the parameters of these processes as

* Brownian Motion: The increments are generated from a standard Gaussian dis-
tribution with u,, = [Dx],, ~ A4(0, 1).

* Compound Poisson Process: We concentrate on sparse signals and set the mass
probability to P (u, =0) = e = 0.9. The size of the jumps follow the standard
Gaussian distribution.

* Laplace Increment Process: The increments are generated from the Laplace dis-
tribution of scale A = 1.

* Lévy Flight: We set the distribution of the increments to be Cauchy (a = 1) with
scale parameter p = 1.

4.6.1 AWGN Denoising

In the first set of experiments, we consider the denoising of Lévy processes in AWGN.
We compare the performance of several popular estimation methods over a range of
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Figure 4.5: Denoising of compund Poisson process.

noise levels o2. We perform 1000 random realization of the denoising problem for
each value of o2 and plot the average MSE in Figures 4.4—4.7. The signal length is
set to N = M = 200. The proposed message-passing estimator is compared with the
regularized least-squares estimators

N
%= argmin{é ly—xIZ+7 > ¢u([Dx]k)}, (4.29)
x€RN

n=1

where D is a finite-difference matrix and 7 > 0 is the regularization parameter opti-
mized for the best MSE performance.

The curve labeled LMMSE corresponds to the MSE optimal linear estimator, which can
be obtained by setting the potential function ¢, (x) = x2 [76]. The TV method cor-
responds to the potential function ¢, (x) = |x| and can be efficiently implemented
by the FISTA [36]. The Log estimator corresponds to the potential function ¢, (x) =
log (x2 + e), where the parameter € > 0 controls the sparsity of the signal. Log-based
regularizers have been shown to outperform traditional ¢, -based regularizers in various
applications [38,66]. In our experiments, we fix e = 1, which corresponds to the MAP
estimator for the Lévy-flight process with Cauchy increments. The Log-based denoising
was implemented efficiently by the algorithm described in [41].
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Figure 4.6: Denoising of a Lévy process with Laplace increments.

It is well known that the LMMSE estimator is optimal for Brownian motion. In Fig-
ure 4.4, it is precisely matched by the message-passing MMSE estimator. The worst
performance is observed for TV regularization, which yields piecewise-constant solu-
tions by removing small variations of the signal. The performance of the Log-based
method is significantly better; it preserves important details by allowing small varia-
tions of the signal.

In Figure 4.5, we observe excellent MSE performance of TV for compound Poisson
processes over many noise levels. This happens because the piecewise-constant solution
of TV estimator is well matched to such signals. In this experiment, we have also
measured the average running times for all the algorithms. For example, for o2 = 1
the average estimation times for LMMSE, TV, Log, and MMSE were 0.03, 0.05, 0.01,
and 0.29 seconds, respectively. The theoretical relevance of the compound Poisson
process is extensively discussed in [61].

In Figure 4.6, we observe a surprisingly poor performance of TV, which corresponds to
the MAP estimator for Lévy processes with Laplace increments. This highlights the fact
that, in some situations, a MAP estimator can result in suboptimal MSE performance.

We observe that LMMSE performs poorly for the Lévy-flight process in Figure 4.7. It
fails to preserve signal edges, which results in a suboptimal MSE performance for all
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Figure 4.7: Denoising of Lévy-flight process.

noise levels. Both TV and Log methods, which are known to be edge-preserving, yield
results close to the MMSE estimator (within 0.2 dB for Log). For such signals, the
Log-based regularizers implement the MAP estimator.

The message-passing algorithm considered in this chapter computes the marginals of
the posterior distribution. The algorithm yields the MMSE estimator by finding the
mean of the marginalized distribution. But the posterior distribution actually provides
much more information. For example, the algorithm can predict the MSE of the recon-
struction by computing the variance of the posterior

Var[xn |Y:| =E [xrzl |Y] - ([&\MMSE]H)27

where [X,s:],, is given in (4.27). The second moment can be evaluated by using the
moment property (4.24). The capability to predict the MSE of the reconstruction is use-
ful to complement the solution of the estimator with a confidence interval. In Table 4.1,
the MSE predicted by the algorithm is presented for Gaussian and Cauchy increment
processes. For comparison, we also provide the oracle MSE obtained by comparing the
true signal x with X. The average predicted MSE is obtained from 1000 random realiza-
tions of each process. Table 4.1 also provides the standard deviation of the predicted
MSE values around the mean. This illustrates the accuracy of the predicted MSE values
across noise levels.
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Table 4.1: MMSE Prediction.

Prior Noise (0?) Oracle MSE (dB) Predicted MSE (dB)
Gaussian 0.1 —10.74 —10.73+54x 10
1 —3.54 —3.49+£59x107°
10 1.85 1.95+6.5x 107
Cauchy 0.1 —10.37 —10.34+0.03
1 —1.54 —1.53+0.11
10 6.15 6.22+0.21

4.6.2 Signal Interpolation

In Figure 4.8, we illustrate the interpolation of four types of Lévy processes from noisy
measurements. We assume AWGN of variance o? = 1 and set the interpolation rate
to my, = A,/A, = 10. Given 10 noisy measurements, this results in 91 estimated
values. An interesting observation is that the MSE optimal interpolator seems to yield
piecewise-linear results, independently of the process considered. In fact, it is known
that, for Brownian motion, piecewise-linear interpolation is optimal [ 77]. Note that this
does not imply that the estimator is itself linear, in the sense of being homogeneous and
additive—in general, it is not.

In Table 4.2, we compare the MSE performance of message-passing estimators with
linear estimators for the interpolation problem with m; = 2. Each value in the table
is obtained by averaging over 1000 problem instances. For the interpolation problem,
the average estimation MSE for the Lévy-flight process is not defined and can only be
characterized conditioned on a given y. Therefore, this process was omitted from the
table

4.6.3 Estimation from Quantized Samples
We next consider the highly nonlinear problem of estimating Lévy processes from quan-

tized measurements (4.14). To do so, we generate a compound Poisson process of
length N = 200. An AWGN of variance 0.1 is added to the signal prior to quantization.



78 Optimal Estimators for Denoising Lévy Processes

Table 4.2: Interpolation of Lévy processes: MSE for different noise levels.

Prior Noise (c?) LMMSE (dB) MMSE (dB)
Gaussian 0.1 —4.9315 —4.9315
1 —1.3866 —1.3866
10 3.4221 3.4221
Compound Poisson 0.1 —11.3233 —12.7016
1 —6.3651 —6.8164
10 —1.5267 —1.6012
Laplace 0.1 —2.4691 —2.4724
1 0.2644 0.2279
10 4.9509 4.9406

The quantizer is uniform with granular region of length 2||y||o.. It is centered at the
origin.

In Figure 4.9, we compare the MSE performance of the message-passing estimator with
the standard LMMSE estimator. The parameter 7 of the linear estimator was optimized
for the best MSE performance. In this figure, we plot the mean of the MSE from 1000
problem instances for several quantization levels K. For such nonlinear measurement
channels, the message-passing estimator yields significant improvements in the recon-
struction performance over the standard linear estimator.

4.7 Summary

We have presented an in-depth investigation of the Lévy-process framework for mod-
eling signals with sparse derivatives. We have also characterized the corresponding
statistical estimators. Lévy processes are fundamental members of a recently proposed
family of stochastic processes for the continuous-domain modeling of sparse signals.
Our key contribution is a simple message-passing algorithm for the MMSE estimation
of Lévy processes from noisy measurements. The proposed algorithm can handle a
large class of priors, including those that do not have closed-form pdfs. Moreover, it
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can incorporate a large class of noise distributions, provided that the noise compo-
nents are independent among themselves. The algorithm has also the ability to handle
signal-dependent noise. Due to the tree-like structure of the underlying factor graph,
when the messages are continuous-time functions, the message-passing algorithm ob-
tains the MMSE estimator of the signal. This motivates its application as a benchmark
to judge the optimality of various existing gradient-based estimators including TV- and
Log-regularization algorithms.
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Figure 4.8: Ten-fold interpolation of Lévy processes from AWGN measure-
ments. From top to bottom: (a) Brownian motion; (b) compound Poisson
process; (c) Lévy process with Laplace increments; (d) Lévy flight process.

Surprisingly, for all priors the optimal estimator appears to be a piecewise lin-
ear function.
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Figure 4.9: Estimation of the compound Poisson process from quantized mea-
surements. We compare the standard LMMSE against MMSE, thereby illus-
trating the suboptimality of standard linear reconstructions.
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Chapter 5

Efficient Approximations to
MMSE with Adaptive GAMP

5.1 Overview

In this chapter, we take a step beyond denoising by considering a more general forward
model that involves the measurement matrix H. We will, however, make an assumption
that our signal x can be perfectly decoupled with some orthogonal wavelet transform
W. This simplifying assumption allows us to concentrate on estimating the wavelet
coefficiets w = Wx under the combined forward operator H,,,, = HW’. Nonetheless,
in order to keep notations simple, we will overload the matrix notation H and the vector
notation x to denote H,,,, and w, respectively. Consequently, in the sequel, our aim will
be on estimating a vector x with independent components from measurements y.

We introduce a novel method called adaptive generalized approximate message passing
(adaptive GAMP), which enables the joint learning of the unknown statistical parame-
ters of the problem along with the estimation of the signal x. The method can be used to
approximate both MAP and MMSE solutions under generalized linear forward models
consisting of a known linear transform followed by a probabilistic measurement chan-
nel. Our first theoretical contribution proves that for large independent and identically

83
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distributed (i.i.d.) Gaussian measurement matrices', the asymptotic componentwise
behaviour of adaptive GAMP is predicted by a simple set of scalar equations called state
evolution (SE) equations. We then show that adaptive GAMP yields asymptotically con-
sistent parameter estimates, when maximume-likelihood estimation can be performed
in each step. This implies that the algorithm achieves a reconstruction quality equiva-
lent to the oracle algorithm that knows the correct parameter values. Remarkably, this
result applies to essentially arbitrary parametrizations of the unknown distributions,
including nonlinear and non-Gaussian ones. Our algorithm thus provides a systematic,
general and computationally efficient method applicable to a large range of generalized
linear models?.

5.2 Introduction

Consider the estimation of a random vector x € RY from the measurement model illus-
trated in Figure 5.1. The random vector x, which is assumed to have i.i.d. components
X, ~ Dy, is passed through a known linear transform that outputs z = Hx. The com-
ponents of y € RM are generated by the componentwise transfer function p,,. We
address the problem of the estimation of x when the distributions p, and p,, have
finite number of unknown parameters, 6, and 0,, that must be learned during the
process.

Such joint-estimation and learning problems with linear transforms and component-
wise nonlinearities arise in a range of applications, including empirical Bayesian ap-
proaches to inverse problems in signal processing, linear regression, and classification.
It is equally relevant for Bayesian compressed sensing for the estimation of sparse vec-
tors x from underdetermined measurements [60]. Also, since the parameters in the
output transfer function p |, can model unknown nonlinearities, this problem formula-
tion can be applied to the identification of linear-nonlinear cascade models of dynamical
systems, in particular for neural spike responses [79-81].

When the distributions p, and p,,, are known, there are a number of estimation meth-
ods available. In recent years, there has been significant interest in approximate mes-

1 Note that for orthogonal W and i.i.d. Gaussian H, the combined matrix Hy,,, = HWT also has i.i.d.

Gaussian elements.
This chapter is based on our paper [78]
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Figure 5.1: Measurement model considered.

sage passing (AMP) and related methods based on Gaussian approximations of belief
propagation (BP) [24,72,74,82-85]. These methods originate from CDMA multiuser
detection problems and have received considerable recent attention in the context of
compressed sensing [9, 24, 72,74,83-86]. The Gaussian approximations used in AMP
are also closely related to expectation propagation techniques [87, 88], but with ad-
ditional simplifications that exploit the linear coupling between the variables x and z.
The key benefits of AMP methods are their computational simplicity, their broad range
of application, and, for certain large random H, their exact asymptotic performance
characterizations with testable conditions for optimality [74, 82, 85]. We consider the
generalized AMP (GAMP) method [24] that extends the algorithm in [72] to arbitrary
output distributions p,,.

Although the current formulation of AMP and GAMP methods is attractive, in practice,
one rarely knows the prior and noise distributions exactly. The expectation-maximization—
based (EM) approach [89,90] overcomes this limitation by jointly learning the param-
eters (6,,0,) along with the estimation of the vector x. EM-GAMP inspired our work
in [10]. While simulations indicate excellent performance, no analysis of these meth-
ods is available in the literature. This chapter provides a unifying analytic framework
for such AMP-based joint estimation and learning methods. Our main contributions
here are as follows:

* The generalization of the GAMP method of [24] to a class of algorithms we call
adaptive GAMP that enable the joint estimation of the parameters 6, and 8, along
with vector x. The methods are computationally fast and general. In addition,
adaptive GAMP includes the EM-GAMP algorithms of [89-92] as special cases.

* The exact characterization of the asymptotic behavior of adaptive GAMP. We show
that, similar to the analysis of the AMP and GAMP algorithms in [24, 74, 82, 85],
the component-wise asymptotic behavior of adaptive GAMP can be described by a
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simple set of scalar state-evolution (SE) equations.

* The demonstration of the asymptotic consistency of adaptive GAMP with maximum-
likelihood (ML) parameter estimation. We show that, when the ML parameter es-
timation is computed exactly, the estimated parameters converge to the true val-
ues and the performance of adaptive GAMP asymptotically coincides with the per-
formance of the oracle GAMP algorithm that knows the correct parameter values.
Remarkably, this result applies to essentially arbitrary parameterizations of the un-
known distributions p, and p,,, thus enabling provably consistent estimation on
non-convex and nonlinear problems.

* The experimental evaluation of the algorithm for the problems of learning sparse
priors in compressed sensing and of identification of linear-nonlinear cascade mod-
els in neural spiking processes. Our simulations illustrate the performance gain of
adaptive GAMP and its asymptotic consistency.

5.2.1 Related Literature

The adaptive GAMP method proposed here can be seen as a generalization of the EM
methods in [89-92]. In [89,90], the prior p, is described by a generic L-term Gaussian
mixture (GM) whose parameters are identified by an EM procedure [93]. The expec-
tation step or E-step is performed by GAME which can approximately determine the
marginal posterior distributions of the components x,, given the observations y and the
current parameter estimates of the GM distribution p,. A related EM-GAMP algorithm
has also appeared in [91,92] for the case of certain sparse priors and AWGN outputs.
Simulations in [89,90] show remarkably good performance and computational speed
for EM-GAMP over a wide class of distributions, particularly in the context of com-
pressed sensing. Also, using arguments from statistical physics, Krzakala et al. [91,92]
present SE equations for the joint evolution of the parameters and vector estimates and
confirm them numerically.

As discussed in Section 5.4.2, EM-GAMP is a special case of adaptive GAMP with a
particular choice of the adaptation functions. Therefore, one contribution of our work
is to provide a theoretical basis for the EM-GAMP methodology. In particular, Theorem
5.2 provides a rigorous justification of the SE analysis in [91,92] along with extensions
to a broader class of input and output channels and adaptation methods.
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An alternate method for joint learning and estimation has been presented in [94], which
assumes that the distributions on the source and output channels are themselves de-
scribed by graphical models with the parameters 6, and 6, appearing as unknown vari-
ables. The method in [94], called hybrid-GAMBE iteratively combines standard loopy BP
with AMP methods. One avenue of future work is to see if our methodology here can
be applied to analyze the hybrid-GAMP methods as well.

Finally, it should be pointed out that, while the simultaneous recovery of unknown pa-
rameters is appealing conceptually, it is not a strict requirement. An alternate solution
to the problem is to assume that the signal belongs to a known class of distributions
and to minimize the maximal mean-squared error (MSE) for the class. This minimax
approach [95] was proposed for the AMP recovery of sparse signals in [72]. Although
minimax yields estimators that are uniformly good over the entire class of distributions,
there may be a significant gap between the MSE achieved by the minimax approach
and the oracle algorithm that knows the distribution exactly. Indeed, reducing this gap
was the main justification of the EM-GAMP methods in [89, 90]. Due to its asymp-
totic consistency with ML parameter estimation, adaptive GAMP provably achieves the
performance of the oracle algorithm.

5.3 Review of GAMP

Before describing the adaptive GAMP algorithm, it is useful to review the basic (non-
adaptive) GAMP There are two important variants of GAMP:

e Sum-product GAMP: This method is used for approximately computing the poste-
rior marginals
pxn\y(xnIYs ex’ez)s (51)

with respect to the joint density py,. From these posterior marginals, one can com-
pute the MMSE estimator via the posterior means and variances,

X, =E[x,|y,0,,6,] (5.2a)
Ty, =var[x,|y,0,,6.]. (5.2b)

The GAMP algorithm in this case is based on a Gaussian approximation of sum-
product loopy belief propagation.
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* Max-sum GAMP: This variant is used to approximately compute the MAP estimate

~ A
X =

argmax {px|y(X|Y5 ex’ez)} B (53)
XEN

and is based on a quadratic approximation of the max-sum loopy belief propagation.

5.3.1 Sum-Product GAMP

We begin with a description of the most basic—and perhaps most important—variant
of GAMB namely sum-product GAMP. Consider the observation model in Fig. 5.1 where
the componentwise probability density functions on the inputs and outputs have some
parametric form,

px(x|9x)’ Py|z(J’|Z, ez): (54)

where 0, € ©, and 0, € ©, represent parameters of the densities and ©, € R% and
©, C R% denote the corresponding parameter sets that are of finite dimensions. Now,
suppose that the components of x are i.i.d. with x,, ~ p,(x,|0,) and, conditional on
the transform output z = Hx, the components of the observations y have a likelihood
Ym ~ Pyja(Ym|2m> 0). Then, the posterior joint probability density of x is given by

M N
Pxy(X1,6.,0.) o< [ [ Py (vl (XD, 0] [ prCxal60), (5.5)
m=1

n=1

where o< denotes identity after normalization. The GAMP algorithm of [24] can be
seen as a class of methods for approximately estimating the vector x under this joint
distribution in the case when the parameters 6, and 6, are known.

The basic steps of the sum-product GAMP algorithm are shown in Algorithm 5.1. The
algorithm is an iterative procedure generating a sequence of estimates X', 7' repre-
senting estimates of the posterior means and variances in (5.2).

Exact computation of the means and variance of the components x, and 2, of the pos-
terior joint density (5.5) is generally intractable, since it involves a marginalization over
N variables. The main concept in the GAMP algorithm is to approximately reduce this
vector-valued estimation problem to a sequence of scalar mean and variance computa-
tions. Specifically, the expectations and variances in Algorithm 5.1 are to be taken with



5.3 Review of GAMP 89

Algorithm 5.1: Sum-Product GAMP
input: the datay, the densities p, and p,, with known 6, and 6,
a constant ||H]||2,
and an efficient implementation of H and H”
set: t«<0,s71«0
X0 —E[x|0,], % « var[x|6,].
repeat
{Output node update}
T8 IH|27L /M
pt — Hxt — St_lT;
Z E[zmlym,pfn,'r;,ez], (m=1,...,M)
’r;m —var[z,|ym, P, T;,GZ], (m=1,...,M)
st (zfn—p;l)/’r;, (m=1,...,M)
e (/M) (- T;m/T;)/T;

{Input node update}

1/7} < [HlZ7¢/N

' —X + 7 H"s

X < Elx,|r,75,0,], (n=1,...,N)

T — (1L /N) Y var[x,|rt, 7,6, ]
until stopping criterion

return X!

respect to the probability density

1
p(Xn|I‘nt, Tﬁ, ex) S px(xnlex)exp (_%b{n - rrtl|2) > (5.6a)
r
1
p(zm|ym:p:n> T;’ ez) S py|z(ym|zm9 ez) exp (_glzm _p,tn|2) . (5.6b)
p

The densities (5.6a) and (5.6b) are the GAMP approximation of the posterior marginal
densities p(x,ly, 0,,6,) and p, |,(z,y,0,0,), respectively. Since these densities are
over one-dimensional random variables, even if their means and variances do not have
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closed-form expressions, they can be computed via numerical integration. In addition,
the densities can be interpreted as posterior distributions on scalar random variables
x, and z,, with respect to observations r, and (y,,, p;,) of the form

ri=x, +A(0,7)), x,~p,(x,0,) (5.7a)
Ym ~ Pyle(Yml#m)s  Zm ~ A (D1 T,)- (5.7b)

Hence, computing the posterior mean and variance of x,, is equivalent to a set of scalar
AWGN estimation problems. In this way, the sum-product GAMP algorithm reduces the
inherently vector-valued inference problem to a sequence of scalar AWGN estimation
problems at the input and output, along with transform by H and H”. This is compu-
tationally attractive since the algorithm involves no vector-valued estimation steps or
matrix inverses.

Of course, the GAMP algorithm is only an approximation of the true inference problem.
The convergence results of the algorithm are reviewed in Section 5.3.3; they can also
be found in references mentioned above.

5.3.2 General GAMP

As mentioned above, the sum-product GAMP algorithm is a particular instance of a
more general class of algorithms that includes the max-sum GAMP algorithm for MAP
estimation. To provide the most general results for the adaptive GAMPB we briefly re-
view the general (non-adaptive) GAMP algorithm. Full details of the general GAMP
algorithm can be found in [24]. For completeness, we restate the steps of the general
GAMP algorithm in Algorithm 5.2.

Comparing Algorithms 5.1 and 5.2, we see that there are two generalizations in the gen-
eral GAMP algorithm. First, the mean and variance computations of the sum-product
GAMP algorithm, Algorithm 5.1, are replaced with general estimation functions G., G!
and G!. These estimation functions take the outputs 7' and p‘ and generate the es-
timates x, s' and z'. Their derivatives results in the variance terms t¢ and . Itis
shown in [24] that with appropriate selection of these estimation functions, one can
incorporate both the sum-product and max-sum variants of the GAMP algorithm.

For the case of the sum-product GAMB, we can recover Algorithm 5.1 with the estimation



5.3 Review of GAMP 91

Algorithm 5.2: General GAMP
input: the data y, estimation functions G{, G! and G/,

. At At
parameter estimates 6 and 6_,
a constant ||H||2,
and an efficient implementation of H and HT

set: t < 0,s""! < 0 and select some initial values for X° and 79.
repeat

{Output node update}

Tl IH|27! /M

pt — Hx! _St—lTlt)

&GPl Y T5,0,), (m=1,...,M)
st G;(p;q,ym,rg,é;), (m=1,...,M)
e —(1/M) Y, 3G (Pt Vs T4, 0,)/3D",

{Input node update}
1/7t — |[HI2T! /N
rt X+ TﬁHTSt
5C\rtl+1 (—G;(rrtp T;:é)tc): (n: 1”N)
~t
T < (11/N) 3, 8Gy(r},71,6,)/r,
until stopping criterion

return X!
functions
Gi(r,7,,0,) = E[x|r7,,0,], (5.8a)
G.(p,y,7p,0.) = Elz1p,y,7,,0.], (5.8b)
1
Gs[(p,y, 7,,0,) = T—p(Gzt(p,y, TP,GZ)—p), (5.8¢0)

where the expectations are with respect to the distributions in (5.6a) and (5.6b). It is
shown in [24] that the derivatives of these estimation functions agree with the variance
computations of Algorithm 5.1.
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The second difference between the the sum-product GAMP algorithm in Algorithm 5.1
and the more general Algorithm 5.2 is that the fixed parameter values 6, and 0, are
replaced by a deterministic sequence of parameter values éi and é; Of course, if the
parameters are known, there is no reason to change the parameter estimates on each
iteration. However, we need to consider this generalization to enable the study of the
adaptive GAMP algorithm below.

Illustrative Example: AWGN Outputs with Sparse Priors

As discussed, much of the current interest in the AMP and GAMP methods have been
in the context of compressed sensing [24, 72, 74,83-85]. Thus, it is useful to briefly
describe this particular application in more detail. The original AMP formulations in
[72,83,84] consider the special case of AWGN output

Y =Zm+ e, q~ AN (0,0%), (5.9)

where the additive noise e,, is i.i.d. and independent of z. In this case, as shown in [24],
the output updates in line (12) and 13 reduce to

e Ym—Pu 1

TTiror T Tiyor (5.10)

sm

For Bayesian forms of compressed sensing, one then takes a sparse prior for the density
Dy- A common density is the Laplacian prior,

A
Pl |2) = S e,

In this case, the MAP estimate (5.3) corresponds to the classic LASSO estimate [96].
Then, the equations for the estimation function G|, of Algorithm 5.2 reduce to the classic
soft-thresholding operator. In this way, the max-sum GAMP with a Laplacian prior
reduces to a variant of an iterative soft-thresholding algorithm discussed in Section 2.5.

5.3.3 State Evolution Analysis

In addition to its computational simplicity and generality, a key motivation of the GAMP
algorithm is that its asymptotic behavior can be precisely characterized when H is a
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large i.i.d. Gaussian transform. The asymptotic behavior is described by what is known
as a state evolution (SE) analysis. By now, there are a large number of SE results for
AMP-related algorithms [24,72,74,82-85]. Here, we review the particular SE analysis
from [24,97] which is based on the framework in [85].

Assumption 5.1. Consider a sequence of random realizations of the general GAMP algo-
rithm, Algorithm 5.2, indexed by the dimension N, satisfying the following assumptions:

(a) For each N, the matrix H € RM*N has i.i.d. components with H,,, ~ A4(0,1/M)
and the dimension M = M(N) is a deterministic function of N satisfying N/M — 3
for some 3 >0as N — oo.

(b) The input vectors x and initial condition X0 are deterministic sequences whose com-

ponents converge empirically with bounded moments of order s = 2k — 2 as

lim (x,5°) "% (x,%9), (5.11)
N—-ooo

to some random vector (x,x°) for some k > 2. Loosely, this convergence implies that
the empirical distribution of the components of (x,X°) converge to the distribution of
(x,x°). A precise definition is given in Section 5.9.1.

(c) The output vectors z and y € RM are generated by
z=Hxand y,, = h(z,,,e,), (Mm=1,...,M), (5.12)

for some function h(z,e) and vector e € RM representing an output distortion. It is
assumed that the output distortion vector e is deterministic, but empirically converges
as

lim e "=, (5.13)

N—oo

where s = 2k — 2 is as in Assumption 5.1 (b) and e is some random variable. We let
Py s denote the conditional distribution of the random variable y = h(z,e).

(d) The estimation function G, and its derivative with respect to r, are Lipschitz contin-

. At e .
uous in r at (7,,0,) = (7,0 ), where ©' is a deterministic parameter from the SE
equations below. A similar assumptions holds for G.
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Assumption 5.1(a) simply states that we are considering large, Gaussian i.i.d. matrices
H. Assumptions (b) and (c) state that the input vector x and output disturbance e are
modeled as deterministic, but whose empirical distributions asymptotically appear as
i.i.d. This deterministic model is a feature of Bayati and Montanari’s analysis in [85].
Assumption (d) is a mild continuity condition.

Note that, for now, there is no assumption that the true distribution of x or the true
conditional distribution of y given z must belong to the class of distributions (5.4) for
any parameters 6, and 0,. The analysis can thus model the effects of model mismatch.

Next, we define the sets of two vectors

9L 2 {(xp, L, X5 :n=1,...,N}, (5.14a)
T, = {25 Yo D) im=1,...,M}. (5.14b)

The first set . represents the components of the true, but unknown, input vector X, its
GAMP estimate X' as well as r‘. The second set #] contains the components of the true,
but unknown, output vector z, its GAMP estimate Z‘, as well as p‘ and the observed
output y. The sets ! and 9! are implicitly functions of the dimension N.

The main result of [24] shows that if we fix the iteration ¢, and let N — oo, the
asymptotic joint empirical distribution of the components of 9! and ! converges to
random vectors of the form

9L = (e, rf, X", 9 2 (2,2%, y,p"). (5.15)

We precisely state the nature of convergence in Theorem 5.1 below. In (5.15), x is the

random variable in Assumption 5.1(b), while r¢ and X! are given by

r'=alx+v', v~ AH(0,8Y), (5.162)
=G, 7,6)) (5.16b)

ro

for some deterministic constants a', &!, and 7! that are defined below. Similarly,
(z,p") ~ A(O0, K;) for some covariance matrix K;, and

y=hze), 2 =Gp'y,%.,0,), (5.17)

where e is the random variable in (5.13) and K; contains deterministic constants.
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The deterministic constants a!, &', 7! and K; represent parameters of the distributions

of "5‘; and 5; and depend on both the distributions of the input and outputs as well
as the choice of the estimation and adaptation functions. The SE equations provide
a simple method for recursively computing these parameters. The equations are best
described algorithmically as shown in Algorithm 5.4. In order not to repeat ourselves, in
Algorithm 5.4, we have written the SE equations for adaptive GAMP: For non-adaptive
GAME the updates (5.32b) and (5.33a) can be ignored as the values of é; and é; are
pre-computed.

With these definitions, we can state the main result from [24].

Theorem 5.1. Consider the random vectors 0. and 0, generated by the outputs of GAMP
under Assumption 5.1. Let 15; and 6; be the random vectors in (5.15) with the parameters
determined by the SE equations in Algorithm 5.4. Then, for any fixed t, the elements of
the sets #' and 0} converge empirically with bounded moments of order k as

lim o "0 F lim o T (5.18)

N—oo N—oo
where 5‘; and 5‘; are given in (5.15). In addition, for any t, the limits

Nli_)n;O T =1, ngrolo 'r; = %;, (5.19)

also hold almost surely.

The theorem shows that the components of the vectors x and z, and their GAMP esti-
mates X' and Z' have the same statistical distribution as random variables x, z, X' and
z' in a simple scalar equivalent system. This scalar equivalent model appears in several
analyses and can be thought of as a single-letter characterization [73] of the system.
Remarkably, this limiting property holds for essentially arbitrary distributions and es-
timation functions, even the ones that arise from problems that are highly nonlinear
or noncovex. From the single-letter characterization, one can compute the asymptotic
value of essentially any component-wise performance metric such as mean-squared er-
ror.
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5.3.4 State Evolution Analysis for Sum-Product GAMP

For the special case of the sum-product GAMP algorithm in Algorithm 5.1, the SE equa-
tions in Algorithm 5.4 reduce to a particularly simple form. The variance terms 7, and
&' in (5.32) are given by

32 i
=gl = (IE [a_pz log(pyp(ylpf))D , (5.20a)

where the expectations are over the random variables (z, p*) ~ A4(0, K;) and y is given
in (5.17). The covariance matrix K; has the form

ﬁTXO ﬁTXO_/ft
K = i P, 5.20b
P [ﬁTXO_T; ﬂTxO_T; ( )

where 7, is the variance of x, and > 0 is the asymptotic measurement ratio (For
details see Assumption 5.1). The scaling constant (5.32e) becomes a! = 1. The update
rule for f;“ also simplifies to

£ = E[var(x|r')], (5.200)

where the expectation is over the random variables in (5.16). The SE equations for the
sum-product GAMP will be initialized with

70 =BT (5.21)

so that the initial value of the covariance matrix in (5.20b) is

/jTXO O
Kg= o ol (5.22)

5.4 Adaptive GAMP

The above review of the standard GAMP algorithms in Algorithms 5.1 and 5.2 shows
that the methods apply to the case when the parameters 0, and 8, in the distributions
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(5.4) are known. The adaptive GAMP method proposed here, and shown in Algo-
rithm 5.3, is an extension of Algorithm 5.2 that enables simultaneous identification of
finite dimensional 0, and 6, along with estimation of x.

The key modification is the introduction of the two adaptation functions: H_ and H.

. . . . At At
In each iteration, these functions output estimates, 6, and 6 _of the parameters based
on the data p', y, 7°, T; and ..

The basic GAMP algorithm in Algorithm 5.2 is a special case when the estimation func-
tions H. and H! output fixed values

St St
H(p",y,7,)=0,,  H(r',7)=86,, (5.23)
for the pre-computed sequence of parameters é; and é;. We call these values precom-
puted since, in the case of the non-adaptive GAMP algorithm, the parameter estimates

é; and é; do not depend on the data through the vectors p‘, y*, and r*. A particular

. ; . At At
case of the non-adaptive algorithm would be the oracle scenario, where 6 and 6, are
set to the true values of the parameters and do not change with the iteration number
t.

However, the adaptive GAMP algorithm in Algorithm 5.3 is significantly more general
and enables a large class of methods for estimating the parameters based on the data.
One particular adaptation method is based on on maximum likelihood (ML) as described
next.

5.4.1 ML Parameter Estimation

As one possible method to estimate the parameters, recall from Theorem 5.1 that the
empirical distribution of the components of 7 converges weakly to the distribution of
r' in (5.16). Now, the distribution of r* only depends on three parameters — a!, &'
and O,. It is thus natural to attempt to estimate these parameters from the empirical
distribution of the components of r* and thereby recover the parameter 0.

To this end, let ¢ (1,0, a,,&,) be the log likelihood

¢x(r:6x>ar: gr) = IOg(pr(r|ex:ar7 gr)): (524)
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where the right-hand side is the probability density of a random variable r with distri-
bution
r=a,x+v, x~p.(16,), v~AH(0E). (5.25)

Then, at any iteration t, we can attempt to obtain a ML estimate
~t 1&
6 =H!(r" ) = argmax max = > ¢.(5,0,,0,,8 )¢ ¢ (5.26)
T ' o.co, |(@nglesz) (N ; et

Here, the set S, (7!) is a set of possible values for the parameters a,,&,. This set may
depend on the measured variance T and we will see its precise role below. The selec-
tion of the sets is critical and discussed in detail in Section 5.6.

Similarly, the individual components of p* and y have the same distribution as (p‘, y)
which depend only on the parameters K, and 6,. Thus, we can define the likelihood

¢.(p.y,0..K,) = log(p, ,(¥,pl6,,K,)), (5.27)
where the right-hand side is the joint probability density of (p, y) with distribution
Y ~py(l2,6,), (z,p) ~A(0,K,). (5.28)

Then, we estimate 6, via the ML estimate

M
~t . 1
eZ=H;(pf,y,f;)=agg€rgax{ max {MZ@(p;,ym,ez,Kp)}}. (5.29)
z z m=1

K,€8,(7t)

Again, the set SZ(T;) is a set of possible covariance matrices K,,.

5.4.2 Relation to EM-GAMP

Before discussing the convergence of the adaptive GAMP algorithm with ML param-
eter estimation, it is useful to briefly compare the ML parameter estimation with the
EM-GAMP method proposed by Vila and Schniter [89,90] and Krzakala et. al. [91,92].
Both EM-GAMP methods combine the Bayesian AMP or GAMP algorithms with a stan-
dard EM procedure [93] as follows. First, the algorithms use the sum-product version of



5.4 Adaptive GAMP 99

GAMRB so that the outputs provide an estimate of the posterior distributions on the com-
ponents of x given the current parameter values. From the discussion in Section 5.3.1,
we know that (5.6a) and (5.6b) can be taken as an approximations of the true posteri-
ors of x, and z,, for a given set of parameter values 6, and 6,. Using the approximation,
we approximately implement the EM procedure to update the parameter estimate via
a maximization

Z| =

~t
0, =H.(r',7!) = argmax
6,.€0,

iE[logpx(xnlex)lrfl,Tﬁ,/e\:l]}, (5.30)

n=1

where the expectation is with respect to the distribution in (5.6a). In [89,90], the
parameter update (5.30) is performed only once every few iterations to allow p* to
converge to the approximation of the posterior distribution of x, given the current
parameter estimates. In [91,92], the parameter estimate is updated at every iteration.
A similar procedure is performed for the estimation of 9,.

We thus see that the EM-GAMP procedures in [89,90] and in [91,92] are both special
cases of the adaptive GAMP algorithm in Algorithm 5.3 with particular choices of the
adaptation functions H; and H_. As a result, our analysis in Theorem 5.2 below applies
to these algorithms as well and provides rigorous asymptotic characterizations of the
EM-GAMP performance. However, at the current time, we can only prove the asymp-
totic consistency result for the ML adaptation functions (5.26) and (5.29) described
above.

That being said, it should be pointed out that the EM-GAMP update (5.30) is generally
computationally much simpler than the ML updates in (5.26) and (5.29). For exam-
ple, when p, is an exponential family, the optimization in (5.30) is convex. Also, the
optimizations in (5.26) and (5.29) require searches over additional parameters such as
a, and &,. Thus, an interesting avenue of future work is to apply the analysis result of
Theorem 5.3 below, to see if the EM-GAMP method or some similarly computationally
simple technique can be developed which also provides asymptotic consistency.
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5.5 Convergence and Asymptotic Consistency with Gaus-
sian Transforms

5.5.1 General State Evolution Analysis

Before proving the asymptotic consistency of adaptive GAMP with ML adaptation, we
first prove a more general convergence result.

Assumption 5.2. Consider the adaptive GAMP algorithm running on a sequence of prob-
lems indexed by the dimension N, satisfying the following assumptions:

(a) Same as Assumption 5.1(a) to (c) with k = 2.

(b) For every t, the adaptation function H_. is a functional over r satisfying the following

weak pseudo-Lipschitz continuity property: Consider any sequence of vectors r = r®)
and sequence of scalars T, = TEN ), indexed by N satisfying

. PL(k) . _
lim »®™ "=t lim ™ = z¢,
N—oo N—ooo T r

where r' and 7. are the outputs of the state evolution. Then,
: tra(N) (N _ z7t (.t =t
ngglon(r ,T,)=H (r', 7).

Similarly, H, satisfies analogous continuity conditions in 7, and (y,p). See Section
5.9.1 for a general definition of weakly pseudo-Lipschitz continuous functionals.

(c) The scalar-valued function G; and its derivative G’; with respect to r are continuous
in 0, uniformly over r in the following sense: For every € > 0, t, 17 and 0’ € ©,,
there exists an open neighborhood U of (<7, 67 ) such that for all (t,,0,) € U and r,

|G;(r’ Trs ex) - G;(r’ T;k: 9;;)' <€,
t t
|G/x(r: Trs ex) - G/x(r: T?:’ ei)l <e.
In addition, the functions Gt and G'*. must be Lipschitz continuous in r with a Lipschitz
X X p p

constant that can be selected continuously in 7, and 6 .. The functions G!, G! and their

derivatives G’st G’; satisfy analogous continuity assumptions with respect to p, y, T,
and 6.
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Although technical, assumptions (b) and (c) are mild continuity conditions that can
be satisfied by a large class of adaptation functionals and estimation functions. For
example, from the definitions in Section 5.9.1, the continuity assumption (b) will be
satisfied for any functional given by an empirical average

N
1
H;(’f’, Tr) = N Z d))t((rn’ Tr)’
n=1

where, for each t, ¢! (r,, 7,) is pseudo-Lipschitz continuous in r of order p and contin-
uous in 7, uniformly over r. A similar functional can be used for H.. As we will see in
Section 5.5.2, the ML functionals (5.26) and (5.29) also satisfy the required conditions.

Theorem 5.2. Consider the random vectors #' and 9 generated by the outputs of the
adaptive GAMP under Assumption 5.2. Let 1‘}; and 19; be the random vectors in (5.15) with
the parameters determined by the SE equations in Algorithm 5.4. Then, for any fixed t,
the components of 9 and ¢, converge empirically with bounded moments of order k = 2
as

¢ PL(K) ¢ PL(K)

lim ¢ =9, lim ¢ =9, (5.34)

N—-oo N—-oo
where 1‘._?; and 1‘_?; are given in (5.15). In addition, for any t, the limits

St

. St .

Nll)ngo 0:.=6, Nll)n;o 0.=0_, (5.3523)
lim 7! =17, lim 7¢ =7t (5.35b)
N—oo N—oo p

also hold almost surely.

The result is a natural generalization of Theorem 5.1 and provides a simple extension
of the SE analysis to incorporate the adaptation. The SE analysis applies to essentially
arbitrary adaptation functions. It particular, it can be used to analyze both the behavior
of the adaptive GAMP algorithm with either ML and EM-GAMP adaptation functions in
the previous section.

5.5.2 Asymptotic Consistency with ML Adaptation

We now use Theorem 5.2 to prove the asymptotic consistency of adaptive GAMP with
the ML parameter estimation described in Section 5.4.1. To guarantee consistency of
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the adaptive GAMP algorithm, we need to impose certain identifiability conditions. To
understand the conditions, given parameters (6,,a,,&,) and (6,,K,), let

pr('|ex’ar’ gr): py,p('lez’Kp) (5.36)

be the distributions of the random variables r and (y, p) in (5.25) and (5.28), respec-
tively.

Definition 1. Consider a family of distributions, {p,(x|0,) : 8, € ©,}, a set S, of
parameters (a,,&,) of a Gaussian channel, and the function ¢,.(r,0,,a,,&,.). We say
that p,(x|0,) is identifiable with Gaussian outputs with parameter set S, and function

¢y if:
(a) The sets S, and ©, are compact.

(b) For any true parameters 8 €©,, and (a’, &) € S,, the maximization

ax:argmax{ max {E[¢X(r,6x,ar,§r)|6z,af, ’;]}}, (5.37)

QXEGX (angr)esx

is well-defined, unique and returns the true value, éx = 0. The expectation in (5.37)
is with respect to the distribution r ~ p,(:|67,a’, &) in (5.36).

(c) Forevery 0, and a,, &,, the function ¢ (1,0, a,, &, ) is pseudo-Lipschitz continuous
of order k = 2 in r. In addition, it is continuous in 6, a,, &, uniformly over r in the
following sense: For every € > 0 and §x, a,, Er, there exists an open neighborhood U
of /G\x, a,,&,, such that for all (0,,a,,E,)€Uand al r,

|¢x(r: ex: A, gr) - d)x(r’ gx’ ar’ gr)| <e.

Definition 2. Consider a family of conditional distributions, {p,,(y|2,0,) : 6, € ©,}
generated by the mapping y = h(z,e,0,) where e ~ p, is some random variable and
h(z,w,0,) is a scalar-valued function. Let S, be a set of covariance matrices K, and
let ¢,(y,p,0,,K,) be some function. We say that the conditional distribution family
py:(:|+,8,) is identifiable with Gaussian inputs with covariance set S, and function ¢,

if:

(a) The parameter sets S, and ©, are compact.
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(b) For any true parameter 6 € ©, and true covariance K;, the maximization

§Z = arg max {ma {IE [qﬁz(y,p, Gz,Kp)lez,K;]}} R (5.38)

6.€6, K,€S
is well-defined, unique and returns the true value, §Z = 07, The expectation in (5.38)
is with respect to (y,p) ~ py,p(-|e;,1<;).

(c) For every 0, and K, the function ¢,(y,p,0,,K,) is pseudo-Lipschitz continuous in
(p,Y) of order k = 2. In addition, it is continuous in 6,,K, uniformly over p and y.

Conditions (a) and (c) in both definitions are mild continuity and boundedness condi-
tions. The main requirements is condition (b). Qualitatively, the definitions state that
if r and (y, p) are generated by models of the form (5.25) and (5.28), then the param-
eters in those models can be estimated through maximization of the functions ¢, and
¢,. The functions ¢, and ¢, can be the log likelihood functions (5.24) and (5.27),
although we permit other functions as well, since the maximization may be compu-
tationally simpler. Such functions are sometimes called pseudo-likelihoods. We will
discuss these conditions and the role of the sets S, and S, in more detail in Section 5.6.

Assumption 5.3. Let p,(x|0,) and p,,(y|z,0,) be families of distributions and consider
the adaptive GAMP algorithm, Algorithm 5.3, run on a sequence of problems, indexed by
the dimension N satisfying the following assumptions:

(a) Same as Assumption 5.1(a) to (c) with k = 2. In addition, the distributions for the
vector x is given by p,(:|67%) for some true parameter 07 € ©, and the conditional
distribution of y given z is given by p,,(y|z, 0}) for some true parameter 0} € ©,.

(b) Same as Assumption 5.2(c).
(c) The adaptation functions are set to (5.26) and (5.29).

Theorem 5.3. Consider the outputs of the adaptive GAMP algorithm with ML adaptation
as described in Assumption 5.3. Then, for any fixed t,

(a) The components of 9. and ¥ in (5.14) converge empirically with bounded moments
of order k = 2 as in (5.34) and the limits (5.35) hold almost surely.
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(b) In addition, if (a!,&") € S,(t!), and the family of distributions {p,(-10,) : 6, €
©, } is identifiable in Gaussian noise with parameter set S, (') and pseudo-likelihood
¢, then

lim 8, =6 =6* (5.39)

N—oo

almost surely.

(c) Similarly, if K; S Sz(’r;) for some t, and the family of distributions p,,(:0,),

0, € 8, is identifiable with Gaussian inputs with parameter set SZ(T;) and pseudo-
likelihood ¢, then

lim 6, =6 =6° (5.40)

N—-oo

almost surely.

Proof: See Section 5.9.3.

Remarkably, the theorem shows that for a very large class of the parameterized distribu-
tions, adaptive GAMP with ML adaptation is able to asymptotically estimate the correct
parameters. Moreover, there is asymptotically no performance loss between adaptive
GAMP and a corresponding oracle GAMP algorithm that knows the correct parameters
in the sense that the empirical distributions of the algorithm outputs are described by
the same SE equations.

5.5.3 Computational Issues

While Theorem 5.3 shows that adaptive GAMP with ML adaptation can recover con-
sistent parameter estimates, the ML optimizations in (5.26) and (5.29) theoretically
need to be computed exactly. In general, these optimizations will be non-convex. This
requirement can be seen as the main disadvantage of the ML adaptation proposed here
relative to the EM-GAMP methods in [89-92]: while the proposed ML adaptation may
have guaranteed consistency, the optimizations in each iteration may be non-convex.
The EM iterations, in general are simpler.

Indeed, in the simulations in Section 5.7, we will need to approximate the optimization
either through gradient ascent or other nonlinear optimization methods. Thus, the
theory will not hold exactly. However, we will still observe a close match between the
adaptive GAMP with an oracle GAMP with the correct parameters. Moreover, the ML
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adaptation is a non-convex optimization only over a number of variables only equal to
the number of unknown parameters in 6, and 8,, not the vectors x and z. Thus, for
many practical problem, the overall optimization can be significantly simpler than the
original non-convex problem.

5.6 Identifiability and Parameter Set Selection

In addition to the numerical optimization issues, Theorem 5.3 also imposes certain
restrictions on the sets S, and S, over which the ML optimization must be performed.
On the one hand, Theorem 5.3 requires that, to guarantee consistency, the sets must
be sufficiently large to ensure that, for some iteration t, either (a!,&') € S,(7!) or
K; S SZ(T;). On the other hand, as we will see now, the sets may need to be constrained
in order to satisfy the identifiability conditions in Definitions 1 and 2. In this section,
we briefly provide some examples to illustrate under what cases these conditions can
be met.

As discussed in the previous section, the main challenge in meeting the identifiability
requirements in both Definitions 1 and 2 is condition (b). To understand this condition,
we begin with the following simple lemma.

Lemma 5.1. Consider the distributions p, and p,, , in (5.36).

(a) When ¢, is the log-likelihood function in (5.24), then condition (b) of Definition 1
is satisfied if the mapping

(ex:ar’ gr) '_)pr('lex;ar’ gr) (541)
is one-to-one in the set 0, € ©, and (a,,&,) €S,.

(b) Similarly, when ¢, is the log-likelihood function in (5.27), then condition (b) of
Definition 2 is satisfied if the mapping

(ez’Kp) '_)py,p('|ez:Kp) (542)

is one-to-one in the set 8, € ©, and K, € S,
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Proof: See Section 5.9.4.

Lemma 5.1 essentially states that if the true likelihood functions are used, then identi-
fiability is equivalent to the parametrizations of the distributions r and (y, p) in (5.25)
and (5.28) being unique. That is, with sufficient observations of these variables, we
should be able to uniquely recover the parameter values. To understand this in this
context of the adaptive GAMP algorithm, recall from the state evolution analysis, that
the components of the vectors r* and (y, p*) are asymptotically distributed as r or (y, p)
in (5.25) and (5.28), respectively. Thus, if the parametrizations in (5.41) or (5.42) are
not one-to-one, two different parameters values may give rise to the same asymptotic
distributions on = and (y,p’). In this case, the adaptation functions in (5.26) and
(5.29) that base the parameter estimates on 7' and (y, p*), cannot hope to distinguish
between two such parameter values. On the other hand, if the parametrizations are
one-to-one, the lemma shows that the ML parameter estimation will be able to cor-
rectly identify the parameter values. We now provide some examples.

5.6.1 Gaussian Mixtures

Suppose that x is a K-term Gaussian mixture with distribution,
x ~ N (U, T) with probability p;,

with the unknown parameters being 0, = {(ux, Tx,Px) : kK = 1,...,K}. Then, the
variable r in (5.25) will also be a Gaussian mixture, but with different components

r~ A (a,up, a>Ty + £,) with probability p;.

It is easy to check that two parameters 6, and 0’ will generically result in the same
distribution on r if and only if
Dy =Dr» QLU = Apfhys (5.43a)
(@)t +& =a’t +&,, (5.43b)
for k = 1,...,K. That is, the component means, variances and probabilities must
match.

Now, 6, has 3K parameters, so (0,,a,,&,) has a total of 3K + 2 parameters. Since
(5.43) has 3K constraints, the mapping (5.41) would in general need two additional
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constraints to be one-to-one to meet condition (b) of Definition 1. As one example for
such constraints, we could know a priori that x has a known mean and variance, thereby
providing two constraints. Alternatively, we could know that one of the mixtures, say
k = 1, is strictly zero so that u; = 7, = 0. This requirement would also provide
two additional constraints. In either of these two examples, we need no additional
constraints on the set S, to meet the conditions of Lemma 5.1. Alternatively, if S, can
be restricted in some manner, then we could relax those assumptions.

5.6.2 AWGN output

Now consider an AWGN output channel where p,, is given by
y=z+e, e~ AN (0,07), (5.44)

where e is independent of z. Here, the unknown parameter is 8, = o. Then, given a
covariance matrix K, the distribution p, , in (5.36) is given by

20
(7,p) ~ A(0,Q), QZKP+[% 0 ]

which is uniquely specified by the covariance matrix Q. In this case, if we know the
(1,1)-element of K,,, we can determine o? from (1,1) element of Q.

5.6.3 Initialization

One case where the covariance matrix K; could be known is in the initial step of the al-
gorithm. Suppose, for example, that we know the mean and variance of x, the random
variable describing the components of x. That is, the mean and variance of the input
distribution p,.(-|@,) is the same for all values of 8, € ©,.. In this case, even though
we do not know the value of the parameter, we can perform the initialization in line 5
for the sum-product GAMP algorithm in Algorithm 5.1. Then, from the state evolution
equations in Section 5.3.4, we would then know the initial covariance matrix KI‘) for
t =0 as given in (5.22).
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Figure 5.2: Reconstruction of a Bernoulli-Gaussian signal from noisy measure-
ments. The average reconstruction MSE is plotted against (a) measurement
ratio M /N and (b) AWGN variance o2. The plots illustrate that adaptive GAMP
yields considerable improvement over £,-based LASSO estimator. Moreover,
it matches the performance of oracle GAMP that knows the prior parameters.

5.7 Experimental Evaluation

5.7.1 Estimation of a Bernoulli-Gaussian input

Recent findings [98] suggest that there is considerable value in learning of priors p, in
the context of compressed sensing, which considers the estimation of sparse vectors x
from underdetermined measurements (M < N) . It is known that estimators such as
LASSO offer certain optimal min-max performance over a large class of sparse distri-
butions [99]. However, for many particular distributions, there is a potentially large
performance gap between LASSO and MMSE estimator with the correct prior. This gap
was the main motivation for the work of Vila and Schniter [89,90] which showed large
gains of the EM-GAMP method due to its ability to learn the prior.

Here, we illustrate the performance and asymptotic consistency of adaptive GAMP in
a simple compressed sensing example. Specifically, we consider the estimation of a
sparse vector x € RV from M noisy measurements

y=Hx+e=1z+e,
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where the additive noise e is random with i.i.d. entries e,, ~ 4(0,02). Here, the
“output” channel is determined by the statistics of e, which are assumed to be known
to the estimator. So, there are no unknown parameters 6.

As a model for the sparse input vector x, we assumed that the components are i.i.d.
with the Bernoulli-Gaussian distribution,

X, ~ { pmb_l P (5.45)

A(0,02) prob =

where p represents the probability that the component is non-zero (i.e. the vector’s
sparsity ratio) and 0)2( is the variance of the non-zero components. The parameters
. =(p, O')zc) are treated as unknown.

Now, the Gaussian mixture in (5.45) has only two unknown parameters: p and 0')26. As
described in Section 5.6.1, this mixture is sufficiently constrained so that if we apply
the full ML estimation in (5.26) with no restrictions in the set S,, we can identify the
parameters correctly. We thus use this ML adaption in the first iteration and the above
theory suggests that the algorithm should recover the correct parameters right away.

However, in our implementation, we continue to update the parameters at all iterations
since there may be parameter errors on finite sample sizes. However, to simplify the ML
adaptation, we can restrict the set selection S, for iterations ¢t > 1 as follows. Assuming
the parameters were selected correctly up to some iteration t — 1, the adaptive GAMP
algorithm should behave the same as an oracle sum-product GAMP algorithm with the
correct parameters. Now, as described in Section 5.3.4, for the sum-product GAMB the
SE equations simplify so that a! =1 and &} = 7!. Thus, the parameters a' and &' do
not need to be estimated, and (5.26) conveniently simplifies to

1 N
Hx(”‘: Tr) = argmax { ]v ;log (pr(rnleJu Tr))} B (5.46)

0.6

x X

where ©, =[0,1] x [0, +00). In our implementation, we approximate the ML adapta-
tion (5.46) with the EM update (5.30), which is run for several iterations. At each itera-
~t  ~t—1 ~t—1
tion of adaptive GAMB we run iteratively the EM updates either until ||0;—9; ||§ / ||9; |I§ <
10~* for 3 consecutive iterations, or for a maximum of 200 iterations.

Fig. 5.2 illustrates the performance of adaptive GAMP on signals of length N = 400
generated with the parameters 8, = (p = 0.2, 0)2( = 5). The performance of adaptive
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GAMP is compared to that of LASSO with MSE optimal regularization parameter, and
oracle GAMP that knows the parameters of the prior exactly. For generating the graphs,
we performed 1000 random trials by forming the measurement matrix H from i.i.d.
zero-mean Gaussian random variables of variance 1/M. In Figure 5.2(a), we keep the
variance of the noise fixed to 02 = 0.1 and plot the average MSE of the reconstruction
against the measurement ratio M /N. In Figure 5.2(b), we keep the measurement ratio
fixed to M /N = 0.75 and plot the average MSE of the reconstruction against the noise
variance o2. For completeness, we also provide the asymptotic MSE values computed
via SE recursion. The results illustrate that GAMP significantly outperforms LASSO over
the whole range of M /N and o2. Moreover, the results corroborate the consistency
of adaptive GAMP which nearly achieves the reconstruction quality of oracle GAMP.
Note also that in Figure 5.2 the average reconstruction times—across all realizations
and undersampling rates—were 0.35, 0.06, and 0.22 seconds for LASSO, oracle GAMB
and adaptive GAMB respectively. The results indicate that adaptive GAMP can be an
effective method for estimation when the parameters of the problem are difficult to
characterize and must be estimated from data.

5.7.2 Estimation of a Nonlinear Output Classification Function

As second example, we consider the estimation of the linear-nonlinear-Poisson (LNP)
cascade model [81]. The model has been successfully used to characterize neural spike
responses in early sensory pathways of the visual system. In the context of the LNP
cascade model, the vector x € R represents the linear filter, which models the linear
receptive field of the neuron. AMP techniques combined with the parameter estima-
tion have been recently proposed for neural receptive field estimation and connectivity
detection in [100].

As in Section 5.7.1, we model x as a Bernoulli-Gaussian vector with unknown parame-
ters 6, = (p,02). To obtain the measurements y, the vector z = Hx is passed through
a component-wise nonlinearity u specified by

u(z) = (5.47)

14+ez’

The final measurement vector y is generated by a measurement channel with a condi-
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Figure 5.3: Identification of linear-nonlinear-Poisson cascade model. The av-
erage reconstruction MSE is plotted against the measurement ratio M /N. This
plots illustrates near consistency of adaptive GAMP for large N.

tional density of the form
flzn)'™ _
py|z(ymlzm: ez) = %e f(zm)7 (548)

where f denotes the nonlinearity given by

f(z;0,)=exp (Z Gz,iui_l(z)) )
i=1

Adaptive GAMP can now be used to also estimate vector of polynomial coefficients 0,
which together with x, completely characterizes the LNP system.

The estimation of 0, is performed with ML estimator described in Section 5.4.1. We
assume that the mean and variance of the vector x are known at iteration t = 0. As
discussed in Section 5.6.3, this implies that for sum-product GAMP the covariance Kg
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is initially known and the optimization (5.29) simplifies to

M
1
HZ(P’Y’ Tp) = argmax { M z : lOg (py(ym|ez))} B (5.49)
0,<6, m=1

z

where ®, € R’. The estimation of 0, is performed as in Section 5.7.1. As before,
for iteration t > 0, we assume that the maximizations (5.46) and (5.49) yield correct

parameter estimates 5; =60, and 5; = 0,, respectively. Thus we can conclude by
induction that for t > 0 the adaptive GAMP algorithm should continue matching oracle
GAMP for large enough N. In our simulations, we implemented (5.49) with a gradient
ascend algorithm and run it until convergence.

In Fig. 5.3, we compare the reconstruction performance of adaptive GAMP against the
oracle version that knows the true parameters (0,, 0,) exactly. We consider the vector
x generated with true parameters 6, = (p = 0.1,02 = 30). We consider the case r = 3
and set the parameters of the output channel to 8, = [—4.88,7.41,2.58]. To illustrate
the asymptotic consistency of the adaptive algorithm, we consider the signals of length
N = 1000 and N = 10000. We perform 10 and 100 random trials for long and short
signals, respectively, and plot the average MSE of the reconstruction against M /N. As
expected, for large N, the performance of adaptive GAMP is nearly identical (within
0.15) to that of oracle GAMP For this experiment the average reconstruction times for
N = 1000 were 120.76 and 1031.5 seconds for oracle and adaptive GAMB respectively,
where the output updates were responsible for the majority of the computation time.

5.8 Summary

We have presented an adaptive GAMP method for the estimation of i.i.d. vectors x ob-
served through a known linear transforms followed by an arbitrary, component-wise
random transform. The procedure, which is a generalization of a popular EM-GAMP
methodology, estimates both the vector x as well as parameters in the source and
component-wise output transform. In the case of large i.i.d. Gaussian transforms, it
is shown that the adaptive GAMP method with ML parameter estimation is provably
asymptotically consistent in that the parameter estimates converge to the true values.
This convergence result holds over a large class of models with essentially arbitrar-
ily complex parameterizations. Moreover, the algorithm is computationally efficient
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since it reduces the vector-valued estimation problem to a sequence of scalar estima-
tion problems in Gaussian noise. We believe that this method is applicable to a large
class of linear-nonlinear models with provable guarantees can have applications in a
wide range of problems. We have mentioned the use of the method for learning sparse
priors in compressed sensing.

There are however several limitations that may be addressed in future work. Most sig-
nificantly, the SE results are currently limited to large i.i.d. matrices. However, many
matrices in practice are not well-modeled as large i.i.d. Recent work of [101] has at-
tempted to understand the behavior of GAMP in non-asymptotic settings and an avenue
of future work is to see if these results can be extended to adaptive GAMP

Also, a critical assumption in our analysis is that the parameters 6, and 6, are finite
dimensional and whose dimensions do not grow. Another avenue of work would be
see if the methods can be extended to non-parametric estimation of the densities in the
adaptation steps or estimation with growing numbers of parameters.

Finally, as we discussed in Section 5.5.3, the ML adaptation is generally non-convex
and thus must often be approximated. An open question is what tractable, approximate
methods can be applied while guaranteeing consistency.

5.9 Appendix

5.9.1 Convergence of Empirical Distributions

Bayati and Montanari’s analysis in [85] employs certain deterministic models on the
vectors and then proves convergence properties of related empirical distributions. To
apply the same analysis here, we need to review some of their definitions. We say a
function ¢ : R" — R’ is pseudo-Lipschitz of order k > 1, if there exists an L > 0 such
for any x, y € R’,

llp(x)— ¢ < L+ [IxI + liyll* HlIx—yll.

Now suppose that for each N =1,2,..., the set v™ is a set of vectors

vV = {v,(N):i=1,...,0(N)}, (5.50)
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where each element v;(N) € R® and {(N) is the number of elements in the set. Thus,
vV can itself be regarded as a vector with s¢(N') components. We say that v{") empir-
ically converges with bounded moments of order k as n — o0 to a random vector V on
R*® if: For all pseudo-Lipschitz continuous functions, ¢, of order k,

N
Jim %;qb(vn(m) — E[$(V)] < 00

When the nature of convergence is clear, we may write (with some abuse of notation)

PL k
WPy asn >0 or  lim v Ty,
N—-oo

Finally, let 2 be the set of probability distributions on R* with bounded kth moments,
and suppose that H : 22} — © is a functional &’ to some topological space ©. Given
a set v(¥) as in (5.50), write H(v) for H(p,) where p, is the empirical distribution on
the components of v. Also, given a random vector V with distribution py write H(V)

for H(py). Then, we say that the functional H is weakly pseudo-Lipschitz continuous of

order k if

lim (N) PL(k)

N—oo

V= lim H™) =H(V),

where the limit on the right hand side is in the topology of ©.

5.9.2 Proof of Theorem 5.2

We use the tilde superscript on quantities such as X', #, 7!, p°, ’E;, §¢, and Z' to denote
values generated via a non-adaptive version of the GAMP The non-adaptive GAMP
algorithm has the same initial conditions as the adaptive algorithm (i.e. X° = X°, %g =

0 g1 —1

,§" =8 =0), but with §t and 5: replaced by their deterministic limits é; and

7,
é , respectively. That is, we set
~ At ~ At
m =GPy ¥m:7,,0,), 8, =G (P, Ym 7, 0,),
~ At
XM =GL(rl,75,0)).
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This non-adaptive algorithm is precisely the standard GAMP method. The results in
that paper show that the outputs of the non-adaptive algorithm satisfy all the required
limits from the SE analysis. That is,

z; PL(K) 3 . gt PL(K) g
lim ¢ =", lim 9 =",

N—-oo N—oo
where 19; and 5; are the sets generated by the non-adaptive GAMP algorithm:
1y.
;_{(xn: t; t+) n_l N}:
; = {(zmrzm’ym’p ) m—l }
The limits (5.34) are now proven through a continuity argument that shows that the

adaptive and non-adaptive quantities must asymptotically agree with one another. Specif-
ically, we will start by proving that the following limits holds almost surely for all t > 0

1
. [T et — stk =
nggo AL _nggoNHX X =0,, (5.51a)
lim Al = lim |7} —%{|=0 (5.51b)
N—-oo P Nooo P p

where ||- ||, is usual the k-norm. Moreover, in the course of proving (5.51), we will also
show that the following limits hold almost surely

Jim Al = Jim l||pf—13f||’,§ =0, (5.52a)
Nlin;oAt = hm —||7‘ —rtllk—O (5.52b)
I\/IlgnooA = hm —||s — ||k=0, (5.52¢)
Jim AL= lim ﬁuzf—zfuﬁ:o, (5.52d)
Nli_)n;o A;r =1\}Lngo Tt =% =0, (5.52e)
[Jim 8, =6, (5.52f)
lim 6, =8, (5.52g)
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The proof of the limits (5.51) and (5.52) is achieved by an induction on t. Although we
only need to show the above limits for k = 2, most of the arguments hold for arbitrary
k > 2. We thus present the general derivation where possible.

To begin the induction argument, first note that the non-adaptive algorithm has the
same initial conditions as the adaptive algorithm. Thus the limits (5.51) and (5.52c)
hold for t =0 and t = —1, respectively.

We now proceed by induction. Suppose that t > 0 and the limits (5.51) and (5.52c)
hold for some t and t — 1, respectively. Since H has i.i.d. components with zero mean
and variance 1/M, it follows from the Marcenko-Pastur Theorem [102] that its 2-norm
operator norm is bounded. That is, there exists a constant C, such that almost surely
we have
lim ||H||, <C,, lim |HY||, <C,. (5.53)
N—oo N—oo

This bound is the only part of the proof that specifically requires k = 2. From (5.53),
we obtain

Ip =Bl = IR — 78s" — H&' + 248,

= [HE =) + 76 —s7) + (7 — )87,

< [HE — %)l + 12187 — s+ 188 — 418 ]

(a) — L g . "
<IHIIR =&l + 1781 =+ 17— 7418

S CullR =& g+ 17 s ™ =87 e + 7, — T I8 i (5.54)

almost surely, where (a) is due to the norm inequality ||Hx||;, < ||[H||;||x||x. Since k =1,
we have that for any positive numbers a and b

(a + b)* < 2%(d* + b"). (5.55)

Applying the inequality (5.55) into (5.54), we obtain

. N . o - k
(Call®" =&l + 5l =7 Nl + AL 1157 1)

|-

1 .
Mllpt—p‘ll’; <

N g 1.,
< 2kCAMA; + 2’<|T;|’<A; 1y 2’<(A;p)’< (Musf l||’;) ) (5.56)
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Now, since §' and %; are the outputs of the non-adaptive algorithm, they satisfy the
limits

Jim —||s i = lim —Z| E[|s'[F] < oo, (5.57a)
lim ¢ = 7! < o0. (5.57b)
N—oo P p

Now, the induction hypotheses state that A!, ASH and A’ — 0. Applying these along
p

the bounds (5.57a), and the fact that N/M — 3, we obtain (5.52a).

To establish (5.52g), we first prove the empirical convergence of (p’,y) to (pf,y). To-

wards this end, let ¢ (p, y) be any pseudo-Lipschitz continuous function ¢ of order k.
Then
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®
<LCA! (5.58)

In (a) we use the fact that ¢ is pseudo-Lipschitz, and in (b) we use Holder’s inequality
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[x"yl| = lIxIl|lyll; with ¢ = p/(p —1). The constant is defined as

m=

Lo k/(k=1)
c= {MZ 1+t [t + |pt [ +|ym|’<—1)]

M
1 1, yst ke —13\k/(k=1)
MZ 1+ |pt <+ 1BE <+ <)

k=1

1 ‘ 3
< const X {1 + (M ||p ||£)
1. 2 1 e
(L) (G ) ] (5:59

where the first step is from Jensen’s inequality. Since (p‘,y) satisfy the limits for the
non-adaptive algorithm, we have:

M
1 t 1k _ t1k
lim —||p Ik = M;' pLlF=E[lp'[*] < o0 (5.60a)
Jim —||y||k— lim —Z|ym|’< E[|y[*] < oo (5.60b)

=1

Also, from the induction hypothesis (5.52a), it follows that the adaptive output must
satisfy the same limit

lim —||pf||k lim —Z|pm|’<—E[|p ] < (5.61)
=1

Combining (5.58), (5.59), (5.60), (5.61), (5.52a) we conclude that for all t > 0
. PL(k
lim (p',y) "= (p, ). (5.62)
N—-oo

The limit (5.62) along with (5.51b) and the continuity condition on H ; in Assumption
5.1(d) prove the limit in (5.52g).
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The limit (5.52a) together with continuity conditions on G’ in Assumptions 5.1 show
that (5.52c¢), (5.52d) and (5.52e) hold for t. For example, to show (5.52d), we consider
the limit M — oo of the following expression

~t . Atk
|G;(ptaY> T;, ez) - G;(pf’y’ T;, ez)”k

1 ot stk 1
—I|lz"—2Z = —
2 2 = |

(a)

<= llp* —plly =LA},

L
M

where at (a) we used the Lipschitz continuity assumption. Similar arguments can be
used for (5.52¢) and (5.52e¢).

To prove (5.52b), we proceed exactly as for (5.52a). Due to the continuity assump-
tions on H,, this limit in turn shows that (5.52f) holds almost surely. Then, (5.51a)
and (5.51b) follow directly from the continuity of G, in Assumptions 5.1, together
with (5.52b) and (5.52f). We have thus shown that if the limits (5.51) and (5.52) hold
for some t, they hold for t + 1. Thus, by induction they hold for all t.

Finally, to establish (5.34), let ¢ be any pseudo-Lipschitz continuous function ¢ (x, r, X),
and define

N
. |1 ot o -
et = NZ(i)(xn,rfl,x;“)—IE[qf)(x,rt,xf“)] , (5.63)
n=1

which, due to convergence of non-adaptive GAMP, can be made arbitrarily small by
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choosing N large enough. Then, consider

Z¢(xn, Ari,/\tﬂ) E[¢(X rt /\t+1):|

At ot+l 1
Sey+= Z|¢(xn, PLEET) = (ax,, P, 26|

(@ X 3
<ep+Llr =, + LIK — %™

L N
NZU |k71+|f‘£|k71)(|f‘£ ~t|+|’\t+1 ~t+1|)
n=1
<
+NZ(|XH1|I< 1+|)~Ct+1|k 1)(| ~t|+|xt+1 ~t+1|)

=
Il
—

et yL(a)f +1(at)
+1/ (A0 (1) T+ WD+ (DT +r)')
+ L/ (AL)F (15T + @1 + ()T +WH'T) (5.64)

where L, L’ are constants independent of N and

s o g = <l
. .1 PN TN
M= =l e

In (a) we use the fact that ¢ is pseudo-Lipshitz, in (b) we use ﬂp—norm equivalence
lIxll; < N'"'?||x||; and Hélder’s inequality [X"y| = [Ix|l¢[lyll, with ¢ = p/(p —1). By
applying of (5.51a), (5.52b) and since, M, M, M!, and M! converge to a finite
value we can obtain the first equation of (5.34) by taking N — oo. The second equation
in (5.34) can be shown in a similar way. This proves the limits (5.34).

Also, the first two limits in (5.35) are a consequence of (5.52f) and (5.52f). The second
two limits follow from continuity assumptions in Assumption 5.1(e) and the conver-
gence of the empirical distributions in (5.34). This completes the proof.
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5.9.3 Proof of Theorem 5.3

Part (a) of Theorem 5.3 is an application of Theorem 5.2. To apply this general result,
first observe that Assumptions 5.3(a) and (c) immediately imply the corresponding
items in Assumptions 5.2. So, we only need to verify the continuity condition in As-
sumption 5.2(b) for the adaptation functions in (5.26) and (5.29).

We begin by proving the continuity of H. Fix t, and let (y™), pt)) be a sequence of
vectors and T;N ) be a sequence of scalars such that

Jim 0, p™) " (y,p0) tim 1) = 2, (5.65)

where (y,p') and 77'; are the outputs of the state evolution equations. For each N, let
8™ & gty ) ()
6, =H,(y",p T ). (5.66)

. (V) . (V) .
We wish to show that 6, ~ — 67, the true parameter. Since §, *~ € ©, and ©, is compact,
it suffices to show that any limit point of any convergent subsequence is equal to 6.

~(N) o~ .. A ~(N)
So, suppose that 6, ~ — 6, to some limit point 6, on some subsequence 6,

From 55\0 and the definition (5.29), it follows that

M M

1 1 )

= 2000, y,8." k) > MZ (P, y®,6:.K,),  (5.67)
m=1 m=1

where K, € SZ(T;N )) is the solution of the first maximization of (5.29). Now, since

_ ~(N) - - e .
N T; and 6, ° — 6,, we apply the continuity condition in Definition 2(c) to
obtain

1 *
liminf — S 6.6 00,8.) —4. 600Kk )] 20, (568)

m=1

Also, the limit (5.65) and the fact that ¢, is pseuedo-Lipschitz continuous of order k
implies that

E[$.(p',,0.,K,)1> E[¢,(p', y,07,K,)]. (5.69)
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But, Property (b) of Definition 2 shows that 9’; is the unique maxima of the right-hand
side, so N
E[¢.(p',¥,0..K,)]=E[$,(p",y,0},K,)], (5.70)

with 8, = 0. Since this limit point is the same for all convergent subsequences, we see

~(N) . . ..
that GZ - 9;‘ over the entire sequence. We have thus shown that given limits (5.65),
the outputs of the adaptation function converge as

~0) _
Hi(y™,p™,7M) =86, — 6 =H.(y,p", T}).

Thus, the continuity condition on H{ in Assumption 5.2(b) is satisfied. The analogous
continuity condition on H! can be proven in a similar manner.

Therefore, all the conditions of Assumption 5.2 are satisfied and we can apply Theorem
5.2. Part (a) of Theorem 5.3 immediately follows from Theorem 5.2.

So, it remains to show parts (b) and (c) of Theorem 5.3. We will only prove (b); the
proof of (c) is similar. Also, since we have already established (5.35), we only need to
show that the output of the SE equations matches the true parameter. That is, we need
to show é; = 0. This fact follows immediately from the selection of the adaptation
functions:

t (a) _
0 =H.(r',7)

X X

@argmax{ max {IE[qu(r[,Bx,ar,é'r)J}}

6 co. |(anEIes (7))

(gargmax{ max  {E[¢.(a'x+V',0,,a,E)0%E ]} (5.71)
6 co. |(@&)es.(z)

Do (5.72)

where (a) follows from the SE equation (5.33a); (b) is the definition of the ML adap-
tation function H fc when interpreted as a functional on a random variable r‘; (c) is the
definition of the random variable r’ in (5.16) where vi ~ A4(0, & ﬁ); and (d) follows
from Definition 1(b) and the hypothesis that (a¥,£*) € S, (7!). Thus, we have proven
that é; = 07, and this completes the proof of part (b) of Theorem 5.3. The proof of
part (c) is similar.
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5.9.4 Proof of Lemma 5.1

We will just prove part (a). The proof of (b) is similar. Suppose that r ~ p,(:|0%,a’, &)
for some true parameter 87 and (a,&7). Let

L(eauar: gr) é ]E[d)x(r) 9x7ar’ gr) | ei: aﬁ: t]:

be the expected value of ¢, under the true parameters for r. According to Defini-
tion 1(b), we need to show that L is maximized uniquely at (87, a7, 7). To this end,
consider any other parameter set (6, a,,&,). Then, if ¢, is the log-likelihood function
in (5.24),

L(eia ai’ gi) - L(ex: ar: gr)

@
= E[¢.(6}, 07,610}, a;,E]

_E[¢X(r’ 6X’ar1 <E)’) | ei;ajj) ?]
Y E[logp, (1|07, o, £%) | 0%, a, 7]
—E[logp,(r|0,,a,,&.)| 0%, a% & ]

(é)D(pr(|9iaa:’ g:):pr(|9)o ar, gr)) (5.73)

where (a) follows from the definition of L; (b) follows from the fact that ¢, is the log
likelihood in (5.24) and (c) is the Kullback-Liebler divergence. Now, if

(07, 0.,8) # (0,0, E,),

the hypothesis that the map (5.41) is one-to-one implies that the two distributions in
(5.73) are not equal. Therefore, the Kullback-Liebler divergence will be strictly positive
[103] and thus the function L is uniquely maximized at (67, a}, &7).
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Algorithm 5.3: Adaptive GAMP

input: the data y, estimation functions G., G! and G,
adaptation functions H{ and H,
a constant ||H||2, and an efficient implementation of H and H”
set: t < 0,s""! < 0 and select some initial values for X° and 79.
repeat
{Output node update}
Tl IH|Z7L /M
pt — HR — St—l,r;

6, — H!(p',y, ™)
=~ ~t
ZIKTI(_Gzt(prtn’ymﬁT;:GZ); (m=1,...,M)
—~t
st < Gl (Pl YmnT8,0,), (m=1,...,M)
~t
Tt —(1/M)3, 3G (P, Y, 74, 0,)/ 8D,

{Input node update}

1/7t < |H|2!/N

r'—x'+ 7 H's'

~t

0, —H.(r', 7))

R ~t

XM —Gi(ri,70) (n= 1,..{.,N)
T (7 /N) Y, 2GL(rL 7L, B o,

until stopping criterion

return X!
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Algorithm 5.4: Adaptive GAMP State Evolution

Given the distributions in Assumption 5.1, compute the sequence of parameters
as follows:

¢ Initialization: Set t = 0 with
K® = cov(x,x?), 79 =10 (5.31)

where the expectation is over the random variables (x, x°) in Assumption 5.1(b)
and 72 is the initial value in the GAMP algorithm.

* Output node update: Compute the variables associated with the output nodes
Compute the variables

%; =pT Kf =K, (5.32a)
6, =H!(p',y, %), (5.32b)
=t AP -t pt i

Tt = —(E[%Gs %y, TP,GZ)D , (5.320)

£ = () E[G(p',y.%..6,)], (5.32d)

ar=7! [ 9 G!(p',h(z,e), f ,0 )] (5.32¢)

where the expectations are over the random variables (z,p*) ~ A4(O0, K;) and y is
given in (5.17).

* Input node update: Compute

6. =HL(r!,70), (5.33a)
T = ]E[aiG (r',z.,0 )] (5.33b)
K& = cov(x, x), (5.33¢)

where the expectations are over the random variables in (5.16).
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Chapter 6

Numerical Evaluation

6.1 Introduction

In this chapter, we report several numerical results comparing some of the methods
that were discussed in the previous chapters. In particular, we are interested in evalu-
ating the performance of the GAMP algorithm discussed in Chapter 5 against wavelet—
and gradient-based MAP approaches. We will focus on linear inverse problems and
consider two types of measurement matrices: (a) compressive sensing matrices with
i.i.d. Gaussian elements; (b) matrices representing a periodic convolution. The former
scenario constitutes an ideal setting for message-passing algorithms and is useful for
understanding the performance bounds of GAMP. The latter represents a more realis-
tic setting that illustrates the potential of message-passing for solving practical inverse
problems.

Apart from the measurement model, we will also consider two distinct types of signals:
statistical signals generated from a known distribution p,, and some standard test im-
ages. In the latter case, we face the common difficulty in applying statistical estimation
to imaging: the true statistical distribution of an image is rarely known. To circumvent
this problem, we first postulate a family of priors {p,(:|0,) | 8, € ©,}, then pick 6,
that maximizes the likelihood of a given image x under p,. In Chapter 5, we showed

127
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18

-8-LMMSE
- B-MAP/LASSO y
—6-GAMP A

0.5 measurement ratio (M/N) 1

Figure 6.1: Reconstruction of an i.i.d. Laplace signal from noisy linear mea-
surements. The average reconstruction SNR is plotted against the measure-
ment rate M /N. The plot illustrates the superior performance of sum-product
GAMP with Gaussian random forward models.

that this type of maximum-likelihood (ML) fitting can be done in a fully automated
and consistent fashion for i.i.d. Gaussian measurement matrices when using adaptive
GAMP In this chapter, however, we will opt for an oracle fitting scenario that uses x to
directly learn the parameters 8,. The advantage of such approach is that it does not
depend on the type of the measurement matrix H, and thus allows us to concentrate
on the actual performance of GAMP

We observed that under ML fitting MAP-based estimators consistently yield subopti-
mal SNR performances. For example, when ML learning of Laplace parameter A is
combined with TV-regularized reconstruction, the result loses most of the visual de-
tails, which negatively affects the SNR. Thus, the SNR of MAP-based algorithms on test
images is typically boosted by picking the parameter 6, that minimizes the MSE.
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Figure 6.2: Tllustration of a reconstructed i.i.d. Laplace signal for a measure-
ment ratio of M /N = 0.9, the upper-left 8 x 8 crop being shown. (a) original,
(b) LMMSE: 9.80 dB, (c) MAP: 10.78 dB, (d) GAMP: 11.49 dB.

6.2 Compressive Sensing

We start by evaluating the performance of several reconstruction algorithms for solving
the standard compressive sensing problem y = Hx + e, where e is AWGN at input
SNR = 10logy, ([IHx[?/lle|l) = 30 dB, and measurement matrix H is drawn with i.i.d.
A(0,1/M) entries [104,105].

In the first experiment, illustrated in Figure 6.1, we recover an i.i.d. signal x generated
from the Laplace distribution
A —Alx|
X)=—e 5
p(x) =7

where A > 0 is the scale parameter. We fix the signal size to 32 x 32 and set A = 1.
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SNR (dB)

0.3 measurement ratio (M/N) 1

Figure 6.3: Reconstruction of an i.i.d. Bernoulli-Gaussian signal of sparsity
p = 0.3 from noisy linear measurements. The average reconstruction SNR is
plotted against the measurement rate M /N. The plot illustrates the superior
performance of sum-product GAMP for Gaussian random forward models.

We compare the SNR performance of GAMP against two standard statistical estimators,
linear MMSE (LMMSE) and MAB at different measurement ratios M /N. The LMMSE
solution X, is obtained by minimizing £,-regularized least-squares cost with MSE
optimal regularization parameter, while the MAP solution X,,,, corresponds to the min-
imization {,-regularized least-squares cost. The latter is also known as least absolute
shrinkage and selection operator (LASSO) [96]. Both estimators can be efficiently com-
puted via the FISTA method summarized in Algorithm 2.6. The GAMP algorithm here
refers to the sum-product version summarized in Algorithm 5.1, which we use to ap-
proximate the MMSE estimator X,,.. The curves in Figure 6.1 were obtained by av-
eraging the results of 100 instances of the problem. The results illustrate that MMSE
estimator computed via GAMP outperforms both MAP and LMMSE estimators over the
whole range of M/N. At lower measurement rates, we observe the superior perfor-
mance of LMMSE compared to MAB which corroborates the suboptimality of £;-norm
regularization for the recovery of Laplace signals. A particular instance for M/N = 0.9
is illustrated in Figure 6.2, where the first 8 x 8 pixels from the top-left corner of the
image are shown. Visual inspection suggests that Laplace signals are not sparse, which



6.2 Compressive Sensing 131

Figure 6.4: Illustration of a reconstructed i.i.d. Bernoulli-Gaussian signal of
sparsity p = 0.3 for a measurement ratio of M /N = 0.8, the upper-left 8 x 8
crop being shown. (a) original, (b) LMMSE: 5.22 dB, (c) LASSO: 20.98 dB,
(d) GAMP: 29.97 dB.

explains the difficulty of recovering them when M < N.

In the second experiment, illustrated in Figure 6.3, the sparse signal is generated from
the i.i.d. Bernoulli-Gaussian distribution

Pr(x)=p 9(x; 1)+ (1—p)o(x),

where p € [0, 1] is the sparsity ratio, ¢ is the Gaussian probability density function, and
6 is the Dirac delta function. We fix the sparsity ratio to p = 0.3, and compare GAMP
against three other methods: LMMSE, LASSO, as well as the support aware MMSE
estimator labeled genie. The regularization parameter A of LASSO was optimized for
the best SNR performance. The curves in Figure 6.3 were also obtained by averaging
the results from 100 instances of the problem. As expected, the results illustrate the
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suboptimal performance of LMMSE for the recovery of sparse signals. On the other
hand, GAMP significantly outperforms LASSO, which is currently considered as the
algorithm of choice for the recovery of sparse signals. We can also see that for the high
measurement ratios M /N, GAMP approaches the performance of the support aware
MMSE estimator. A specific instance at M /N = 0.8 is illustrated in Figure 6.2, where
the first 8 x 8 pixels from the top-left corner of the image are shown. This visual result
corroborates the SNR values; the reconstruction obtained with GAMP is sharper than
the one obtained with LASSO.

In Figures 6.5, 6.6, and 6.7, we consider reconstruction of three test images Lena, Cam-
eramen, and Lung, respectively, for the measurement ratio M/N = 0.7. We compare
seven reconstruction strategies: orthogonal-wavelet with £,-regularization (ortho-{,),
orthogonal-wavelet with {;-regularization (ortho-£,), orthogonal-wavelet with GAMP
(ortho-GAMP), cycle-spinning with £,-regularization (CS-{,), cycle-spinning with £;-
regularization (CS-£,), total-variation regularization (TV), and cycle-spinning with GAMP
(CS-GAMP). For the transform, we used Haar wavelet-transform with 4 decomposi-
tion levels. When applying cycle-spinning we considered 16 horizontal and 16 verti-
cal adjacent shifts (256 possible shifts in total). We assumed a separable Bernoulli-
Gaussian prior for GAMB where the sparsity ratio and the variance of the Gaussian
components were learned from the true signal, separately for each channel, using EM
procedure [93]. Regularization parameters of other algorithms were tuned for the best
SNR performance.

The results on test images illustrate that within the class of orthogonal wavelet-domain
methods GAMP yields the best SNR performance, while {,-based method yields the
worst. We also observe that cycle-spinning significantly boosts the performance of
wavelet-domain estimation. For example, CS-£; significantly outperforms ortho-GAMP
for all images. We finally see the superior performance of TV compared to all wavelet-
domain methods, except for CS-GAMB which yields the solutions with the highest SNR
for all considered images.

6.3 Image Deconvolution

In this section, we evaluate the potential of GAMP for solving wavelet-based deconvolu-
tion problems, and compare our approach to sparsity-promoting reconstruction based
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on the £;-norm. In particular, our forward operator H corresponds to a convolution
with a Laplacian kernel. Such deconvolution is common in phase microscopy, where
it is obtained via the transport-of-intensity equation (TIE) [106]. Originating from the
parabolic wave equation, TIE links the phase image to the variations in the intensity
induced by wave propagation. Specifically, TIE grants an experimental access to the
Laplacian of the phase by acquiring three defocused images via moving the stage of the
microscope [107].

Theorem 5.1 shows that for i.i.d. Gaussian H the convergence of GAMP is assured via
the state evolution equations. Unfortunately, for generic measurement matrices H the
algorithm may diverge. Although, comprehensive convergence analysis of GAMP for
general H is still an open question, some important ideas were presented by Rangan
et al. in [108]. In particular, they showed that for Gaussian prior and noise the local
convergence of both MAP and MMSE variants of GAMP can be guaranteed with a minor
modification to the algorithm that damps the updates. Therefore, here, we use iteration
dependent damping proportional to 1/+/t, which closely resembles to the strategy used
for the convergence proof of cycle spinning in Theorem 3.1.

In the first set of experiments, we consider the restoration of a sparse i.i.d. Bernoulli-
Gaussian image of size 64 x 64 that has a sparsity ratio equal to p = 0.1. Each nonzero
value is drawn from the zero-mean Gaussian distribution of variance 1. Our measure-
ments consist in the circular convolution between the original image and a Laplacian
kernel with the addition of AWGN. In Figure 6.8, we compare the deconvolution perfor-
mance of GAMP with the above Bernoulli-Gaussian prior against LMMSE and LASSO.
The regularization parameter A used in the latter method was optimized for best SNR
performance. The results indicate that for the problem considered, GAMP outperforms
LASSO over the whole range of input SNRs. A particular instance at input SNR equal
to 15 dB is illustrated in Figure 6.9, where the first 8 x 8 pixels from the top-left corner
of the image are shown.

The problem of image restoration is considered next on the standard test images Cam-
eraman and Lena. We compare GAMP against TV-regularized reconstruction that was
considered for TIE microscopy by Bostan et al. in [107]. For GAMB the sparsifying
domain W is set to the Daubechies4-wavelet basis with 5 decomposition levels. As be-
fore, for each wavelet coefficient, our approach assumes Bernouilli-Gaussian statistics
with a learned sparsity ratio and variance. The performance of GAMP-based wavelet
estimation is also boosted with cycle-spinning (we label the algorithm CS-GAMP) that
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uses 32 horizontal and 32 vertical adjacent shifts (1024 total shifts). The results are
provided in Figures 6.10 and 6.11 for an input SNR of 30 dB. The results illustrate the
competitiveness of GAMP with TV both visually and in terms of SNR.

6.4 Discussion

In this chapter, we performed several numerical simulations comparing GAMP-based
MMSE estimator with other MAP-based approaches. In particular, Section 6.2 consid-
ered compressive sensing scenario, where the measurement matrix H has i.i.d. Gaus-
sian elements. State evolution analysis in Theorem 5.1 shows that for such measure-
ment matrices, intermediate quantities computed by GAMP admit precise statistical
interpretation. In a way, this indicates that such inverse problems represent an ideal
scenario, where GAMP is expected to perform at its best. Indeed, our simulations con-
firm that for compressive sensing GAMP yields state-of-the-art performance by largely
outperforming other methods.

In image reconstruction with GAME the best performance was obtained when the
method was used in conjunction with cycle spinning (CS-GAMP). Nonetheless, we note
that the success of CS-GAMP is purely empirical and the method still requires theoret-
ical convergence analysis similar to the one for ISTA in Theorem 3.1. Accordingly, the
development of convergence results for CS-GAMP is an important topic for future re-
search.

In Section 6.3, we considered a more practical setting applicable to phase microscopy,
where the measurements correspond to periodic convolution with a Laplacian kernel.
Unfortunately, for such H the convergence of GAMP is still not theoretically under-
stood. Our experimental results, however, indicate that GAMP significantly outper-
forms LMMSE and LASSO for the recovery of sparse statistical signals. Moreover, the
results on test images show that GAMP makes wavelet-domain estimation competitive
with TV

The central conclusion from our simple evaluations here is that GAMP has an immense
potential for becoming a method of choice for statistical resolution of inverse problems.
There are, however, two crucial aspects of the algorithm that still require extensive
theoretical investigation: its convergence and MSE optimality for arbitrary matrices H.
Additionally, future work might consider extending GAMP beyond i.i.d. priors in some
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basis, in order to accommodate more powerful priors that are becoming common in
imaging [109].
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Figure 6.5: Compressive sensing reconstruction of 128 x 128 Lena for a mea-
surement ratio of M/N = 0.7. (a) original, (b) wavelet decomposition, (c)
ortho-£,: 7.71 dB, (d) ortho-¢;: 17.81 dB, (e) ortho-GAMP: 19.41 dB, (f) CS-
£,: 7.80 dB, (g) CS-£;: 21.02 dB, (h) TV: 22.46 dB, (i) CS-GAMP: 23.52 dB.
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Figure 6.6: Compressive sensing reconstruction of 128 x 128 Cameraman for
a measurement ratio of M/N = 0.7. (a) original, (b) wavelet decomposition,
(c) ortho-¢,: 10.00 dB, (d) ortho-£,: 21.77 dB, (e) ortho-GAMP: 22.54 dB, (f)
CS-£,: 10.12 dB, (g) CS-£;: 24.25 dB, (h) TV: 25.20 dB, (i) CS-GAMP: 26.62
dB.
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Figure 6.7: Compressive sensing reconstruction of 128 x 128 Lung for a mea-
surement ratio of M/N = 0.7. (a) original, (b) wavelet decomposition, (c)
ortho-£,: 7.68 dB, (d) ortho-¢;: 22.05 dB, (e) ortho-GAMP: 23.30 dB, (f) CS-
{,: 8.37 dB, (g) CS-£;: 25.66 dB, (h) TV: 26.37 dB, (i) CS-GAMP: 27.74 dB.
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27 40
input SNR (dB)

Figure 6.8: Deconvolution of a sparse 64 x 64 Bernoulli-Gaussian image. The
average reconstruction SNR is plotted against the input SNR. The plot illus-
trates the superior MSE performance of GAMP over LASSO and LMMSE.
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Figure 6.9: Deconvolution of a sparse Gauss-Bernoulli image with p = 0.1,
at input SNR of 15 dB; the upper-left 8 x 8 crop is shown. (a) original, (b)
convolved, (¢) LASSO: 18.67 dB, (d) GAMP: 20.04 dB.
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Figure 6.10: Deconvolution of 256 x 256 Cameraman. (a) original, (b) con-
volved, (c¢) TV: 16.12 dB, (d) CS-GAMP: 16.15 dB.
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Figure 6.11: Deconvolution of 256 x 256 Lena. (a) original, (b) convolved,
(c¢) TV: 10.92 dB, (d) CS-GAMP: 10.93 dB.



Chapter 7

A Novel Nonlinear Framework
for Optical Phase Tomography

7.1 Introduction

In this chapter, we leave the world of linear inverse problems by formulating and solving
a nonlinear alternative for optical tomographic microscopy. In particular, we present
a novel technique for quantitatively estimating the distribution of the refractive index
in a 3D object from measurements of the transmitted wave-field. Refractive index can
be used to study internal structure, as well as physical properties of nearly transparent
objects such as cells or tissues. Its accurate estimation is thus an important topic in
biomicroscopy.

Most approaches for estimating the refractive index rely on various approximations to
linearize the relationship between the refractive index and the measured wave-field [2].
For example, one standard approach interprets the phase of the transmitted wave-field
as a line integral of the refractive index along the propagation direction and uses the
filtered back-projection algorithm for reconstructing it [110]. Another approach relies
on the Fourier diffraction theorem to establish a Fourier transform-based relationship
between the measured field and the refractive index [111]. Such linear forward models
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are typically valid only for objects that are weakly scattering; their application on highly
contrasted or large objects often results in estimates of poor resolution.

Contrary to the standard linear approaches, here, we propose a nonlinear forward
model based on modelling the physics of wave-field propagation. In particular, we
rely on a popular technique in optics called beam propagation method (BPM), which
is extensively used for modelling diffraction and propagation effects of waves [112].
Accordingly, BPM provides a more accurate model than its linear counterparts, when
scattering effects cannot be neglected. We thus develop a statistical algorithm that
relies on BPM for modelling the measurements and on TV for modelling the signal.
The central element of our approach is a novel time-reversal scheme for computing the
derivative of the transmitted wave-field with respect to the distribution of refractive in-
dex. We validate our algorithm on simulations as well as on experimentally measured
data. To the best of our knowledge, our approach is the first successful method that can
handle this type of nonlinear forward models on such a large scale imaging problem.

This chapter is composed of two main parts. The first part is devoted to BPM in general.
Specifically, in Section 7.2, we introduce the inhomogeneous Helmholtz equation that
completely characterizes the wave-field at all spatial positions in a time-independent
form [113]. We then describe the important paraxial simplification of the Helmholz
equation, which is often used for describing the propagation of electromagnetic waves.
Section 7.3 introduces the Fourier-based variant of BPM as a computational technique
for solving the simplified Helmholz equation. The second part of the chapter focuses on
the iterative image reconstruction model based on the nonlinear BPM forward model.
The algorithm developed in Section 7.4 estimates the refractive index by minimizing
a cost function, where the data-term is based on BPM and the regularizer promotes
gradient-sparsity of the estimate. Fundamentally, the algorithm relies on the computa-
tion of the derivatives of the forward model with respect to the refractive index, which
will be presented in a great detail. We finally close the chapter by presenting some
experimental results in Section 7.5.

7.2 Inhomogeneous Wave Equation

Consider the inhomogeneous Helmholtz equation [113]

(A +K*(r)Du(r) =0, (7.1)
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where r = (x, y, 2), u is the total wave-field at r, A = (82/9x?+32/0y%+0%/92%) is
the Laplacian, I is the identity operator, and k = 27/ is the wavenumber of the field.
We will write

k(r) = kon(r) = ky(ny + 6n(r)), (7.2)

where ky = 21/4q = w/cy = w /g€, is the wavenumber in the free space, ¢, & 3x 108
m/s is the speed of light in free space, u, and €, are permeability and permittivity of
free space, respectively. The quantity n is the refractive index of the sample, which we
have written in terms of the refractive index of the medium n; and the perturbation én
due to inhomogeneities in the object. We next develop the paraxial Helmholtz equation
for the complex envelope a(r) of the paraxial wave!

u(r) = a(r)elkomo?, (7.3)

One way to regard (7.3) is to say that it corresponds to a plane wave propagating along
z in the medium, modulated by the complex amplitude a. Now consider

2t 1= 2 (( 5z )& + gngatryelon )

2
— akonos ((%a(r)) + 2jkon, (%a(r)) — kgnga(r)) .

By using this expression and by substituting (7.3) into (7.1), we obtain

(A +K*(r) D) u(r)
2

0 e,
AJ_ + 8 +2Jk0n0

P k2 2 oI+ k2 (n(z) +2ny6n(r) + (5n(r))2) I) a(r)elkono?

2

G, 0
AJ_ + 8 +2Jk0n0

e + Zkzno on(r)I+ k2 (5n(r))? 1) a(r)elkonor =0,

where A | = 32/9x%+82/8 y?. We will now introduce two simplifications. The first is
the slowly varying envelope approximation (SVEA), which is valid when |(82/32%)a| <

1 Awave is said to be paraxial if its wavefront normals are paraxial rays (i.e. where sin(0) ~ 6 is valid).

The variation of a with position must be slow within the distance of a wavelength, so that the wave
approximately maintains its underlying plane-wave nature.
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|kono(2/92)al and allows us to suppress the second derivative of a in z [113]. In the
second simplification, we ignore the term (6n)?. We thus obtain

0 .1 .
Ea(r) = (_]mAJ_ +_]k0 (STI(’I“)I) Cl(’f'). (74)

7.3 Fourier Beam Propagation

BPM is a class of algorithms designed for calculating the optical field distribution in
space or in time given initial conditions®>. The paraxial Helmholz equation (7.4) is
an evolution equation in which the space coordinate z plays the role of the evolution
parameter.

7.3.1 Derivation
We start by rewriting (7.4) in operator form
0
aa(r) =D{a}(r)+N{a}(r), (7.5)

where

D=j A, and N=jk,o6n(r)l

2kgn

Note that the operator D is linear and translation-invariant (LTI), while the operator N
corresponds to a pointwise multiplication. The formal solution of (7.5) is a complex
exponential®

a(x,y,z) =eP™q(x,y,0). (7.6)

The operators exp(Dz) and exp(Nz) do a priori not commute; however, Baker-Campbell-
Hausdorff formula [114] can be applied to show that the error from treating them as if

2 We thank Alexandre Goy and loannis Papadopoulos, members of the Optics Laboratory at EPFL,

for formally initiating us into the world of BPM. We also thank the head of the Optics Laboratory
Prof. Demetri Psaltis.
Note that for an operator T, we define a new operator e'® in terms of the series expansion e'? =

> fq—T:T“. Therefore, for a(r), we write e {a}(r) = Y10, %T“{a}(r)
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they do will be of order 622 if we are taking a small but finite z step §z. This suggests
the following approximation

a(x,y,z + 6z) = eN%eP%%q(x, y, 2). (7.7)

Now, it is possible to get explicit expressions for the diffraction exp(D6z) and refraction
exp(No&z) operators, since they are independent. Diffraction is handled in the Fourier
domain as

2.2
WP tw’
oY 5z

a(wy,w,,z+062)= e oo a(w,, wy,2), (7.8)

which can also be expressed for a fixed z with a 2D Fourier transform
a(x,y,z+62)=F! {ﬁ' {a(:, -, 2)Howy, wy) kT EZ} (x,y,2 + 62). (7.9

For refraction, we get
a(x: Y,z + 52) = eikO(an(x’y’Z))éza(x: Y Z), (710)

which amounts to a simple multiplication with a phase mask in the spatial domain.

The BPM for simulating waves propagating at larger angles was derived by Feit and
Fleck in [115]. By relying on their results, we can replace the diffraction step (7.9) by
a more refined alternative

a(x,y,z+62) (7.11)
2tod

Noidora o )
:g71 y{a("UZ)}(wx:wy) € (k0n0+ kono_wx_wy) (X7.yﬁz+5z)'

It is important to note that if the solution exists for an arbitrary initial condition a, =
a(x,y,z = 0), it implies that a, does not depend on a(r), which means that BPM that
solves this problem ignores reflections.

7.3.2 Implementation

We consider the 3D volume [—L, /2, L, /2]x[—L,/2,L,/2]x[0, L,] that we refer to as
computational domain. The domain is sampled with steps 6x, 6y, and 6z, which will
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result in N,,N,, and K samples, respectively. We will additionally use the following
matrix-vector notations

* x: samples of the refractive-index distribution én in the computational domain.
* y: samples of the complex wave-field a.

* S: non-linear forward operator that implements BPM and maps the refractive index
distribution into the complex wave-field y = S(x).

We use the index k to refer to the quantities described above at the k-th slice along
the optical axis z. For simplicity, we assume that all 2D quantities at the k-th slice are
stored in a vector. Then, given the initial input field y, = Sy(x) and the refractive index
distribution x, the total field {yj };e[1.x] can be computed recursively as follows

S (x) =diag(pr(x NH S 1 (x). (k=1,...,K) (7.12)

Here, H denotes the diffraction operator corresponding to (7.11); it is implemented by
taking the DFT of the input field, multiplying it by a frequency-domain phase mask, and
taking the inverse DFT. The vector pi(x;) = e/ 92X which depends on k-th slice of the
refractive index x;, accounts for a phase factor corresponding to the implementation
of the refraction step (7.10).

Figure 7.1 illustrates a simulation where a plane-wave of A = 561 nm with a Gaussian
amplitude is propagated in immersion oil (ny, = 1.518 at A = 561 nm) with an angle
of 7t/32 with respect to optical axis z. The computational domain of dimensions L, =
L, =1, = 36.86 um is sampled with steps 6x = 6y = 6z = 144 nm. In (a)-(c)
we illustrate the propagation of the wave-field in immersion oil, while in (d)-(f) we
illustrate the propagation when a spherical bead of diameter 10 um with refractive
index n = 1.548 is immersed in the oil. As we can see in (f) even for a relatively week
refractive index contrast of 6n = 0.03, one can clearly observe the effects of scattering
on the magnitude of the wave-field.

7.4 Iterative Reconstruction

In practice, the input field y, is known and the output field yx is measured using a
holographic technique that gives access to the full complex-valued wave-field. Our goal
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]
il

Figure 7.1: Propagation of a plane-wave of A = 561 nm in immersion oil with
ny = 1.518 simulated with BPM. (a—c) Propagation in oil. (d—f) Immersion
of a 10 um bead of n = 1.548 at A = 561 nm. (a, d) x-y slice of the beam
magnitude at z = L,/2, (b, e) x-y slice of the beam phase at z = L,/2. (c,
f) x-z slice of the beam magnitude at y = 0. The circle in (f) illustrates the
boundary of the bead at y = 0. Scale bar, 10 um.

is to recover x from a set of L views {yﬁ}ge[lm[‘] corresponding to input fields {yf;},_;e[lmu.
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Algorithm 7.1: Time-reversal scheme for computing V2
input: input field y,, output field y,
and current estimate of the refractive-index distribution X.
output: the gradient [VZ2(X)].
algorithm:

1. Compute the total field ¥ = S(X) using the Beam propagation recursion (7.12),
keeping all the intermediate wave-fields ¥, = S;(X) in memory.

2. Compute the residual rx =y —yx and set sy = 0.
3. Compute s, = [%SK&)]H T, using the following iterative procedure
El ~ \TH . —
@ s =8+ [5p(X)] diag (H Yk—l) re, (k=K,...,1).
(b) Tk—1 = HHdlag(pk(ik)) Tk» (k ZK,,].)

4. Return [V2(X)]" = Re{s}.

To perform estimation, we minimize the following regularized least-squares function

C(x)=2(x)+ ¢(x) (7.13a)
L
B % 2+ ¢(9) (7.13b)
(=1
L
- ﬁZ||yi_Sﬁ(x)||§+¢(X), (7.13¢)
(=1

where ¢ is one of the sparsity-promoting regularizers discussed in Chapter 2.

7.4.1 Derivation of the Gradient

The gradient of the data term 2 with respect to x is required for MAP-based recon-
struction algorithm. Accordingly, we now derive a recursive algorithm for computing
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Figure 7.2: Reconstruction of a 10 um bead of refractive index 1.548 at
A =561 nm in immersion oil with n, = 1.518 from BPM simulated measure-
ments. Evolution of the cost function 4(X") during the reconstruction over
1000 iterations.

this quantity*. For simplicity, we consider the scenario of a single view and thus drop
indices £ from the subsequent derivations. The final formula can be easily generalized
for an arbitrary number of views L.

We start by expanding the least-squares function as follows

P(x) = %nyK — S (7.14a)
= 2 i) ~ Re ({800, i+ 3 (8,80, ars

where (x,z) = zFx, where Hermitian transposition ' is due to the complex nature of
the quantities. We would like to compute the gradient of this expression. We introduce

4 We thank Cédric Vonesch for establishing the recursive computation formula for the gradient.
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a convention s
P a_le:s(x)]l
—Sx) = : . (7.15)
9x; 2 re;
S0y
Then, the gradient is given by
292(x) 292()
dx; T Oxy

Vo) =| |=re{sc0-y0" | ssw]} a6

where

iSK(x) = [i[SK(x)] %[SK(X)]]
N

ox 9x;
e C{CY IR E eI
L0800 - S8y

In practice, we are interested in a column vector

" o T
(Vo] =Re{[asl<(x)] (sK(x)—yK)}. (7.17)

Therefore, we need to derive a tractable algorithm to compute (7.17). By looking at
(7.12), we see that

a d
g{sk(x) = 7% [diag (pyx(%x))H Si_;(x)]

ol ol
— diag (H S, 1 (x)) [apk(xk)] + diag (pr(x ) H [ggk_l(x)] .

Then, we have that

d H
ox

= [aa_)(sk—l(X)]H H" diag (m) + [%Pk(xk)]H diag (H Sk—l(x)) ’
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where the vector v contains complex conjugated elements of vector v. Also, note that
for k = 0, we have

a H
[—So(x)] =0. (7.19)
Ix

7.4.2 Recursive Computation of Gradient

Based on the recursion (7.18), we obtain a practical implementation of (7.17), which is
summarized in Algorithm 7.1. Conceptually, our metod is similar to error backpropaga-
tion algorithm extensively used to train neural networks [116]. Similarly to backprop-
agation, we compute the gradient by propagating the error in a time-reversed fashion.

7.4.3 Iterative Estimation Algorithm

By relying on gradient, we propose a novel stochastic variant of FISTA, summarized in
Algorithm 7.2, that iteratively estimates the refractive index distribution x. One no-
table difference of Algorithm 7.2 with respect to the standard FISTA in Algorithm 2.9
is that the gradient is only computed with respect L < L measurements selected uni-
formly at random in each iteration from the complete set of measurements {yf;} te[1..1]-
This stochastic gradient approach [117] reduces the per-iteration cost of reconstruction
significantly; moreover, since gradient computation is highly parallelizable the number
L can be adapted to match the number of available computing units. We also set the
steps of the algorithm proportional to 1/+/t to assure its local convergence.

7.5 Numerical Evaluation

In the first experiment, we verify the performance of our reconstruction algorithm based
on our recursion summarized in Algorithm 7.1. In particular, we consider the recon-
struction of a simple 10 um bead of refractive index n = 1.548 at A = 561 nm immersed
into oil of refractive index n, = 1.518. We simulate L = 61 measurements with equally
spaced angles in [—m/8, /8] with BPM. Angles are with respect to optical axis z in
dimension x. The dimensions of computational domain are set to L, = L, = 36.86 um
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Algorithm 7.2: Minimizes: € (x) = (1/L) ZzL=1 2,(x) + P (x)

input: data {y’ }eer1..17> initial guess X°, steps {y, },cy, parameter L € [1...L]
and efficient implementation of {V%;};.. ) and prox.
set: t—1,8"%% kye1

repeat
Select uniformly at random I views indexed by {¢ i}ier1. i
R (270 ) v, (s") (stochastic gradient step)
X'« prox, (z';7) (prox step)

ke 2(1+/1+4K2)
st =X+ (ke — D/k)E =X
t—t+1

until stopping criterion

return X'

and L, = 18.45 ym and it is sampled with steps 6x = 6y = 6z = 144 nm. Reconstruc-
tion is performed by finding a local solution to the following minimization problem

. 1 < 2
mxm{‘g(x) = i;”yf;—si(x)”2+rw(x)} (7.20)
subjectto {0 <x<0.1},

where 7 > 0 is the regularization parameter. For this experiment, the regularization
parameter was set to T = 0.01. For all our experiments, we set L. = 8. We illustrate the
convergence of our minimization algorithm, in Algorithm 7.2, in Figure 7.2, where we
plot the cost in (7.20) during 1000 iterations.

In Figure 7.3, we illustrate the true and estimated refractive index distributions. After
1000 iterations the signal-to-noise ratio (SNR) of the estimate is 22.74 dB. The visual
quality of the reconstruction is excellent. In particular, we observe the ability of our
method to correct for the missing cone due to limited angle of illumination. It yields a
much better resolution along z-axis compared to filtered back projection (FBP) approach
used in [110].

We next validated our BPM-based forward model and reconstruction algorithm with
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data acquired with an experimental setup of a optical tomographic microscope. The
setup splits a laser source of A =561 nm into the reference and sample beams that are
combined into a hologram, which is subsequently used to extract the complex wave-
field at the measurement plane [112]. The sample is a 10 um polystyrene bead of
refractive index n = 1.588 at A = 561 nm immersed in oil with a refractive index of
ny, = 1.518 so that the refractive index contrast is 6n = 0.07. The data was obtained
by obtaining L = 61 measurements with angles in the range [—32.16°,30.80°]. The
estimate is obtained by solving the problem (7.20), with the regularization parameter
set to T = 10. The result, illustrated in Figures 7.4 (a)-(d), was obtained by initializing
our iterative algorithm with the solution of FBP [118] performed on the phase of the
measured wave-field. Such warm initialization is useful due to non-convex nature of
our optimization problem. In the x-y slice at z = 21.17 um, the bead reconstructed
with our method has the diameter of approximately 10.08 um and average refractive
index of 0.067. At exactly same plane, FBP-based solution obtains a bead of slightly
smaller diameter, but with refractive index of 0.075. As we can see, our method sig-
nificantly improves on the FBP-based solution and corrects the missing cone visible in
Figures 7.4 (g) and (h).

7.6 Summary

In this chapter, we have demonstrated a novel iterative method for estimating the re-
fractive index distribution of a 3D object from measurements of the transmitted wave-
field. The core of our method is a nonlinear forward model, which is based on sim-
ulating the physical propagation of electromagnetic waves with BPM. Our estimate is
obtained by minimizing the discrepancy between the measured wave-fileds and those
computed with BPM. To compensate for the ill-posedness of the problem, we also reg-
ularize our solution with TV. We have validated our forward model by reconstructing a
polystyrene bead with a known refractive index distribution.

The results presented in this chapter are still very fresh and preliminary. Yet, they show
for the first time the feasibility of using a nonlinear forward model in a practical imaging
modality such as tomographic microscope. The next step is to replace the polystyrene
bead with a cell or a multicellular organism. One also needs to perform more systematic
comparisons between our BPM-based method and the linear approaches. Depending
on the signals considered, one can imagine using other regularizers discussed in this
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thesis. Current implementation of our algorithm requires several hours of running time;
however, one can imagine significant reductions via the usage of GPU-based techniques
that are similar to those used to train neural networks.
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Figure 7.3: Reconstruction of a 10 um bead of refractive index 1.548 at A =
561 nm in immersion oil with ny = 1.518 from BPM simulated measurements.
(a—d) True refractive index distribution. (e-h) Reconstructed refractive index
distribution: SNR = 22.74 dB. (a, e) A 3D rendered image of the bead. (b, f)
x-y slice of the bead at z = L,/2. (c, g) 2-x slice of the bead at y = 0. (d, h)
z-y slice of the bead at x = 0. Scale bar, 10 um.
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Figure 7.4: Reconstruction of a 10 um bead of refractive index 1.588 at A =
561 nm in immersion oil with ny = 1.518 from real measurements obtained
with an tomographic diffraction microscope. (a—d) Reconstruction using our
algorithm. (e-h) Reconstruction using filtered back projection algorithm. (a,
e) A 3D rendered image of the bead. (b, f) x-y slice of the bead at z = 21.17
um. (c, g) z-x slice of the bead at y = —2.30 um. (d, h) z-y slice of the bead
at x = 0.58 um. Scale bar, 10 yum.



Chapter 8

Conclusions

In this thesis, we presented a collection of new and competitive ideas for the resolution
of inverse problems. In the first section below, we summarize the main contributions
of our work. In the second section, we discuss the potential areas of interest for future
research related to our work.

8.1 Summary of Results

Justification and improvement of cycle spinning: We provided the first theoreti-
cal justification of the popular cycle spinning technique in the context of linear inverse
problems. The proof is general and can be used to develop and analyze algorithms rely-
ing on compound regularization. We also introduced the idea of consistent cycle spin-
ning, which amounts to imposing certain linear constraints on estimated wavelet co-
efficients when the transform is redundant. These constraints enforce Parseval’s norm
relation, which, in turn, allows for statistical interpretation of the solution. We have
empirically demonstrated statistical MAP and MMSE estimation under consistent cycle
spinning for signals with sparse derivatives.

Lévy processes and optimal recovery of signals with sparse derivatives: Availabil-
ity of an analog generative signal model is very convenient for assessing the perfor-

159
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mances of reconstruction methods. To that end, we introduced a continuous-domain
stochastic framework for modelling signals with sparse derivatives. Its important as-
pects include among other things the following: (a) statistical properties of its members
are fully characterized by the Lévy-Khintchine formula; (b) several popular algorithms
can be interpreted as MAP estimators for our processes; (c) possibility to develop an
MSE optimal estimation algorithm. We succeeded in designing MMSE estimation algo-
rithm and used it to benchmark the performances of several reconstruction algorithms.
In particular, we demonstrated that the superior estimation performance of TV cannot
be solely attributed to its statistical MAP interpretation.

Novel adaptive version of GAMP: We presented the GAMP algorithm that can be used
to perform MAP and MMSE estimation of signals that can be decoupled in some basis.
Our numerical evaluations illustrated that under suitable conditions that are reminis-
cent of compressive sensing GAMP can largely outperform other standard approaches.
In particular, in imaging, the best performance is achieved when GAMP-based MMSE
estimation is combined with cycle spinning. We have also extended the traditional
GAMP such that it can learn unknown statistical parameters present in the inverse prob-
lem during the reconstruction. We have proved that for i.i.d. Gaussian measurement
models when learning is performed via the maximum-likelihood estimator, adaptive
GAMP is asymptotically consistent.

A novel nonlinear framework for phase tomography: We developed a novel ap-
proach for estimating the 3D refractive index distribution of an object with an optical
tomographic microscope. The difficulty of the problem lies in the nonlinear nature of
the underlying measurement process and on very high-dimensionality of the data. Our
approach is based on simulating the wave-field propagation through the object via the
beam propagation method. We provide a corresponding inverse problem formulation
and develop a novel iterative inversion algorithm. We demonstrate that our algorithm
recovers the distribution of the refractive index distribution on simulated as well as on
experimentally measured data. To the best of our knowledge, this is the first successful
reconstruction algorithm that can handle this kind of nonlinear model on such a large
scale (3D) imaging problem.
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8.2 Outlook

More sophisticated priors for imaging: Finding priors that can accurately model
various types of natural images is still a major research topic that requires considerable
attention. In this thesis, we restricted ourselves to priors that assume independence in
some transform domain. One avenue would be to investigate the empirical success of
the patch-based methods such as nonlocal means [119] or BM3D [120]. An encourag-
ing step towards this direction was taken in [ 109], where the authors have constructed
overcomplete frames formalizing BM3D image model. The latter can then be used in
the context of regularized resolution of linear inverse problems discussed in this thesis.

Extension and analysis of consistent cycle spinning: We have presented consistent
cycle spinning as a technique for enforcing norm equivalence between the image and
the redundant-transform domains. In particular, our transforms consisted of transla-
tions of an orthogonal wavelet basis making the representation shift-invariant. How-
ever, the idea can be applied more generally to any redundant representation. For
example, Tekin et al. [121] have used the concept to boost the performance of image
denoising with steerable wavelet-transforms. One interesting direction would be to
combine all the ingredients by boosting MMSE consistent cycle spinning with success-
ful redundant transforms such as BM3D frames [109]

GAMP for larger classes of problems: As we saw in Chapter 6, the best empirical
results for linear inverse problems were obtained when combining GAMP with cycle
spinning. Practical applications of GAME however, are still at early stages and require
further theoretical analysis. One related direction is the convergence of the algorithm.
It was recently shown by Rangan [ 108] that GAMP diverges for certain problems where
the forward operator is especially ill-posed. One strategy that we relied on and which
is commonly used to circumvent this issue is damping. Since by damping strongly, one
also hampers the convergence of the algorithm, there is a need for some theoretical
alternatives to damping.

Another issue is that the current formulations of GAMP require a basis for whitening
the signal. For example, our experiments relied on wavelet-transforms to decouple the
signal components. Such approaches preclude the usage of other types of linear or
nonlinear operators such as TV. Two things that need to be done are as follows: (a)
develop GAMP-based algorithms relying on priors based on gradient-like operators;
(b) theoretically justify the union between GAMP and cycle spinning in a way that is
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similar to our analysis in Chapter 3.

Speedup and improvements for nonlinear forward models: Substantial speedups
in the BPM-based reconstruction is possible using parallelization on dedicated GPU
units. In fact, such parallelization is extensively used in backprojection-based deep
learning algorithms for neural networks. There is no apparent obstacle that would
prevent the same strategy with our method to further speedup the reconstruction. We
validated our BPM-based reconstruction on a simple bead. However, the algorithm can
and should be applied for other types of data such as biological cells.
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finding large cliques in a random network, data clustering, and non-negative or sparse matrix
factorization. This project was conducted in Information Systems Lab of Stanford.

Massachusetts Institute of Technology, Cambridge, USA (Master thesis)

Developed a novel statistical algorithm for estimating signals from discretized measurements.
The algorithm and the resulting publication were nominated for the best student paper award
at the Fourth IEEE International Workshop in Computational Advances in Multi-Sensor
Adaptive Processing (CAMSAP). This project was conducted in the Research Laboratory of
Electronics of MIT.

EPFL, Lausanne (Semester Project in Biomedical Imaging Group)

Developed a program for removing noise from biomicroscopy images. The program relied on
the statistical characterization of the noise, as well as on a convex optimization algorithm for
reducing it. The novel and creative aspect was that the program I developed extended the
standard algorithm to the Poisson-type noise that is common in the low light regimes.

EPFL, Lausanne (Pattern Classification and Machine Learning)

The goal of this class project was to develop a program for learning and classifying
handwritten digits from the MNIST database. In a group of two, we developed two
classification algorithms based on back-projection in neural networks and on expectation-
maximization algorithm. Our classifiers achieved classification error rates of 2% and 4%,
respectively, during validation.

EPFL, Lausanne (Semester Project in Audiovisual Communications Lab)

Developed an adaptive beamformer, which is a program that can be used in conjunction with
an array of microphones, for performing directional sound acquisition. While traditional
techniques rely solely on the temporal processing of the signal, my extension did
spatiotemporal processing of the acoustic field. This allowed the beamformer to also perform
spatial localization of the sound sources.

Carnegie Mellon University, Pittsburgh, USA (Research Assistant)

The goal of this project was to develop a computer vision software enabling high-speed eye
tracking with a robust pupil center estimation. The software was part of a larger eye tracking
system for diagnosis and early screening of diabetic retinopathy.

Approach to Optical Tomography,” arXiv:1502.01914 [physics.optics], February 2015.

2. S. Rangan, A. K. Fletcher, P. Schniter, and U. S. Kamilov, “Inference for Generalized Linear Models via

Alternating Directions and Beth Free Energy Minimization,” arXiv:1501.01797 [cs.IT], January 2015.

3. U. S. Kamilov, E. Bostan, and M. Unser, “Variational Justification of Cycle Spinning for Wavelet-Based Solutions

of Inverse Problems,” IEEE Signal Process. Letters, vol. 21, no. 11, pp. 1326—1330, November 2014.

4. U. S. Kamilov, S. Rangan, A. K. Fletcher, and M. Unser, “Approximate Message Passing with Consistent
Parameter Estimation and Application to Sparse Learning,” IEEE Trans. Inf. Theory, vol. 60, no. 5, pp. 2969—
2985, May 2014.

5. E. Bostan, U. S. Kamilov, M. Nilchian, and M. Unser, “Sparse Stochastic Processes and Discretization of Linear

Inverse Problems,” IEEE Trans. Image Process., vol. 22, no. 7, July 2013.
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6. A. Kazerouni, U. S. Kamilov, E. Bostan, and M. Unser, “Bayesian Denoising: From MAP to MMSE Using
Consistent Cycle Spinning,” IEEE Signal Process. Letters, vol. 20, no. 3, pp. 249-252, March 2013.

7. A. Amini, U. S. Kamilov, E. Bostan, and M. Unser, “Bayesian Estimation for Continuous-Time Sparse Stochastic
Processes,” IEEE Trans. Signal Process., vol. 61, no. 4, pp. 907—920, February 2013.

8. U.S. Kamilov, P. Pad, A. Amini, and M. Unser, “MMSE Estimation of Sparse Lévy Processes,” IEEE Trans. Signal
Process., vol. 61, no. 10, pp. 137-147, January 2013.

9. U. S. Kamilov, V. K. Goyal, and S. Rangan, “Message-Passing De-Quantization with Applications to Compressed
Sensing,” IEEE Trans. Signal Process.,vol. 60, no. 12, pp. 6270—-6281, December 2012.

10. U. S. Kamilov, A. Bourquard, A. Amini, and M. Unser, “One-Bit Measurements with Adaptive Thresholds,” IEEE
Signal Process. Letters, vol. 19, no. 10., pp. 607-610, October 2012.

11. U. S. Kamilov, E. Bostan, and M. Unser, “Wavelet Shrinkage with Consistent Cycle Spinning Generalizes Total
Variation Denoising,” IEEE Signal Process. Letters, vol. 19, no. 4, pp. 187-190, April 2012.

Conference, symposium, and workshop

1. U. S. Kamilov, A. Bourquard, and M. Unser, "Sparse Image Deconvolution with Message Passing," Proc. 5th
Workshop on Signal Process. with Adaptive Sparse Structured Representations (SPARS 2013) (Lausanne,
Switzerland, July 8-11).

2. E. Bostan, U. S. Kamilov, M. Nilchian, and M. Unser, "Consistent Discretization of Linear Inverse Problems using
Sparse Stochastic Processes,” Proc. 5th Workshop on Signal Process. with Adaptive Sparse Structured
Representations (SPARS 2013) (Lausanne, Switzerland, July 8-11).

3. E. Bostan, J. Fageot, U. S. Kamilov, and M. Unser, "MAP Estimators for Self-Similar Sparse Stochastic Models,"
Proc. 10th International Conference on Sampling Theory and Applications (SAMPTA 2013) (Bremen, Germany,
July 1-5), pp. 197-199.

4. U. S. Kamilov, A. Bourquard, E. Bostan, and M. Unser, “Autocalibrated Signal Reconstruction from Linear
Measurements using Adaptive GAMP,” Proc. IEEE Int. Conf. Acoustics, Speech and Signal Process. 2013
(Vancouver, Canada, May 26-31), pp. 5925-5928.

5. B. Tekin, U. S. Kamilov, E. Bostan, and M. Unser, “Benefits of Consistency in Image Denoising with Steerable
Wavelets,” Proc. IEEE Int. Conf. Acoustics, Speech and Signal Process. 2013 (Vancouver, Canada, May 26-31), pp.
1355-1358.

6. U. S. Kamilov, S. Rangan, A. K. Fletcher, and M. Unser, “Approximate Message Passing with Consistent
Parameter Estimation and Applications to Sparse Learning,” Proc. 23rd Ann. Conf. Neural Information
Processing Systems (NIPS 2012) (Lake Tahoe, Nevada, December 3-6), pp. 2447—2455.

% Acceptance rate of 370/1467 = 25%.

7. A. Amini, U. S. Kamilov, and M. Unser, “The Analog Formulation of Sparsity Implies Infinite Divisibility and
Rules Out Bernoulli-Gaussian Priors,” Proc. IEEE Information Theory Workshop 2012 (Lausanne, Switzerland,
September 3—7), pp. 687—691.

8. E.Bostan, U. S. Kamilov, and M. Unser, “Reconstruction of Biomedical Images and Sparse Stochastic Modelling,”
Proc. Int. Symp. Biomedical Imaging 2012 (Barcelona, Spain, May 2-5), pp. 880-883.

9. U. S. Kamilov, A. Amini, and M. Unser, “MMSE Denoising of Sparse Lévy Processes via Message Passing,” Proc.
IEEE Int. Conf. Acoustics, Speech and Signal Process. 2012 (Kyoto, Japan, March 25-30), pp. 3637-3640.

10. U. S. Kamilov, E. Bostan, and M. Unser, “Generalized Total Variation Denoising via Augmented Lagrangian Cycle
Spinning with Haar Wavelets,” Proc. IEEE Int. Conf. Acoustics, Speech and Signal Process. 2012 (Kyoto, Japan,
March 25-30), pp. 909—912.

11. A. Amini, U. S. Kamilov, and M. Unser, “Bayesian Denoising of Stochastic Processes with Finite Rate of
Innovation,” Proc. IEEE Int. Conf. Acoustics, Speech and Signal Process. 2012 (Kyoto, Japan, March 25-30), pp.
3620-3632.
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12. U. S. Kamilov, V. K. Goyal, and S. Rangan, “Generalized Approximate Message Passing Estimation from
Quantized Samples,” Proc. 4th Int. Workshop on Computational Advances in Multi-Sensor Adaptive Process.
(CAMSAP 2011) (San Juan, Puerto Rico, December 13-16), pp. 401—404.

% Student Paper Award finalist.

13. U. S. Kamilov, V. K. Goyal, and S. Rangan, “Message-Passing Estimation from Quantized Samples," Proc. 4th
‘Workshop on Signal Process. with Adaptive Sparse Structured Representations (SPARS 2011) (Edinburgh, United
Kingdom, June 27-June 30), p. 58.

14. U. S. Kamilov, V. K. Goyal, and S. Rangan, “Optimal Quantization for Compressive Sensing under Message
Passing Reconstruction,” Proc. 2011 IEEE Int. Symp. Inform. Theory (Saint-Petersburg, Russia, July 31—August
5), Pp- 390-394.

Teaching

Teaching Assistant for the Courses:
« Signals and Systems I: Autumn 2011, Autumn 2012, Autumn 2013
% Part of the team that won 2013 Education Award from EPFL’s Life Sciences Section.
« Signals and Systems II: Spring 2012, Spring 2013, Spring 2014
« Introduction to Object Oriented Programming: Autumn 2008
« Introduction to Communication Systems: Autumn 2007

Students Supervised

1. Bugra Tekin — masters student at EPFL, co-advised with Emrah Bostan and Prof. Michael Unser, 2012.
Semester Project: “Solving Inverse Problems with Sparsifying Transforms.”
Currently a PhD student at EPFL.

2. Ipek Baz — masters student at EPFL, co-advised with Aurélien Bourquard and Prof. Michael Unser, 2012.
Semester Project: “Reconstruction of Signals from Sign Measurements”

3. Abbas Kazerouni — intern at EPFL from Sharif University, co-advised with Prof. Michael Unser, 2012.
Topic: “MMSE Estimation of Sparse Stochastic Processes”
Currently a PhD student at Stanford.

4. Julien Schwab — masters student at EPFL, co-advised with Ricard Delgado Gonzalo and Prof. Michael Unser,
2012.
Semester Project: “Object Classification with Kinect”

5. Mamoun Benkirane — masters student at EPFL, co-advised with Prof. Michael Unser, 2014.
Semester Project: “Interactive Demo for Signals & Systems Course”.

6. Sander Kromwijk — masters student at EPFL, co-advised with Prof. Michael Unser, 2014.
Master Project: “Reconstruction of a 3D map of the refractive index from digital holography microscopy data.”

Professional Activity and Service

Student Member of IEEE (2011—present).
Full Member of Sigma Xi (2014—present).

Reviewer for

IEEE Int. Conf. Acoustics, Speech, & Signal Processing 2012,
IEEE Int. Symp. Biomedical Imaging 2012,
IEEE Trans. Image Processing,

IEEE Trans. Signal Process.,

IEEE Signal Process. Lett.,

IEEE Information Theory Workshop 2014,
NIPS 2014,

IEEE Trans. Med. Imaging.

IEEE J. Sel. Topics in Sign. Proces.,

IEEE Int. Symp. Inform. Theory 2015.
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