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Abstract

The main topic of this thesis is elastic imageregistration for biomedical applications. We
start with an overview and classi�cation of existing registration techniques. We revisit
the landmark interpolation which appearsin the landmark-basedregistration techniques
and add somegeneralizations.

We develop a general elastic image registration algorithm. It usesa grid of uniform
B-splinesto describe the deformation. It alsousesB-splinesfor imageinterpolation. Mul-
tiresolution in both image and deformation model spacesyields robustnessand speed.
First we describe a version of this algorithm targeted at �nding unidirectional deforma-
tion in EPI magnetic resonanceimages. Then we present the enhancedand generalized
versionof this algorithm which is signi�can tly faster and capableof treating multidimen-
sional deformations. We apply this algorithm to the registration of SPECT data and to
the motion estimation in ultrasound image sequences.

A semi-automatic version of the registration algorithm is capableof acceptingexpert
hints in the form of soft landmark constraints. Much fewer landmarks are neededand
the results are far superior comparedto pure landmark registration.

In the secondpart of this thesis,we dealwith the problem of generalizedsampling and
variational reconstruction. We explain how to reconstruct an object starting from several
measurements using arbitrary linear operators. This comprisesthe caseof traditional as
well as generalizedsampling. Among all possible reconstructions, we choose the one
minimizing an a priori given quadratic variational criterion. We give an overview of the
method and present several examplesof applications. We also provide the mathematical
details of the theory and discussthe choice of the variational criterion to be used.
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R�esum�e

Le sujet principal de cette th�ese est la mise en correspondance �elastique pour des
applications biom�edicales. Nous commen�cons par r�esumer et classer les m�ethodes
existantes de mise en correspondance. Nous revisitons les techniques d'in terpolation
utilis �eespour la mise en correspondancebas�eesur desrep�eres.

Nous avonsd�evelopp�e un algorithme g�en�eral de miseen correspondance�elastique. La
d�eformation est d�ecrite �a l'aide de B-splinespos�essur une grille uniforme. Nous utilisons
les B-splines �egalement pour interpoler les images. L'apport de la multir �esolution |
pour l'image et pour le mod�ele de d�eformation | rend l'algorithme rapide et robuste.

Premi�erement, nouspr�esentons uneversionde l'algorithme destin�ee�a la correction des
d�eformations unidirectionnelles dans les imagesfonctionnellesde r�esonancemagn�etique.
Deuxi�emement, nous d�ecrivons une version am�elior�ee et g�en�eralis�eede cet algorithme,
capable de traiter des d�eformations multidimensionnelles. Nous appliquons cet
algorithme aux probl�emesde la cr�eation d'un atlas desimagesSPECT et de l'estimation
de mouvement dans les s�equencesultrasoniques.

Un extension de l'algorithme permet d'utiliser les rep�eres choisisespar un expert
comme des indications pour am�eliorer la qualit �e de la mise en correspondencedans les
casdi�ciles.

Dans la deuxi�eme partie de la th�ese,nous traitons le probl�emede l' �echantillonnage
g�en�eralis�eet de la reconstructions variationnelle. Nous expliquonscomment reconstruire
un objet �a partir de plusieurs mesureslin�eaires. Parmi toutes les reconstructions, nous
choisissonscelle qui minimise un crit �ere quadratique variationel. Nous pr�esentons une
vue d'ensemble de cette m�ethode ainsi que plusieurs exemples. Nous discutons le choix
du crit �ere �a employer.
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Chapter 1

Intro duction

1.1 Image registration

Supposewe have two imageswhich we shall call reference and test. Theseimagesdepict
the sameor similar object but they are not identical. The task of the image registration
is to �nd homologous(corresponding) points in both images.

For us, the output of the image registration is a correspondence function g such that
x t = g(x r ). The function g takes a coordinate x r of any point in the referenceimage
and returns a coordinate x t of a corresponding point in the test image.

We will call a registration elastic, if the family of correspondencefunctions g is suf-
�cien tly general, capable of expressing(almost arbitrary) nonlinear relations.1 A regis-
tration which is not elastic might consider for exampleonly linear functions g.

1.1.1 Examples of image registration

As an exampleconsiderthe two portraits in Figure 1.1, wherecorresponding points such
as eyes, the chin, or the tip of the nose can be easily identi�ed. A more complicated
example is presented in Figure 1.2. Here somezonesfrom the left image do not have
any corresponding region in the right image. This illustrates some vaguenessof the
registration problem which we will have to address.Finally, Figure 1.3 shows an example
from the biomedical domain presenting another di�cult y: Note that although the images
represent exactly the sameobject, the aspect of someof its parts is radically di�eren t in
both.

1Elasticit y in a stricter senseis sometimes associated with a reference state that the object returns
to once all loads are removed. There is no such notion for our correspondence function.
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Figure 1.1: Michael Unser (left), my thesis director, and Philipp e Th�evenaz(right), the
�rst assistant.

1.1.2 Image warping

Image warping or image deformation is in somesensethe inverseof image registration,
as illustrated in Figure 1.4. The image registration takes the test and referenceimages
and yields a correspondence (deformation) function. Conversely, the image warping
takes the test image and a correspondencefunction and outputs a warped image which
is a deformed version of the test image. If all has worked correctly, then the warped
test image should be aligned with the referenceimage. Conversely, applying an image
registration on an original of an image and its warped version recovers the deformation
used.

Givenan imagef (x) and a deformation function g, the imagewarping yields a warped
image f w (x ) = f

�
g(x)

�
.

1.2 Applications of image registration

Applications of image registration emergedin the domain of motion analysis. The task
is to �nd changes between two subsequent frames in a video sequence. We assume
that these changescan be completely explained by movements of the objects in the
sceneor movements of the observer. The extracted motion �eld can be exploited in
numerous ways. We can use it directly to measurethe tra jectories, distances, speeds,
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Figure 1.2: JamesBond (left), his friend Lupe (right).
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Figure 1.3: Corresponding magnetic resonancebrain slicesfrom EPI (left) and anatom-
ical (right) modalities. Landmarks (white crosses)have beenmanually placed at corre-
sponding locations.

?
unknown deformation g(x)

Figure 1.4: Given an imageand a deformation function, a deformedimage is createdby
warping. Inversely, given two images, the corresponding deformation function is found
by image registration.
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and accelerations.
In video compression, the movement information enablesus to take advantage of the

temporal redundancy in the video sequence.This information can be also usedfor object
tracking or image stabilization.

Separating the image �eld into several regions according to their speeds leads to
segmentation algorithms. If the sceneis static and the inter-frame changesare caused
mainly by the camera movement, the motion �eld can be used to identify the camera
(observer) movement. Knowing the camera tra jectory provides the depth information
necessaryfor the 3D reconstruction of the scene.

When several cameraswith known relative positions are available, registering the cor-
responding framesfrom sequencesby di�eren t camerasyields directly the 3D trajectories
of the objects in the scene.A special caseis reconstructing depth from stereo images.

1.2.1 Biomedical applications

In the biomedical domain, there is a frequent need for comparing images for analysis
and diagnostic purposes. However, for an e�cien t comparison, the images�rst need to
be aligned. This is accomplishedby registering the imagesand warping them using the
correspondencefunction found.

Intr a-subject analysis comparesimagesof the samesubject taken at di�eren t times
in order to detect or quantify the changesthat might have taken place in-between ac-
quisitions. Inter-subject analysisconsiderscorresponding imagesfrom di�eren t subjects.
Aligning and combining images from many subjects permits to create an atlas, an an-
notated referenceimage of a given modalit y. Imagesfrom individual subjects can then
be compared with the atlas for identi�cation and to detect abnormalities. Registering
the individual image with the atlas helps us to reusethe segmentation and annotation
performed on the atlas. The correspondence function can be used to quantitativ ely
characterize the shape and sizeof the features in individual images.

Inter-modality registration is used to align imagesof the samesubject taken at ap-
proximately the sametime but with di�eren t imaging modalities. Theseimagesprovide
complementary information which can be combined together to get a more complete
picture of the subject anatomy and physiology.

Furthermore, registration helps to compensatefor geometricaldistortions inherent to
someimaging methods, as well as for unwanted motion during the acquisition.

1.3 Contributions of this thesis

Chapter 2 presents an overview and classi�cation of existing registration techniques.
The �rst contribution of this thesis is a development of a generalelastic image regis-

tration algorithm. It usesa control grid of uniform B-splinesto describe the deformation.
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It also usesB-splines for image interpolation. Multiresolution in both image and defor-
mation model spacesyields robustnessand speed. One versionof this algorithm targeted
on �nding unidirectional deformation in EPI magnetic resonanceimagesis described in
Chapter 4. An enhancedand generalizedversion of this algorithm which is signi�can tly
faster and capableof treating multidimensional deformations is presented in Chapter 5
together with applications in PET and ultrasound image registration.

The second contribution of this thesis is the application of variational techniques
to the problem of generalizedsampling and reconstruction. In Chapter 3, we describe
the landmark interpolation problem which appears in the landmark-based registration
techniques. We will seethat landmark interpolation can be seenas a special caseof
a more generalclassof reconstruction problems. Chapter 6 contains tutorial intro duction
to the variational approach for solving theseproblems together with several examplesof
applications. In Chapter 7, we treat the mathematical details of the theory and discuss
the choice of the variational criterion to be used.
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Chapter 2

A Review of Registration
Techniques

In this chapter we intend to categorizethe multitude of existing registration algorithms.
We classify them by the choice of feature space, warp space (search space), similarity
metrics (cost function), and search strategy they use, similarly as in [1]. Most of the
algorithms can be cast into this framework. Let us explain the four attributes by creating
the following generalpicture of a registration algorithm:

� In the �rst step, someintermediate data is extracted from the two imagesbeing
registered. This data lives in a feature space.

� The algorithms' representation of the correspondencebetween the two images is
taken from a search space. This is the space in which the algorithm looks for
a solution. A point from this spacethat is returned is the solution of the registration
problem.

� To �nd the solution in the warp space,the algorithm needsa way to measurethe
quality of the correspondencefor di�eren t points in the warp space.This measure
is provided by a similarity metric.

� Finally, the search strategy governs the movements of the algorithm in the search
spacein his quest for the optimum.

Figures 2.1 and 2.2 shows the classi�cation accordingto the �rst two criteria in a tree
form.
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2.1 Feature space

According to the feature spaceemployed, we can identify three classesof registration
algorithms: pixel-based, transform-based, and feature-based.

2.1.1 Pixel-based registration

Pixel-based algorithms work directly with the (totalit y of) pixel values of the images
being registered. Preprocessingis often usedto suppressthe adversee�ects of noiseand
di�erences in acquisition [2], or to increaseor uniformize pixel resolution [3].

It is possible to work directly with the pixel values on the discrete coordinate grid.
However, to get a subpixel resolution, the problem is often cast into the continuous
framework. The imagesare consideredas functions of real arguments: the image coor-
dinates. The correspondencebetweenthe discrete and continuous versionsof the image
is establishedusing interpolation. The crudest method is the nearest-neighbor, and the
most often usedone is linear (resp. bi- or trilinear) interpolation. Among the high-end
methods, spline interpolation [4{6] provides the best tradeo� betweenaccuracyand the
computational cost [7,8].

Occasionally, the image model occupiesmore dimensionsthan the original data. Ex-
ample include representing 2D image as a surface in a 3D space,either directly [9], or
using level sets [10]. The main advantage of this approach is a more global vision of the
algorithm, which increasesits robustness.

2.1.2 Transform-based registration

Transform-basedalgorithms exploit properties of the Fourier, wavelet, Hadamard, and
other transforms, making useof the fact that certain deformations manifest themselves
more clearly in the transform domain. These methods are used mainly in connection
with linear deformation �elds. Nevertheless,there are examplesof methods that estimate
locally linear optical 
o w using Gabor �lters [11,12] and B-spline wavelets [13]. Typical
characteristics of the transforms employed are linearit y and independenceon the actual
image contents.

2.1.3 Feature-based registration

Feature-basedalgorithms work on a set of characteristic features extracted from the
images. The dimensionality of the featuresis usually drastically smaller than the dimen-
sionality of the original image data. The extraction processis highly non-linear, mostly
using thresholding.

Landmark-basedmethods [14{17] usea relatively small and sparseset of landmarks;
theseare important points which can be (manually or automatically) identi�ed in both
images. Extrinsic markers refer to speci�cally designedarti�cial features attached to
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the object (or subject, in medical imaging) before acquisition to serve as landmarks.
Unfortunately , extrinsic markers are di�cult to deploy. In medical imaging they are not
patient-friendly either. If extrinsic markersarenot available, wehaveto content ourselves
with features intrinsic to the images. In that case,however, the automatic landmark
identi�cation su�ers from lack of robustness.The manual landmark identi�cation is often
tedious, time-consuming, imprecise,and unreproducible.

If the imagescannot be characterized using points, it might be more appropriate to
use curves such as edges [18], or volume boundaries [19]. Likewise, in the caseof 3D
data, surfacescan be usedinstead of working with the complete volumes.

Popular featuresarealsotemplates, small sub-imagesof important regions [20],which
can be useddirectly, or which can form a higher level feature map [21].

2.2 Search space

Oneof the important factors to categorizeregistration algorithms is the search spaceused.
We alsocall it a warp space, becauseit contains warping functions. Warping functions are
candidate solutions of the registration problem. From the analogy betweenwarping and
deformation, the deformation (warping) functions play also the role of correspondence
functions.

Because we work with �nite memory computers, every warping function from
the search spaceis described by a �nite set of real parameters (from a set of permis-
sible values) by meansof a warping model. We classify the warping models according
to the number of parameters and the spatial extent of the area in
uenced by a single
parameter.

2.2.1 Local models

At one end of the scale,we have non-parametric, local methods. The deformation func-
tion sought after is basically unconstrained, or belongsto a very large and unrestrictiv e
functional space,e.g., the Sobolev spaceW 2

2 (of functions that are twice di�eren tiable).
We seekthe valuesof this deformation at a very �ne grid, usually coinciding with pixel
locations. Thesemethods are formulated either asvariational , de�ning a scalar criterion
to minimize, or (more generally) using partial di�eren tial equations (PDE). The contin-
uously de�ned deformation function minimizes a given criterion, or solvesa given PDE.
The essenceof these methods is thus entirely in the criterion (resp., PDE). The PDE
comefrom the optical 
o w approach (gradient methods) [22], viscous
uid model [23{
25], elastic deformations with physical analogs [3,26] or without it [27].

Sometimesthe deformation function is also modeled indir ectly. For example, it can
be modeled using a potential �eld [28]. This reducesthe dimensionality of the problem,
at the expenseof reducedgenerality of the deformation.

Discretization allows for integer only displacements at pixel points [29].

23



2.2.2 Global models

At the other end, we have parametric, global methods that describe the correspondence
function using a global model with a relatively small number of parameters [30]. The
model mostly consistsof expressingthe warping function in a linear [31], global poly-
nomial [32] or harmonic basis [33,34]. For these methods, the deformation model
corresponding to a speci�c warp spaceis as important as the criterion being minimized.

2.2.3 Semi-local model

In between the two extremes are semi-local models, using a moderate number of pa-
rameters with local in
uence. A grid of control points is placed over the image. Their
spacing corresponds loosely to knot or landmark density. By changing the spacing, we
can approach either of the limit casesor choosea compromiseo�ering the best tradeo�.

Such modelswereusedin the context of motion estimation [35] and are instrumental
for the approach described in Chapters 4 and 5 of this thesis. B-spline models were
independently used in [36].

2.2.4 Image dependent models

It is sometimesuseful to adapt the warping model to the imagesconsidered.Quadtree-
baseddeformation model [37] is re�ned only where it is needed.

In feature based methods, the basis functions of the warping model can be placed
where the features are. The deformation �eld is interpolated in regions where no in-
formation is available. Typical example are radial basis functions such as thin plate
splines [14,15,38]. Seealso Chapter 3 for more details.

2.3 Similarit y metrics

2.3.1 Data term

The quality of registration is described by a cost function. This function has a predomi-
nant term measuringthe quality of the matching which we shall call the data term.

For feature-based methods it is a mean distance between the corresponding features
in the sourceand target imagesafter warping. Note that the caseof interpolation with
landmarks can be consideredas a limit case,when a maximum weight is given to this
distance, constraining it to be zero. If the pairing betweensourceand target features is
not known, the iterativ e closestpoint algorithm [39] can be usedto determine it.

For pixel-based methods, the data term is a similarity measure between the two im-
agesafter warping. Correlation, especially local normalized correlation, is an important
cost function [3,40] becauseof its probabilistic interpretation. It is rather costly to
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evaluate and sensitive to noise. Instead, the similarit y betweenimagesis most often ex-
pressedusing their di�erence in l1 or l2 norms. For imagesfrom di�eren t modalities, the
mutual information criterion [41{43] seemsto be superior [44], at the expenseof more
computation. For local criteria, such as local normalized correlation, local variance, or
local mutual information, the neighborhood sizemust be properly chosen.

The above mentioned criteria will use image interpolation to calculate the warped
version of the test image. Seealso Section 2.1.1.

In template-based methods, the template can be compared with a speci�c region in
the target image using any of the similarit y measuressuitable for pixel-basedmethods.

For transform-based methods, the least-squaresmeasurein the transformed domain
is usually used.

2.3.2 Regularization

In most applications, it appearsto benecessaryto add an additional term to the criterion.
We shall call it the regularization term. We mainly do it in order to make the problem
well-posed. Regularization terms are also used to expressour a priori knowledge, or
eventually to stabilize the algorithm. In the variational setting, the regularization term
can de�ne the warping space. For instance, in the caseof landmark interpolation, min-
imization of the norm of the Laplacian k� gk is often used in practice [14,15]. This
leads to a thin-plate spline solution [45]. Minimizing other similar measuresleads to
generalizedsplines [46] determined either directly or using PDEs.

Other regularizersare constructed by applying a non-linear term on the norm of the
derivative operator, mainly to preserve discontinuities. Regularizersbasedon threshold-
ing in wavelet domain are also used.

Implicit regularization for iterativ e methods works by alternativ ely driving the inter-
mediate solution towards the data, and applying a smoothing operator.

2.4 Search strategy

2.4.1 Direct solution

In somecases,notably if the cost function is quadratic, the solution can be found in one
step [33]. This is equivalent to neglectingthe higher order terms in the Taylor expansion
of the criterion [47]. For example, the transform methods using directional �lters are
often engineeredin this way.

2.4.2 Exhaustive search

If the search spaceis �nite, exhaustive search can be used. For example when small
templates are extracted from the referenceimage, their positions in the target image are
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found by trying all possibleshifts [29,48].

2.4.3 Dynamic programming

For integer 1D problems, dynamic programming is applicable [49] with complexity pro-
portional to the number of decisionsto take (sizeof the image)and the number of possible
outcomes(shifts).

2.4.4 Partial di�erential equations

In this approach, a system of partial di�eren tial equation describing an evolution in
time of the deformation �eld is formed, such that its �nal value corresponds to the de-
sired solution. The PDE parameters can vary with time, to enforce robustnessat �rst
and relaxing the constraints towards the end, to allow for preciseregistration. Various
numerical methods can be usedto solve the PDEs, the principal onesbeing �nite di�er-
encerelaxation method [50], �nite elements method (FEM) [51,52], hierarchical �nite
element bases [53], multigrid methods [54], and wavelets [55,56].

2.4.5 Multidimensional optimization metho ds

Many non-linear registration methods lead to a non-linear optimization problem. Various
optimization methods are used,depending on the sizeand structure of the problem. The
most popular choicesinclude the Powell method, gradient descent, conjugatedgradients,
and variations of the Newton method, such as the Marquardt-Lev enberg algorithm [50,
57].

Someminimization algorithms can be described using di�eren t paradigms, such as
`demons' [58].

2.4.6 Multiresolution

Multiresolution [3,31] on the feature space(usually image size) helps to speed up the
processand to increaseits robustnessby approaching the solution by gradual re�nement.
One �rst solvesa reducedproblem using a small amount of data, then usesthe solution
asan initial guessfor a problem at a �ner level. This is repeateduntil the �nest (original)
level is reached.

Multiresolution on the search spaceworks similarly, adding degreesof freedomto the
warping model at each step. One starts with a simple model which leadsto a simple and
easyto solve problem, and then gradually adds a manageableamount of complexity at
each step, until the desiredmodel is reached. The model can be augmented qualitativ ely,
such as going from translation-only to general a�ne transform, or quantitativ ely, for
exampleby decreasingthe control node spacing in semi-local models.
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Related to multiresolution are multigrid optimization methods, where occasional
backward transitions from �ner to coarser levels are used besidesthe coarse-to-�ne re-
�nement used in the multiresolution.

2.5 Other attributes

The dimensionality refers to the number of dimensionsof the imagesbeing registered.
The warping function normally works in the spaceof the same dimensionality, trans-
forming one coordinate vector into another. However, degeneratewarping functions can
be expressedin a spaceof lower dimensionality.

Interactive algorithms needhuman supervision and interaction. They often perform
well, taking advantage of the human expert, but are unsuitable for treating high volumes
of data.

2.6 Complementary surveys

We concludethe chapter by providing additional generalsourcesof information on regis-
tration algorithms. The survey by Brown [1] is rather general,while War�eld et al. [59]
concentrate on nonlinear registration for brain warping applications. Bayesian inter-
pretation of elastic matching are reviewed by Gee [60], also in the context of human
neuroanatomy. The last two survey articles we mention deal speci�cally with medical
imaging applications of image registration. An article by Van den Elsen et al. [61]
contains very comprehensive and detailed classi�cation of available methods. Finally,
Lester and Arridge [62] emphasisethe hierarchical conceptsof the algorithms.
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Chapter 3

Landmark Registration:
From Thin-Plate Splines
to Fractals

In this chapter we brie
y present the landmark registration problem and discuss its
motivation. We suggestthe variational formulation and hint at its solution. The topic of
variational reconstruction in generalis treated in more breadth and mathematical rigour
in Chapters 6 and 7. Here, in contrast, we put the emphasison simplicit y and clarit y,
favoring intuitiv e understanding of the technique.

The �rst part of this chapter has been conceived as a tutorial on thin-plate spline
interpolation and the related method of radial basis functions (RBF) becausetheseare
often described super�cially in the engineeringliterature, and perhaps too abstractly in
the mathematical literature. In the secondpart, we discussextensionsof the classical
landmark registration method of Bookstein [14] to non-integer ordersof the criteria and
present a Bayesianinterpretation in terms of fractal priors. We alsotake the opportunit y
to make the link betweenradial basis functions and splinesvery explicit (seealso [63]).

3.1 Landmark registration

Landmark registration [14{16] is a two step feature-basedregistration technique. (See
Chapter 2 for details on registration algorithm classi�cation.) In the �rst step, a set of
landmark pairs is identi�ed. We get two sequencesof points, x 1; : : : ; xN , and z1; : : : ; zN ,
such that an object at coordinates x i in the referenceimage corresponds to the object
at coordinates zi in the test image.

Here we assumethat the landmarks have beenalready determined. For an example,
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seeFigure 1.3 in Chapter 1. In most cases,this is done manually. Someauthors have
proposedto detect the landmarks automatically [16,64], but this approach hasnot been
pursued here. Instead, if a completely automatic method is needed,we switch to a more
robust intensity-basedaalgorithm, described in Chapters 4 and 5.

Oncethe landmarks havebeendetermined, weneedto interpolate the correspondence
function valuesbetween the landmark points. This is because,as we have mentioned in
Chapter 1, the aim of imageregistration is to get the correspondencefunction everywhere,
not just at a few points. Interpolating the correspondencefunction is the secondcrucial
step of landmark registration and the main focus of this chapter [65,66].

3.1.1 Motivation of this study

There areseveral reasonsto study landmark registration. The �rst of them is the compar-
ative testing of other registration methods. It is usually possibleto set up a completely
automatic test procedure where the results of the algorithm under test are compared
with a known ground truth. We will seeexamplesof such tests in Chapter 4. Neverthe-
less,thesetests fail to capture the real conditions in which the algorithm will work. On
the other hand, using landmark registration with manually selectedlandmarks permits
us to compare the performanceof the automatic algorithm with a reference(landmark
registration) on real imagesand under realistic working conditions.

Second,landmark interpolation merits a study in its own right. Choosing an inter-
polation method or an interpolation function is di�cult becausethe implications of this
choice are not immediately apparent. On the other hand, in the variational formula-
tion, the user is asked instead to choosea criterion of optimalit y, which is usually more
tangible and often related to the physics (or other speci�cities) of the problem.

Third, the variational formulation of landmark interpolation will allow us to make an
interesting link with splines [67]. This givesadditional justi�cation for the choice of B-
splinesas basis functions for our automatic registration method described in Chapters 4
and 5.

3.2 Interp olation versus approximation

We can distinguish two classesof constraints in landmark interpolation: hard constraints
which needto be ful�lled exactly and soft constraints which are meant to be ful�lled only
approximativ ely, allowing for the tradeo� with the smoothnessof the solution.

3.2.1 Hard constraints

The obvious choice is to enforce the interpolating constraints. The task is to �nd
a continuously-de�ned correspondencefunction g. At the landmark position x i , the
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correspondencefunction must coincide with the landmark in the test image; i.e.,

g(x i ) =
�
gx (x i )
gy (x i )

�
= zi for all i 2 f 1; : : : ; N g (3.1)

3.2.2 Soft constraints

Alternativ ely, if the landmark positions are noisy or not accurately known, we can replace
the interpolation condition (3.1) by an approximation inequality. We will only require
that the correspondencefunction g passescloseenoughto the landmarks. For example,
we might imposethe inequality:

NX

i =1

kg(x i ) � zi k
2 � " (3.2)

where" is an a priori givenerror bound. Clearly, when" tends to zero,the approximation
problem (3.2) becomesequivalent to the interpolation de�ned by (3.1).

Although herewe will mostly deal with the interpolation case,we will learn later (see
Chapters6 and 7) that most of the propertiesaredirectly applicable to the approximation
casetoo, and the formula of the solution is also very similar.

3.2.3 Desirable properties

We agreethat landmarks are points in space,asopposedto just coordinate values. Sim-
ilarly , the correspondencefunction g is more than a mathematical function: it describes
correspondenceof real points. It is an object in space,anchored to the landmarks. Con-
sequently , it seemsreasonableto require that the interpolated function g be invariant
with respect to the choice of the coordinate system. In other words, the correspondence
betweenpoints in the two imagesshould remain the same,regardlessof how we measure
the position of thesepoints.

A key requirement is that the interpolation problem should always have a solution,
if possiblea unique one.

Another property worth having is the reproduction of identit y [68]. If the under-
lying true correspondencefunction is identit y, the interpolation should yield identit y
correspondencefunction with a minimum of landmarks. In addition, we might want the
reproduction property for other simple transformations, such as shifts or scalings;more
generally, a�ne transformations.

We want the reconstructed correspondencefunction to be close to the (unknown)
true underlying correspondencefunction. We want the reconstruction error to decrease
rapidly with the number of landmarks. This way we can adapt the landmark density to
insure that the error is below any a priori given tolerance threshold. These are called
good approximation properties [69].
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Finally, we want the interpolation procedure to accommodate easily non-exact �ts,
useful when the landmark positions are only known approximately. In this approxima-
tion setting, the reconstructed correspondencefunction will passcloseto the landmarks,
making a compromisebetweenthe closenessof the �t and the overall smoothness.

3.3 Thin-plate splines

The useof thin-plate spline technique for landmark interpolation is attributed to Book-
stein [14]. Here we present the method from the variational point of view, as a prepa-
ration for the extensionspresented in Section 3.4.

3.3.1 Variational formulation

Instead of imposing an empirical interpolation formula, the essenceof the variational
formulation consistsof choosing a variational criterion J (g) and then �nding among all
possiblefunctions satisfying (3.1) the one that minimizes J [70,71].

It is customary to interpret J as strain energyand to take a physical model of a thin
steelplate to calculate this energy [17]. When the scalar �eld g is interpreted as a small
vertical displacement, the deformation (strain) energy is given by

J (g) =
Z �

@2g
@x2

� 2

+ 2
�

@2g
@x@y

� 2

+
�

@2g
@y2

� 2

dxdy (3.3)

Under speci�c conditions on the solution space(cf. Chapter 7) we can use integration
by parts to comeup with an equivalent criterion

J (g) =
Z �

r 2g
� 2

dxdy (3.4)

where r 2 denotes the Laplacian. For simplicit y, we will neglect the di�erence be-
tween(3.3) and (3.4) here.

The Laplacian energy(3.4) is a member of a more generalfamily of scaleand rotation
invariant cost functions which satisfy the requirements of Section 3.2.3 (seealso Chap-
ter 7). Another more pragmatic justi�cation comesfrom the fact that it is the simplest
criterion that doesnot penalizea�ne transforms.

The criterion for the vector form g is taken simply as the sum of the strain energies
of the x and y components:

J (g) = J (gx ) + J (gy ) (3.5)

Clearly, the constraints (3.1) can be broken into two independent sets,onefor gx and one
for gy . Therefore, the task of minimizing (3.5) under the complete constraints (3.1) is
equivalent to minimizing separatelyfor gx and gy . Consequently , to get an understanding
of the underlying interpolation method, we can concentrate on the scalar casehere.
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3.3.2 Interp olation formula

As we will seein Chapter 6, the correspondencefunction g(x; y) minimizing (3.3) under
interpolation constraints

g(x i ; yi ) = zi (3.6)

is given by

g(x; y) =
NX

i =1

� i %(kx � x i k) + a0x + a1y + a2

with kx � x i k =
p

(x � x i )2 + (y � yi )2 = r

(3.7)

where %(r ) is a radial basis function

%(r ) = r 2 log r (3.8)

It is called radial becauseit only depends on the Euclidean distance r to its associated
data point [72].

The generatingfunction %(x; y) solvesthe associated Euler-Lagrange(or fundamental)
equation

r 4
x;y %(

p
x2 + y2) = � (x; y) (3.9)

where r 4 is a two times iterated Laplacian and � (x; y) is the Dirac distribution. The
linear polynomial a0x + a1y+ a2 is called a kernel term and it appearsbecauseit doesnot
contribute to the criterion. The unknown parameters � i and a0; a1; a2 are determined
from the interpolation constraints (3.6) and from orthogonality conditions

NX

i =1

� i = 0
NX

i =1

� i x i = 0
NX

i =1

� i yi = 0 (3.10)

The method just described is called thin-plate spline interpolation.
Let us brie
y return to the approximation case,minimizing the criterion J under

the scalar variant of the inequality (3.2). Here also, the unknowns can be determined
from a set of linear equations composedof the orthogonality conditions (3.10) and the
following regularized version of the interpolation constraints (3.6)

g(x i ; yi ) + 
 � 1� i = zi (3.11)

where 
 is a constant depending on " in (3.2).
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3.3.3 Solution justi�ed

Let us hint at the proof that (3.7) is really a solution. We will study the e�ect of how the
criterion J (g) is a�ected by adding to g a small perturbation  . For simplicit y, we usethe
Laplacian form (3.4) of the criterion. The perturbation is chosenso that  (x i ; yi ) = 0,
in order not to disturb the interpolation conditions. Furthermore, we choose to vanish
identically at in�nit y and to be su�cien tly di�eren tiable; in other words,  is going to
be a test function. If g is really a minimum, then the variation

eJ = J (g +  ) � J (g) (3.12)

must be zero to a �rst order of approximation. The changeis given by

eJ = 2
Z

r 2gr 2 dxdy = 2
NX

i =1

� i

Z
r 2%(r )r 2 dxdy (3.13)

Note that we have left our the polynomial part of the solution becauseit doesnot con-
tribute to the criterion. Using the identit y

R
r 2f r 2 dx =

R
r 4f  dx , equation (3.9),

and the translational invariance of r , we rewrite the integral as
Z

r 4%(r )  dxdy =
Z

� (x � x i ; y � yi )  dxdy =  (x i ; yi ) = 0 (3.14)

We conclude that the integral and therefore the �rst order change eJ are both zero.
Consequently , the formulas (3.7) and (3.8) give the solution to the minimization problem.

3.4 Fractional splines

Although the thin-plate splineshave beenknown to work well, in many applications we
might bene�t from a wider choice of interpolation functions, while keeping the general
spirit and the invarianceproperties (a�ne geometrical transformations including scaling)
we are interested in. The straightforward way to do it is to consider minimizing di�er-
ent criteria, namely fractional derivatives (in 1D) and fractional Laplacian (in multiple
dimensions).

3.4.1 Fractional derivatives

The Laplacian in the spacedomain is de�ned by

r 2f =
@2f
@x2 +

@2f
@y2 (3.15)
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In the Fourier domain, this corresponds to

dr 2f = ! 2
x f̂ + ! 2

y f̂ = k! k2 f̂ (3.16)

Similarly, a twice-iterated Laplacian will (through the convolution property [f � g = f̂ ĝ)
correspond to

dr 4f = k! k4 f̂ (3.17)

A natural extension of (3.16) is to consider other exponents of k! k, which leads to the
fractional Laplacian

[r � f = k! k� f̂ (3.18)

The samereasoningin the univariate caseleads to the concept of fractional deriva-
tiv es, studied by Liouville [73]. The basic form of fractional derivative corresponds to
a multiplication by (j ! ) � in the Fourier domain

d@� f
@x

= (j ! ) � f̂ (3.19)

There is also a symmetric version, in the spirit of (3.18), where multiplication by (j ! ) �

is replacedby multiplication by jj ! j � , see [74].
Note that the behavior of fractional derivativesfor nonintegral orders� is signi�can tly

di�eren t from clasical derivatives. In particular, they are no longer local operators [74].

3.4.2 The fractional criterion

In line with the de�nition (3.18), it is possible to generalizethe Laplacian basedcrite-
rion (3.4) to fractional orders as follows.

J (g) =
Z

kr � g(x)k2dx /
Z

k! k2� jĝ(! )j2d! (3.20)

Note that this extendedcriterion remains scaleand translation invariant. To appreciate
better the meaning of (3.20), we look at the corresponding expressionfor the univariate
case

J (g) =
Z �

@� g
@x

� 2

dx /
Z

j! j2� jĝ(! )j2 d! (3.21)

We seethat the criterion measuresthe amplitude of the � -th derivative of g.
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3.4.3 Fractional Brownian motion

There is an interesting relationship between fractional Brownian motion and the frac-
tional derivatives just described.

Brownian motion is a stochastic processB (t). Its particular characteristic is that its
increment B (t + � ) � B (t) is stationary Gaussiannoisewith variance

E
h�

B (t + � ) � B (t)
� 2

i
/ j� j (3.22)

which corresponds to an averagepower spectrum proportional to j! j � 2.
Fractional Brownian motion [75] is a generalization to a family of processesB H (t)

described by a single parameter 0 < H < 1. The covariance structure of B H (t) is

E [BH (t) BH (s)] / jt j2H + jsj2H � jt � sj2H (3.23)

Consequently , its increment is also stationary and has a variance

E
h�

BH (t + � ) � BH (t)
� 2

i
/ j� j2H (3.24)

with an averagespectrum proportional to j! j � 2H � 1.
Consider applying the derivative (3.19) to the processBH described by (3.23). The

covariance function of the resulting process @�

@t � BH (t), which is stationary, becomes

E
�

@�

@t � BH (t)
@�

@s� BH (s)
�

= �
@�

@t �

@�

@s� jt � sj2H = � (t � s) (3.25)

In the Fourier domain, we get

�̂ (! ) /
jj ! j2�

j! j2H +1 (3.26)

In particular, taking a fractional derivative of order � = H + 1
2 of a fractional Brownian

motion processBH gives �̂ (! ) = 1, and thus e�ectiv ely yields an uncorrelated Gaussian
white noise.

3.4.4 Bayesian interp retation

When x is a random vector with Gaussian probabilit y density function (p.d.f.) px /
e� x T C� 1 x , then maximizing its log-likelihood function (log px / � xT C� 1x) under some
constraints is equivalent to �nding the most likely solution to our problem given the a
priori knowledge that x is normally distributed. Equivalently , we can factorize C� 1 =
QT Q which givesan alternativ e expressionfor the log-likelihood, logpx / �k Qxk. The
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technique is called whitening, becausethe new vector Qx is white, that is to say that its
components are uncorrelated (independent).

Similarly, if we assumethat g(x) is fractal Brownian motion-lik e process,then we can
apply to it the whitening �lter @�

@x � , aswe have shown in the previous section. Therefore,
the criterion (3.21) can be interpreted as a Bayesian fractal prior . Somecomments on
Bayesian priors in the non-fractal casecan be found in Poggio [76]. We assumethat
the underlying true function is closeto the fractional Brownian motion model and �nd
the solution to our interpolation problem combining this knowledgewith the information
given by the constraints.

Completely analogousreasoningjusti�es the choice of the criterion (3.20) in the bi-
variate case.

Note that even though we have started from fractional Brownian motion to derive the
criterion, the orders � higher than the limit of 1:5 corresponding to the fractal Brownian
motion are still completely meaningful as parameters for our deformation model. (For
� < 0:5 the resulting interpolation is point-wise unstable and has singularities.) The �
translates into the assumedsmoothnessof the deformation and the best way of measuring
it. The higher the � , the smoother the deformation.

3.4.5 Fractional landmark interp olation

The Euler-Lagrange equation corresponding to (3.20) is r 2� %= � . The solution for
non-special � (read: non-integer) is of the form

g =
NX

i =1

� i %(kx � x i k| {z }
r

) (3.27)

where

%(r ) = r 2� � 2 (3.28)

The polynomial kernel term doesnot appear due to the restrictions of the Fourier domain
de�nition of the criterion (3.20).

The choice of � has obviously an in
uence on the interpolation results. Here, we
present an example of this e�ect for the landmark (bivariate) case. We refer the reader
to Chapter 6 for someadditional examplesin the univariate case.

Figure 3.1 demonstrateshow the deformation results changewith � . We have chosen
two images from a four-chamber ultrasound sequenceof a heart1 and declared one of
them referenceand the other a test. We have manually identi�ed six pairs of conforming

1Acknowledgements: Images and landmark placement are the courtesy of Mar��a J. Ledesma, Uni-
versidad Polit �ecnica de Madrid, and Laboratory of Echocardiograph y, Hospital General Univ ersitario
Gregorio Mara ~n�on, Madrid, Spain.
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points in both images. We have also put stable landmarks in the corners of the image.
Then we warped the test image onto the referenceimage varying the parameter � . Note
that only non-integer valuesof � were used, for which the formula (3.27) remains valid;
integer valuesneeda special treatment.

How do wechoosethe best � ? As wehaveseenin the previoussection,the statistically
optimal � can be determined directly, when the characteristics of the stochastic process
generating the deformation are known. However, this is never the case in practice.
Therefore, � must be found experimentally . Weobservethat small � yields more localized
and abrupt changesin the deformation �eld, while higher � gives rise to smoother and
more global changes.

When a su�cien t number of test imagesand landmarks are available, a suitable �
for a given application can be determined by the leave-one-out technique: One or several
landmarks arenot taken into considerationwhencalculating the correspondencefunction.
Their real position is then compared to their position predicted by the interpolation.
Finally, the � yielding the smallest averageerror is selected. In the present case,we
found the valuesof � = 1:5 � 2:5 to be the most suitable.

3.5 Localization

We have seenthat the basis function given by our interpolation formulas are typically
polynomially growing towards in�nit y. We will now show how to replace them by an
equivalent set of compactly supported or fastly decaying basis functions. The processis
called localization.

The motivation of localization is threefold. First, a function expressedwith compactly
supported or fastly decaying basisfunctions is computationally lessexpensive to evaluate.
Second,due to the smaller amplitude range of the basisfunctions the evaluation is more
precise. Third, thanks to smaller overlap betweenbasisfunctions, the coe�cien ts are less
interdependent and the corresponding linear system of equations is better conditioned.
Localization correspondsto a changeof basisand in this particular context it is a powerful
preconditioning method.

3.5.1 Localizing jxj3

Consider the task of univariate scalar interpolation minimizing the norm of the second
derivative (

R
(f 00)2dx) with uniform sampling. The Euler-Lagrangeequation is

@4

@x4 %(x) = � (3.29)
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Reference Test

alpha=0.5 alpha=0.9

alpha=1.3 alpha=2.5

Figure 3.1: The reference(top left) and test (top right) images. The test image warped
by landmark warping for � = 0:5 (middle left), � = 0:9 (middle right) , � = 1:3 (bottom
left), and � = 2:5 (bottom right) . The landmark positions are marked with white squares
and were identical in all cases.
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One of its solutions corresponds to %(x) = jxj3 which yields the interpolation formula

f (x) =
X

i

� i jx � i j3 + a0 + a1x (3.30)

with in�nitely growing basis functions %. We seethat between each two integers, f (x)
is a cubic polynomial. It is also evident that its second derivative f 00 is continuous
everywhere. Therefore, by de�nition, f (x) is a cubic spline. We know that a cubic spline
can be expressedasa linear combination of compactly supported B-splines � 3 [77]. How
do we go from the basis functions %to basis functions � 3? By localization.

We note that � 3 can be expressedas the following linear combination of the shifted
basis functions %:

� 3(x) =
� 4

4!
jx � kj3 =

�
1 � 4 6 � 4 1

�

12
� jx � kj3 (3.31)

where � 4 is the four times iterated �nite di�erence operator. The original and localized
basisfunctions are shown in Figure 3.2. An interesting observation is that the localizing
operator � 4 is a discretized version of the continuous operator @4

@x 4 from (3.29). This
is no coincidenceas, by virtue of the discretization, the low-frequency parts of the two
operators behave in the sameway:

�

�
@4

@x4

�
= ! 4 (3.32)

�

�
� 4

4!

�
=

�
1 � ej !

� 4

4!e2j ! �
! ! 0

! 4 (3.33)

Therefore, the result of the localization (3.31) is in somesensea low-frequency version
of the Dirac in (3.29).

In the caseof non-uniform sampling, the identical basis functions %are put on the
non-uniform sampling points:

f (x) =
X

i

� i jx � x i j3 + a0 + a1x (3.34)

The corresponding new setof basisfunctions canalsobe localizedusing the fourth divided
di�er ence operator [77] instead of the �nite di�erence operator. The divided di�erence
operator is the discrete equivalent (discretization) of the fourth derivative on the non-
uniform grid. It provides the highest order coe�cien t of the fourth-order polynomial
passingthrough given �v e points.

3.5.2 Localizing general variational problem solution

Further development of this idea shows that when solving the interpolation problem
minimizing a norm kLf k of some operator L, the corresponding fundamental solution
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Figure 3.2: The original jxj3 basis functions (top) and their localized version, cubic
B-splines � 3 (bottom)
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Figure 3.3: The original jxj1=� basisfunctions (top) and their localizedversion,fractional
symmetric B-splines � �

1=� (bottom)

(Green function) %satis�es the Euler-Lagrangeequation LT L %= � . Then the discretized
version of the sameoperator LT L can be usedto localize the basis functions %.

Of course, the discretization is straightforward only when the sampling points are
distributed on a uniform grid. On a nonuniform grid, each basis function has to be
localized separately.

For example,interpolation in the univariate scalarcaseminimizing the norm of a frac-
tal derivative (3.21) leads to basis functions jx � xj2� � 1 which can be localized by frac-
tional symmetric �nite di�erence operator � 2�

� to yield rapidly decaying fractional B-
splines � �

2� � 1 [74], seeFigure 3.3.
Along similar lines, in the bivariate case, the radial basis function r 2 log r can be

localized by the discretized version of the twice iterated Laplacian r 4. The result of

n
h hT

o

j;k
� ' (x � j; y � k) with ' (x; y) =

x2 + y2

2
log(x2 + y2) (3.35)
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and where h is the four-times iterated �nite di�erence operator

h = � 4 =
�
1 � 4 6 � 4 1

�
(3.36)

is shown in Figure 3.4.
Note that other localizations are indeed possible,depending on the precisede�nition

of localization.

3.6 Conclusions

We have presented the landmark registration technique with focus on the secondstep,
the problem of landmark interpolation. This problem can be formulated very concisely
in the variational setting. We choosethe variational criterion to imposeuseful properties
on the interpolation process,such asrotational, translational, and scaleinvariance. Most
notably, when the criterion is quadratic, the solution is expressedasa linear combination
of translated generating (Green) functions. The coe�cien ts of this linear combination
are determined from a linear system of equations.

The a priori non-local generating functions can be localized for more e�cien t and
more stable calculation. In somecasesthis localization leadsto B-splineswhich givesan
additional justi�cation for using splines to solve this kind of problems.
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Figure 3.4: The r 2 log r basisfunction (top) and its localizedversion(bottom).
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Chapter 4

Unwarping of Unidirectionally
Distorted
EPI Images

This chapter is basedon our article [78].

4.1 Abstract

Echo-planar imaging (EPI) is a fast nuclear magnetic resonanceimaging method. Unfor-
tunately, local magnetic �eld inhomogeneitiesinduced mainly by the subject's presence
causesigni�can t geometrical distortion, predominantly along the phase-encoding direc-
tion, which must be undoneto allow for meaningful further processing.Sofar, this aspect
has beentoo often neglected.

In this paper, we suggesta new approach using an algorithm speci�cally developed
for the automatic registration of distorted EPI imageswith corresponding anatomically
correct MRI images. We model the deformation �eld with splines, which givesus a lot
of 
exibilit y while comprising the a�ne transform as a special case. The registration
criterion is least-squares.Interestingly, the complexity of its evaluation doesnot depend
on the resolution of the control grid. The spline model gives us good accuracy thanks
to its high approximation order. The short support of splines leads to a fast algorithm.
A multiresolution approach yields robustnessand additional speed-up.

The algorithm was tested on real as well as synthetic data, and the results were
compared with a manual method. A wavelet-basedSobolev-type random deformation
generator was developed for testing purposes. A blind test indicates that the proposed
automatic method is faster, more reliable, and more precisethan the manual one.
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Keyw ords: image registration, splines,geometrical distortion, unwarping

4.2 Intro duction

4.2.1 EPI features

Echo planar imaging (EPI) [79] is a fast magnetic resonanceimaging (MRI) technique
permitting an acquisition of a two-dimensionalsliceusing a singleexcitation, which leads
to very short scan times. It is used mainly for functional imaging (fMRI), the in vivo
non-invasive study of the temporal, spatial and behavioral dependenciesof brain activa-
tions. The basisof fMRI lies in the fact that deoxyhemoglobin (the hemoglobinwithout a
bound oxygen molecule) is paramagnetic. Neural activation in the cerebral cortex leads
to an increaseof blood 
o w, hence to a decreaseof deoxyhemoglobin concentration. 1

This results in a measurablealteration of the magnetic �eld and in a consequent in-
creaseof signal intensity in the appropriately weighted MRI images(blood oxygen-level
dependent, BOLD). It is therefore di�cult to compensate for the unwanted magnetic
�eld inhomogeneitiesinduced mainly by the spatially varying magnetic susceptibility of
the subject [80]. In contrast to conventional MRI, where the number of excitations per
slice is equal to the number of scan lines, in EPI the magnetic �eld gradients have to
encode two coordinates simultaneously in one excitation. As one of the gradients (the
so-calledphase-encoding gradient) is several orders of magnitude weaker than the other,
the inhomogeneousmagnetic �eld will manifest itself mainly as a geometrical distortion
of the 2D slice image along the direction of this gradient. This e�ect is clearly visible
in Figure 4.1. Since the stronger gradient is less a�ected, the distortion is essentially
unidirectional. Letting g be the unknown warping (deformation) function, we have

f o(g(x; y); y) ' f u (x; y) (4.1)

where f o is the observed EPI image and f u is the hypothetical ideal undistorted EPI
image. We can consider each slice separately, as the shift in the z axis due to patient's
movement is insigni�can t becausehis head is attached. Should there be such a displace-
ment, it can by readily corrected by existing algorithms [31].

4.2.2 The reasons to unwarp

The amplitude of the deformation g can be as large as 3{5 mm [81] (con�rmed by
our own observations), which typically amounts to several pixels. In some cases,as
in Figure 4.1, speci�cally intended to illustrate EPI distortion, the deformation can be
even more pronounced. Moreover, g can vary signi�can tly from slice to slice and from
acquisition to acquisition. For localization applications like stereotactic surgery, this

1This e�ect prevails over the increase of oxygen consumption.
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Figure 4.1: Demonstration of EPI distortion. SelectedEPI brain slicestaken with two
di�eren t phase-encoding gradient orientations: anterior-p osterior for the upper row and
left-righ t for the bottom row. The vertical, resp. horizontal deformation of the upper,
resp. bottom row imagesis clearly visible.
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inaccuracy is much larger than the required limit of 1 mm and therefore EPI cannot
currently be usedto this end. It also severely hinders the performanceof the statistical
processingof setsof fMRI imagesusedto obtain activation information. Sincethe task-
induced signal changesrepresent typically only 5{10% of the mean signal intensity in
fMRI [79,82], they will not stand out clearly unless the perturbations causedby the
deformation g are undone.

4.2.3 Existing distortion correction techniques

One approach consistsin changing the acquisition procedure [80,81,83]. However, this
is often not practical due to technical or organizational limitations, for example lack of
support or approval. Furthermore, while the alternativ e acquisition sequencesreducethe
distortion, the distortion is never removed completely, and the methods usually sacri�ce
either sensitivity or acquisition speed.

The secondgroup of methods usesa two-step procedure [81,84]. First, a �eld map
or a deformation map is obtained, e.g., from an imageof a phantom. In the secondstep,
this information is used to compensatefor the deformation on real images. The major
drawback of thesemethods is that it is impractical to build a phantom that would exactly
duplicate the biological system being imaged [81], which limits the compensation only
to �eld distortions other than those causedby the individual subject. Moreover, these
other distortions are most likely already compensatedfor by the scannermanufacturer
or operator.2

4.2.4 Unwarping by registration

We proposea third approach which, to the best of our knowledge,hasnever beenapplied
to this particular problem. It consistsof registering the distorted EPI image with a cor-
responding geometrically correct anatomical MRI image. In this way, we can recover
the deformation g from a single EPI slice obtained by an unaltered, standard procedure.
The registration can be performed manually [15], but this is tedious, time consuming,
and prone to errors. An automatic procedureis advantageous,becauseit is faster, more
precise,and doesnot require an expert.

Our goal in this Chapter is to present an automatic registration algorithm we have
developed speci�cally for this problem; i.e., identifying a non-linear unidirectional two-
dimensional warping. More precisely, given the observed EPI slice f o and the corre-
sponding undistorted anatomical MRI referenceslice f r , the task is to �nd a warping
g so that the warped test image f o(g(x; y); y) matches as well as possible (in a sense
de�ned later) the referenceimage f r .

2This procedure is called shimming and is generally repeated before each series of acquisitions.
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4.3 Proposed algorithm

We categorize registration algorithms according to the warp spaceused. In general,
a deformation function gV from a warp spaceV is described by a �nite set of parameters
ck by meansof a warping model.

At one end of the scalewe have non-parametric, local methods. These methods are
formulated either as variational , de�ning a scalar criterion to minimize, or (more gen-
erally) using PDEs. The continuously de�ned correspondencefunction that minimizes
a given criterion (resp. that solves a given PDE) is sought for in a very large and un-
restrictiv e function space,e.g., the Sobolev spaceW 2

2 . The essenceof these methods
is entirely in the criterion (resp. PDE). The PDE come from the optical 
o w approach
(gradient methods) [22], viscous 
uid model [23{25], elastic deformations with physi-
cal analogs [3,26] or without [27]. Someelastic deformations can also be modeled as
potential �elds [28].

At the other end, we have parametric, global methods that describe the correspon-
dencefunction using a global model with a relatively small number of parameters [30].
The model mostly consists of expressingthe warping function in a linear [31], global
polynomial [32,85], or harmonic basis [33]. For thesemethods, the deformation model
corresponding to a speci�c warp spaceis as important as the criterion being minimized.

In this article, weconsidermainly intensity-based registration methods, which directly
take into account the voxel values, c.f. [86]. Other methods are based on matching
surfaces [86{88], curves [89], or interpolating landmarks using radial basis functions,
especially thin-plate splines [14,38,42,86].

4.3.1 Semi-local model

The model proposed in this article is situated between the above-mentioned local and
global methods, combining the advantagesof both.

We parametrize the warp spaceby a scale parameter h and denote it Vh . The scale
parameter corresponds loosely to the density of knots or landmarks. By changing h,
we can approach either of the two limit casesor choosea compromiseo�ering the best
tradeo�. Big h yields a global model which has just a few parameters. Such a model is
rather constrained, which is approximativ ely equivalent to strong explicit regularization.
On the other hand, a small h givesa local model with many parameters,which generally
leadsto more complicated optimization. In exchange,a small h generally permits one to
approximate any given g in Vh well, becausethe spaceVh is big. (Arbitrarily small preci-
sion can be achieved ash ! 0.) This roughly correspondsto weakexplicit regularization.
Thus, the scaleparameter can partly assumethe role of an explicit regularization factor,
unlike in local methods where the regularization is a part of the criterion.

In the next section, we give our motivation for the algorithm and for our particular
choice of the warp model|uniform cubic splines represented by a linear combination of
cubic B-splines [4,5].
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4.3.2 Univariate case

For the sake of explanation, let us begin with the one-dimensionalcase; i.e., with the
task of recovering an univariate warping function g : R ! R. An example of such
a function could be the a�ne map g(x) = �x + � . Such linear dependenceis rather
frequently encountered in practice; for example, it ariseswhen the acquisition techniques
usedi�eren t coordinate systemsor when there is a movement betweenacquisitions.

The univariate equivalent of our matching problem becomesf o(g(x)) ' f r (x). The
landmark method would consist of (either manually or automatically) identifying a set
of landmark pairs f (x r

l ; xo
l )gL

l=1 , so that a feature found at location x r
l in the reference

image can be found (or associated with) a location xo
l in the observed test image. For

interpolation, this gives a set of L constraints for g: g(x r
l ) = xo

l . To get a well-posed
problem, we shall require g to minimize somecriterion J . We do not want J to penalize
linear dependencies,i.e., we want J to be zero for linear g. We want the resulting
g = argmin J to be linear with respect to the landmark coordinates f xo

l g and invariant
with respect to a linear (a�ne) transformation of f x r

l g, which means that if we take
a linear combination of two setsof landmark coordinates, then the resulting g should be
the samelinear combination of the solutions corresponding to the two setsof landmarks.
In other words, wewant a solution that is invariant to the choiceof a particular coordinate
system, or to the choice of units. The simplest criterion satisfying these requirements
is J =

R
jg00(x)j2dx, which is compatible with the elasticity theory, as it corresponds to

`strain' or `bending' energy [14].
Besidesinterpolation, other approximation schemescan be applied, the most popular

being least-squares �tting . It consists of minimizing an extended criterion J 0 = J +



P
l (g(xr

l ) � xo
l )2. This has the advantage of accommodating uncertainty (noise) in

landmark positions.
For both interpolation and least-squares�tting, as well as for any other criterion of

the generalform J 0 = J +
P

l L(g(xr
l ); xo

l ) (with arbitrary function L ), the function g that
minimizes the criterion can be shown to be a cubic spline [90,91]; i.e., a piecewisecubic
function that is twice continuously di�eren tiable, with knots (the boundaries between
polynomial pieces) at points f x r

l g. In Appendix 4.6.1, we show that the solution can
be expressedas a linear combination of radial basis functions jx � x l j3. However, these
functions are not convenient to work with becauseof their instabilit y and global support.
Fortunately, it is possible to localize the jx � x l j3 functions using divided di�erences,
which yields a basemade of cubic B-splines with local support that generatesthe same
space [74].

The automatic landmark method is rather di�cult to apply becausethere is no au-
tomatic landmark detection algorithm available that would be su�cien tly robust and
precise,especially for our classof medical imageswhich typically exhibit only a few dis-
tinct features. Moreover, it is di�cult to automatically �nd common features in both
anatomical MRI and EPI modalities. For this reason, instead of trying to work with
landmarks, we intro ducea data criterion E (de�ned in section4.3.4) taking into account
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the entire image and measuring the discrepancybetween the warped version of the ob-
served image f o(g(x)) and the referenceimage f r (x). Then, we seeka deformation g
such that the two imagesare as similar as possible,i.e., when E is minimized.

For the reasonsmentioned above, we chooseto search the warping g also in the cubic
spline space,like in the landmark case. However, there are now no explicit landmarks
available to put the knots on. We also do not know, how much useful information each
part of the image can provide. Therefore, we will distribute the knots uniformly over
the image. It follows that the function g will be a uniform cubic spline, which can be
uniquely represented as a linear combination of uniformly-spaced cubic B-splines [4,5]:

g(x) =
X

k2 K

ck � 3(x=h � k) (4.2)

where K is the set of the indices of the spline functions, the support of which intersects
with the image; h is the knot spacing (the B-splines will be centered at points kh for
k 2 K � Z). Working with uniform splines is also signi�can tly faster with respect
to non-uniform splines. SeeAppendix 4.6.2 for a de�nition of a cubic B-spline. Note
that, in order to get a complete control over g, it is useful to put some spline knots
`outside' the image. For cubic splines, we need to put one such exterior knot at each
side. Consequently , for an image sizeN and knot spacingh, we have N=h + 2 knots.

We have thus transformed the registration task into a non-linear �nite-dimensional
optimization problem: Find a set of coe�cien ts c minimizing somecriterion E.

4.3.3 Splines|a perfect �t

Let us now show several important properties of the spline model.

(a) Good approximation properties|The error of a cubic splineapproximation decreases
asymptotically ash4 (measuredby any L p or lp norm, p 2 f 1; 2; : : : ; 1g ). Quantita-
tiv eanalysesindicate that splinesperform well in comparisonwith other wavelet-like
basis functions [92].

(b) Speed|Cubic splineshavea short compact support of length 4. They are symmetric
and piecewisecubic. To evaluate � 3(x) at one particular point, only 5 arithmetic
operations (additions or multiplications) and 3 comparisonsare needed.In multiple
dimensions, where we will use tensor products of cubic splines as basis functions
(seeSection 4.3.5), the computational complexity stays low thanks to separability.
The number of operations neededto evaluate g also does not depend on the total
number of basis functions (and thus the number of parametersck ).

(c) Plausibility |The spline model corresponds to a wide range of physical situations
where the restoring force can be approximated as being linearly dependent on the
displacement. In such situations, the generateddeformation is physically plausible.

51



It is also a good approximation for caseswhen a better model is not known, such
as the deformation of EPI images,even though it is not of mechanical origins.

(d) Simplicity | The model is linear in the parametersck and polynomial with respect
to the position x. It is thus possibleto truncate the Taylor expansionsuch that it
is exact in someneighborhood of x with a typical diameter of h=2.

(e) Scalability |Thanks to the q-scale relation � 3(x=q) =
P

k � (k)� 3(x � k), where
q 2 N, we have the embedding Vhq � Vh ; i.e., the transition from a coarsespaceVhq

to a �ner spaceVh is exact [93].

4.3.4 Data criterion

A reasonableand most often ( [31]) used way to measurethe discrepancybetween two
imagesis the sum of squared di�er ences (SSD) criterion

E =
X

i 2 I

(f o(g(i )) � f r (i ))2 (4.3)

where the sum is over all pixels in the image. Note that minimizing this criterion is
equivalent to calculating the maximum likelihood estimate of the unknown parameters
assuming that the di�erence is an i.i.d. Gaussian noise, and that the true test image
is indeed a geometrically distorted version of the referenceone. Moreover, the SSD
criterion is also algorithmically advantageousbecauseit is easy to evaluate (including
its derivatives) and becauseit depends smoothly on the parameters. Interpolation (cf.
Section 4.3.7) is neededto evaluate this criterion, as it calls for valuesof f o on generally
non-integer coordinates.

4.3.5 Bivariate case

The transition to the bivariate caseis straightforward. The criterion becomes

E =
X

i 2 I

(f o(g(i )) � f r (i )) 2 (4.4)

where we have taken the convenient notation

g(i ) = g(i; j ) =
�

g(i; j )
j

�
(4.5)
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and where the warping function is now described by a two-dimensional array of coe�-
cients

g(x) = g(x; y) =
X

k 2 K

ck � 3(x=h � k) =

=
X

(kx ;k y )2 K

ckx ;k y � 3(x=hx � kx )� 3(y=hy � ky )
(4.6)

Tensorproducts of splineswere also used in [94].

4.3.6 Optimization algorithm

The criterion is minimized with respect to the coe�cien ts ck using a regularized version
of the Newton method [31,50], inspired by the Marquardt-Lev enberg algorithm. This
algorithm smoothly variesbetweenthe gradient-descent and the Newton approach, which
givesit robustnessand quadratic convergencenear the optimum.

The algorithm uses�rst two derivativesof the criterion E with respect to ck ; i.e., r cE
and r 2

c E. Thanks to the spline representation (4.2), the derivatives can be calculated
exactly and at a small cost. As the number of components each pixel contributes to
remainsconstant, the cost of evaluating E, r c E and r 2

c E doesnot depend on the number
of coe�cien ts ck (or, equivalently , the spacingshx , hy ) usedto describe the deformation.
SeeAppendix 4.6.3 for explicit formulas.

At each step we update the vector of all coe�cien ts c to c + � c by taking

�
�
r 2

c E(c) + � I
�

� c = r cE(c) (4.7)

where the regularization factor � is divided by a constant � f if the previous step resulted
in a decreasein E , otherwise it is multiplied by the sameamount. 3 We iterate as long
as the relative and absolute changeof E stay above a priori given thresholds.

When the number of coe�cien ts exceedsa certain limit, the Hessianmatrix r 2
c E gets

too big for the linear equation set (4.7) to be e�cien tly solvable and this algorithm ceases
to be practicable. Note that the theoretical computational complexity of solving (4.7)
increasesas h� 6. The asymptotical memory requirements grow as h� 4. While iterativ e
linear equation solvers generally speedup the solution of (4.7), it is at the cost of a loss
in precision, and the overall gain in our caseis insigni�can t.

When the size of the Hessianmatrix exceedsour computational capacities, we re-
place the Marquardt-Lev enberg optimizer by a conjugate gradient method [50], which
convergesquadratically too without explicitly calculating and storing the Hessianmatrix.
Even though the conjugate gradient method needsmore iterations for smaller problems,
it outperforms Marquard-Levenberg for bigger ones.

3We use � f = 10.
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4.3.7 Image interp olation model

To calculate the derivatives,aswell asto evaluate the criterion (4.4), an image interpola-
tion model is neededto get a continuousform cf (x) from a discrete imagef o(i). Because
of their good approximation properties, simple analytic form and e�ectiv e algorithms
available, we usecubic B-splines here as well

cf (x; j ) =
X

i

bij � 3(x � i )

where cf (i; j ) = f o(i; j ); 8 (i; j ) 2 I (4.8)

The coe�cien ts bij can be obtained prior to registration by an e�cien t �ltering al-
gorithm [5], which incurs negligible overhead. For the �ltering, we are using mirror
boundary conditions on the image; in this way we have the samenumber of coe�cien ts
bij as there are pixels in the original image.

4.3.8 Multiresolution

The robustnessand e�ciency of the algorithm can be signi�can tly improved by a mul-
tir esolution approach: The task at hand is �rst solved at a coarsescale. Then, the results
are propagated to the next �ner level and usedasa starting guessfor solving the task at
that level. This procedureis iterated until the �nest level is reached.

In our algorithm, multiresolution is used twice. First, we build an image pyramid:
a set of gradually reducedversionsof the original image [95]. This pyramid is compatible
with our imagerepresentation (4.8) and is optimal in the l2-sense(i.e., in the senseof the
criterion (4.4)), which ensuresthat the approximation made by substituting the lower
resolution image is the best possible. Based on an image of size N x � Ny , we create
a sequenceof images with sizesM I = f (N 1

x ; N 1
y ); (N 2

x ; N 2
y ); : : : ; (N m I

x ; N m I
y )g, where

N m I
x = Nx , N m I

y = Ny , and where N j
x =

�
N j +1

x =2
�
, N j

y =
�
N j +1

y =2
�
. The optimum

starting size (N 1
x ; N 1

y ) depends on the image. We chose16 < min(N 1
x ; N 1

y ) � 32, which
works well in most cases.

Second,we use multiresolution also for the warping function. We start with a de-
formation g described with very few parameters ck , and with a large distance h be-
tween knots. After the optimization of ck is complete, we halve the distance between
knots. This approximately corresponds to doubling the number of knots in each di-
rection, i.e., quadrupling the number of coe�cien ts ck . Becauseof the two-scalespline
relation, we can exactly represent the warping function from the old, coarsespace, in
the new, �ner space. More precisely, the sequenceof knot spacings is going to be
M W = f (h1

x ; h1
y ); (h2

x ; h2
y ); : : : ; (hm W

x ; hm W
y )g, where h1

x = Nx , h1
y = Ny ; the �nal ele-

ment (hm W
x ; hm W

y ) corresponds to the user-chosentarget grid size. The sequenceobeys
hj +1

x = hj
x =2, hj +1

y = hj
y =2. The processstarts with g being identit y.
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Figure 4.2: The multiresolution strategy starts with a small version of the image (hor-
izontal axis) and a small warping control grid (vertical axis). After several steps, and
by augmenting resolution alternativ ely in the two domains, we reach the original image
resolution and the desiredsizeof the control grid.

The global strategy that combines the two multiresolutions is depicted in Fig-
ure 4.2. Symbolically, to construct the double multiresolution M we �rst extend the
shorter of M I , M W to the length m = max(mI ; mW ) by repeating the last ele-
ment. Then, M consistsof pairs of elements from M I , M W in alternate progression:
M = f (M 1

I ; M 1
W ); (M 1

I ; M 2
W ); (M 2

I ; M 2
W ); (M 2

I ; M 3
W ); : : : ; (M m

I ; M m
W )g.

The consequenceof using multiresolution is that the algorithm works best for im-
agesand deformations that follow the multiresolution model; i.e., when a low resolution
version is a good approximation of the �ner resolution version.

4.3.9 Invertibilit y

We implicitly assumedthat the deformation g is recoverable and recoverabilit y requires
invertibilit y. In casethe EPI artifacts causethe signal from adjacent pixels to blend
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due to the fold-over e�ect, the invertibilit y condition might not be satis�ed and the
deformation is not recoverable. However, this does not happen in practice. To ensure
the stabilit y of the registration, it is necessaryto enforcethe invertibilit y alsoon the trial
solutions during the optimization process,i.e., to perform constrained optimization. If
we assumethat the deformation conservesorientation, the su�cien t condition ensuring
local invertibilit y is the positivit y of the Jacobian, det(r x g) > 0, everywhere. In our
case,the invertibilit y condition reducesto 8 (x; y) 2 S; @g=@x > 0, where S is the image
domain.

Although an iterativ e algorithm can be found verifying this condition exactly, it is
not practical to apply it for performancereasons.Instead of checking that @g=@x > 0 on
a continuous domain, we sample this condition on pixel coordinates. At this scale, the
two conditions are essentially equivalent.

There is little hope of �nding an algorithm capable of solving a constrained opti-
mization problem of our complexity (highly non-linear criterion, hundreds of parameters
and tens of thousandsof constraints) in a reasonabletime. We have therefore chosento
convert the constrained search into an unconstrained one using an exponential penalty
cost function. A set of constraints

0 < up =
@g
@x

�
�
�
�
(x;y )= p

(4.9)

is replacedby a penalty function Ep

Ep = 

X

p

e� �u p (4.10)

Consequently , we will minimize the combined criterion

Ec = E + Ep (4.11)

The choice of the constants � and 
 is a tradeo� between speed and precision. As
� increases,the penalty function gets steeper, which improves precision in the vicinit y
of the constraints. At the same time, the criterion becomeshighly non-linear, which
slows down the optimization. We set � and 
 so that Ep � E on the boundary of the
permissiblespaceand Ep � 10� 5E for the initial con�guration, when g is an identit y.

4.3.10 Preprocessing

To apply the SSDcriterion, we needto make the test and referenceimagesmore similar,
so that their di�erence after warping is as closeas possible to white noise. We choose
therefore to apply a preprocessingstep that consistsof high-pass�ltering and histogram
equalization. The e�ect can be seenin Figure 4.3.
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The preprocessingmakes it unnecessaryto add a special parameter accounting for
di�erences in intensity pro�les of the two images. It also helps to compensate for the
intensity distortion due to in-plane dephasing,which is alsocausedby the magnetic �eld
inhomogeneity. The dephasingcannot be compensatedcompletely, as it is impossibleto
di�eren tiate betweene�ects of dephasingand warping on a single pixel.

4.4 Experiments

4.4.1 General comments

We tested the performanceof our algorithm on several hundreds of images. In addition,
we compare to the automatic method the results of the registration of thirt y image
pairs by three di�eren t people, including one experiencedpractitioner. For the manual
registration, we usethe standard thin-plate spline method [14,15,45].

Unlessstated otherwise, the tests are performed on 128� 128pixel spin-echo anatom-
ical MRI imagesof the brain, on a SUN Ultra workstation, and the published numbers
are arithmetical means of the results of experiments made on all of the 30 horizontal
slicesof a brain volume. A typical pair consisting of corresponding anatomical and EPI
imagesis shown in the upper row of Figure 4.3.

4.4.2 Error measurement

As a main measureto comparedi�eren t solutions to the registration problem, we usethe
warping index de�ned in [31] as $ = 1

kRk

P
i 2 R jg(i ) � g� (i )j, where g� is the reference

solution (ideally, the true deformation), and R � I is the region of interest (in our case,
the interior of the brain). This correspondsto the meanper-pixel precision of the result.

We shall also usethe sum of squared di�er ences (SSD), as de�ned by (4.3). It mea-
suresthe similarit y of the referenceand warpedtest imagesasperceivedby the algorithm,
and corresponds to the quantit y minimized.

4.4.3 Sources of error

There are several reasonswhy we cannot expect a perfect registration (indicated by
$ = 0).

1. Di�er ent images|Despite the assumptionsmade when deriving our criterion, the
images we are asked to register are not geometrically deformed versions of each
other. To this we must add the e�ects of discretization, quantization, and noise.
Any of them may result in spuriousminima of the criterion E, misleading the algo-
rithm. This problem can be alleviated by preprocessing,or by choosing a di�eren t
criterion, but it can never be completely removed. The situation is more favorable
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Figure 4.3: An anatomical MRI image (top left) and a corresponding EPI image (top
right). Both imagesrepresent a horizontal slice through the middle of a human brain.
The bottom line shows the sameimagesafter preprocessing.
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when a small number of parametersis sought, for the random e�ects tend to cancel
out.

2. Local minima |The algorithm with its local vision cannot distinguish between lo-
cal and global minima of the criterion and can therefore get trapp ed in a local
minimum. Multiresolution improvessigni�can tly this aspect, but it doesnot solve
it entirely . Again, the situation is much more favorable for a small number of
parameters.

3. Warp space|The true warping doesnot necessarilybelong to the warp spaceVh .
We de�ne $ min as the minimum achievable registration error, which is equal to
the distance between the true warping and the closest point in the warp space
V. We call this closestpoint (which is the best possibleapproximation of g in V )
a projection PV g. In the L 2 or l2 sense,it is equalto

P
k � k ' k , wherethe coe�cien ts

� k verify hg; ' l i =
P

k � k h' k ; ' l i , and where we have denoted the basis functions
by ' k in order to simplify the notation. For other norms, iterativ e proceduremust
be used. In a controlled experimental environment, we can thus calculate $ min

exactly and compareit with the results of our algorithm.

4. Lack of details|The precision is limited by the local resolution of the images.
When two corresponding sharp edgesoccur in both images,sub-pixel registration
precision is often attainable. On the other hand, in homogeneous,texture-less
regions, there is little hope of recovering any information whatsoever.

5. Criterion surface complexity|Dep ending on the imagesbeing registered, the de-
pendenceof the criterion on the parameters can be non-linear, non-convex, and
generally very complicated. In such a situation, the convergenceis extremely slow.
If the time is limited, we must stop the algorithm before any signi�can t improve-
ment has beenrealized.

6. Numerical precision|Insu�cien t numerical precision can hinder the performance
of the optimizer. We have encountered this problem only rarely, when iterativ e
methods were usedto solve the normal equation set (4.7).

We have tried to designthe experiments to separatethe e�ect of the above-mentioned
factors whenever possible;however, this will rarely be the casein a real-life situation.

4.4.4 Deformation generator

To test our algorithm, we have implemented a wavelet-baseddeformation generator. We
want to generate a random Sobolev-type deformation|a deformation lying in a pre-
scribed Sobolev spaceW r

2 . The parameter r refers to the regularity. It is equal to the
number of derivativesin the L 2-senseand it is also strongly related to point-wise di�er-
entiabilit y. The higher the r , the more regular are the functions from W r

2 . Wavelets are
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known to be good basesfor functions lying in Sobolev spacesand the decay of wavelet
coe�cien ts acrossscalesis directly related to a Sobolev-type regularity. Let � j;k denote
the coe�cien ts of a wavelet expansion4

g(x) � gI (x) =
X

j;k

� j;k 2j =2 (2j x � k) (4.12)

wheregI is an identit y transform and  is an orthogonal wavelet. Then the displacement
g � gI belongsto a Sobolev spaceW r

2 if and only if
X

j;k

22j r j� j;k j2 < 1 (4.13)

provided that the regularity of  is greater than r [69]. It follows that, for (4.13) to
hold, the necessarycondition is

9 C 2 R; 8 j; k; j� j;k j2 < C � j with � = 2� 2r (4.14)

Practically, we generateour deformations using zero-mean,normally distributed co-
e�cien ts with variance

E
�

� 2
j;k

	
= � 2

0 � j (4.15)

where � 2
0 governs the total energy of the deformation. Such a deformation will be de-

noted WH (� 0; r ), where the relation between r and � is given by (4.14). Note that the
generateddisplacements are white noisefor r = 0, and becomeprogressively smoother as
r increases.The regularity of the deformation convergesto that of the generatingwavelet
 for r ! 1 . For moderate to large r , we get a hierarchical warping: a deformation
comprising displacements at several scale levels with gradually decreasingamplitudes,
from important large-level deformation towards progressively smaller �ner-lev el details.
The algorithm should work well for such deformations which are compatible with the
multiresolution strategy.

Finally, the deformation can be projected onto Vh if needed, in which casewe de-
note it WH (� 0; r ; h). Typically, we use Battle-Lemari �e wavelets of order 4, � 0 = 5 and
r = 0:5 � 1:6, depending of what aspect of the algorithm we want to highlight. For
some experiments, we have also added an a�ne component. Examples of generated
deformations are shown in Figure 4.4.

4.4.5 Ideal case

We begin our seriesof experiments with an ideal case: the test (f o) and reference(f r )
images are identical except for a known transformation, no noise is present. We use

4For brevit y, we shall deal here with the unidimensional caseonly.
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Figure 4.4: Examplesof deformation presented ascontour plots. The top row oneswere
generatedwith WH (10; 1:6), the bottom oneswith WH (10; 0:6).
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Figure 4.5: The quality of the registration as a function of the warp spline degreeand
the knot spacing. The initial valuesranges(prior to the registration) were E = 150 and
$ = 3:5. Each point shown is an averageof thirt y experiments using the anatomical
image from Figure 4.3.

a random Sobolev deformation WH (5; 1:6; 8) asde�ned in the previous section. We show
how the criterion E and the warping index $ decreasewith the knot spacingh. Moreover,
we want to demonstrate the advantage of using cubic splines to represent the warping,
as opposedto linear and quadratic ones5 (Linear splinesare sometimesusedfor motion
estimation [35,53].)

Figure 4.5 displays E and $ as a function of the degreen of the splines used to
represent the deformation g, and the knot spacingh. It clearly shows the bene�t of using
a high degreen in high-precision applications. The minimum achievable error $ min (cf.
Section 4.3.3b) is shown by a dotted line for the cubic caseand marked optimal.

4.4.6 Image interp olation order

As many other registration algorithm useonly linear interpolation on the image,we want
to show in this experiment that higher-order image interpolation is advantageousfrom
the point of view of both precision and speed.

Table 4.1 demonstratesthe dependencyof the registration accuracyand speedon the
degreen i of the splinesusedfor image interpolation. As a deformation, we have chosen
WH (5; 0:5; 64). The stopping criterion was identical in all cases.

Besidesproviding a lessaccurate approximation, linear splines are penalized by not

5For splines of even degrees, there is an additional shift term of 1=2 in (4.2) , e.g., � 2(x=h � k + 1=2),
which minimizes the number of knots needed. Other changes are straigh tforw ard.
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Table 4.1: The quality of the registration asa function of the image interpolation spline
degree.The warping function was interpolated by cubic splines.

h 32 16
ni before 1 2 3 1 2 3

E 113.4 2.53 1.84 1.50 1.12 1.00 0.58
$ 2.93 0.130 0.111 0.098 0.074 0.067 0.057

time [s] 1010 766 69 1983 1500 103

providing a meaningful secondderivative estimate of the image, which forcesus to use
the slower conjugatedgradient algorithm in placeof the Marquardt-Lev enbergoptimizer.

The table shows that, although all results are accurate to a fraction of a pixel, the
convergencespeedvaried a lot. This provesthat the bene�t from better approximation
properties of higher-order splineswith respect to linear, or even quadratic ones, indeed
overweights the increasein computational complexity per iteration. This is consistent
with other �ndings in the literature [31]. Being able to better estimate the image
derivativesr x

cf , one is able to better estimate the criterion derivativesr cE and r 2
c E.

This permits the optimization algorithm to acquire a more preciselocal model of E(c),
which in turn leads to more e�cien t optimization steps and faster convergence. The
abilit y to precisely represent an image from a few samplesis crucial at coarselevels of
the image pyramid. The iterations there are relatively inexpensive compared to �ner
levels becausewe processmuch less data; it is therefore bene�cial to get as close as
possible to the optimum. In this manner we provide a good starting estimate for the
next �ner level, where each iteration costs at least 4 times more, and thus saving the
overall e�ort.

4.4.7 Noisy case

Figure 4.6 demonstrates the dependenceof the registration accuracy on the signal-to-
noise ratio. For this seriesof experiments, the test imageswere obtained from a known
transformation of a referenceimage with a various level of white Gaussiannoiseadded.
Here,an in-spacedeformation WH (5; 1:16; 32) wasused. Weobservethat the degradation
of the algorithm's performanceis graceful for SNR > 10dB.

4.4.8 Out-of-space deformation

This experiment illustrates the behavior of the algorithm asthe deformation progressively
moves out of the warp space. Speci�cally , we have used WH (5; 0:5; 32) + �W 0

H (5; 0:5)
with 0 � � � 1, where the �rst term correspondsto the in-spacepart of the deformation
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Figure 4.6: The quality of the registration as a function of the SNR in dB. h = 32,
$ before = 3:34. The error bars mark one standard deviation.

and W 0
H is the displacement associated with WH , i.e., WH � gI . Figure 4.7 comparesthe

attained and theoretically attainable warping index and the corresponding SSD.
It can be seenthat, the experimentally recovered deformation is almost as closeto

the true one as theoretically possible, with the exception of � = 0; i.e., a deformation
lying exactly in the warp space.On the other hand, we obtain mostly a smaller SSDthan
what correspondsto the projection. This demonstratesthat the relationship betweenthe
criterion we optimize (E) and the true error we make ($ ) is far from straightforward:
the minimum of the di�erence (E) does not correspond exactly to the true solution as
measuredby $ . We will seethis sort of behavior in Section 4.4.10, too.

4.4.9 Multiresolution strategy

In Table 4.2, we compare three multiresolution strategies: the strategy actually used,
a strategy without multiresolution in the image size, and a strategy without multires-
olution in the warping grid size. The results show that both multiresolutions improve
accuracyaswell asspeedof the algorithm becausethey reducethe amount of data to be
treated and provide a smoothed version of the problem.

Multiresolution in the warp grid sizesigni�can tly improvesaccuracybecauseit avoids
that the algorithm is trapp ed in a local minimum. The multiresolution in the imagesize
reduces the amount of data to be treated and consequently also the execution time,
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Figure 4.7: Warping index (left) and SSD (right) for an out-of-spacedeformation. The
meaninitial values(prior to the registration) rangedbetweenE = 146,$ = 2:8 for � = 0
and E = 181, $ = 3:47 for � = 1. Error bars show one standard deviation.

mainly for coarsecontrol grids.
The joint strategy combines the advantages of both multiresolutions and yields the

best results.

4.4.10 Arti�cial EPI images

By �ltering and performing histogram modi�cation of the anatomical MRI images,we
obtain images that are visually equivalent to the corresponding EPI images (compare
Figures 4.8 and 4.3) and we use them as test images. We warp the anatomical images
with a known deformation WH (5; 0:9) and usethem as referenceimages.

The reference/test imagepairs are registeredautomatically aswell asmanually using
the landmark method by 3 people, including one experiencedpractitioner. The results
are presented in Table 4.3. For the manual case,the best results obtained (in the sense
of $ amongall the attempts of all the participants) are shown. The column marked ideal
shows the minimum attainable warping index $ min , given the fact that the target defor-
mation doesnot belong to the spacesearched by the algorithm. The results demonstrate
that the automatic method is vastly superior to the manual one.

4.4.11 Real EPI images

Figure 4.9 shows a typical pair of corresponding anatomical and EPI imageswith su-
perimposed contours of the anatomical image before and after manual and automatic
registration. It illustrates that the automatic procedure leads to subjectively compara-
ble or better results than the manual one.
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Table 4.2: Di�eren t multiresolution strategies. Image sizeis denotedby N , grid spacing
by h. From top to bottom: joint, imagesizeonly, and warp grid sizeonly multiresolutions.

Warping index before registration $ = 9:3.

h 128 64 64 32 32 16
N 32 32 64 64 128 128
$ 0.43 0.40 0.15 0.15 0.0038 0.0029 total

time 2.2 2.0 29.0 1.2 20.0 23.2 78

h 16 16 16
N 32 64 128
$ 1.40 0.86 0.69 total

time 14.0 27.1 129.8 171

h 128 64 32 16
N 128 128 128 128
$ 0.145 0.0043 0.0038 0.0031 total

time 164.9 101.6 24.6 34.4 326

Figure 4.8: Arti�cial EPI image
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Figure 4.9: Anatomical (top-left) and EPI (top-righ t) imagesbefore registration, with
superimposedcontours from the anatomical images. EPI imageafter automatic (bottom-
left) and manual (bottom-righ t) registration.
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Table 4.3: Manual versus automatic registration. $ is the warping index, E is the
mean-squaredi�erence.

before manual automatic ideal true

$ 2.60 1.01 0.44 0.19 0
E 246 178 161 163 162

time � 5min � 30s

4.5 Conclusions

We have suggesteda new approach for undoing non-linear unidirectional deformations in
EPI images. We proceedby registering them with corresponding geometrically correct
anatomical MRI images. We have developed a fully automatic image registration algo-
rithm specializedfor this task. Our technique increasesthe geometrical precision of EPI
imagesand thus improvesthe quality of information obtainable from theseimages. This
will allow the useof EPI imagesin many clinical and diagnostic applications where they
could not have been used previously, as well as to increasetheir usefulnessin existing
applications.

As an additional bene�t, our method can be extendedto compensatefor other causes
of geometrical distortion of EPI imagesbesidesimperfect magnetic �eld, such as heart
beat and respiration. (In this case,we would look for bidirectional warping.)

The novelty of our registration algorithm stemsfrom a high-order spline model for the
warping. It has good approximation properties and lends itself well to a multiresolution
approach, while permitting an e�cien t implementation. We have also taken advantage
of a spline model for the image being warped, leading to a seconddimension of the
multiresolution strategy, and yielding additional computational savings. Finally, we have
replacedthe customary regularization criterion by a scaleparameter of the search space.

We have also presented many experiments to demonstrate the performance of our
algorithm. 6 We plan to carry out more clinical experiencesto prove conclusively the
potential of our method in a real-world setting.
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Appendix

4.6.1 Optimalit y of the Cubic Spline Mo del

The landmark �tting from Section 4.3.2 is mathematically equivalent to the smoothing
spline problem frequently encountered in statistics [96]. We present here an informal
derivation of the variational property of cubic splines. We usean original Fourier-based
technique which is instructiv e and concise.

Considerthe following approximation problem: Given a set f (x i ; yi ) 2 R2g and a func-
tion L : R2 ! R, �nd a function g : R ! R minimizing the functional criterion

J 0(g) = J (g) +
X

i

L(g(x i ); yi ) with J (g) =
Z

jg00(x)j2dx (4.16)

It is not di�cult to show that the solution of this problem belongsto the sameclass
asa solution of the interpolation problem, that would consistof �nding g minimizing J (g)
under the constraints g(x i ) = zi , equivalent to landmark interpolation from Section4.3.2.
We will therefore concentrate on the interpolation casehere.

Using the Lagrangemultiplier method, we construct an augmented criterion

J � =
Z

jg00(x)j2dx � 24
X

i

� i (g(x i ) � zi ) (4.17)

We then expressJ � in terms of ĝ(! ), the Fourier transform of g

J � =
1

2�

Z
! 4jĝ(w)j2d! � 24

X

i

� i

�
1

2�

Z
ĝ(! ) e� j ! x i d! � zi

�
(4.18)

where we have used ĝ(! ) = ĝ(� ! ). To �nd an optimal ĝ(! ), we di�eren tiate J � with
respect to ĝ(! ) and we imposethe �rst order changeto be zero:

� J � = 2Re
�

1
2�

Z
� ĝ

�
ĝ ! 4� � 12

X

i

� i e� j ! x i

�
d!

!

= 0 for all � ĝ(! ) (4.19)

This gives

ĝ =
X

i

� i
12e� j ! x i

! 4 (4.20)

By interpreting e� j ! x i as a phaseshift, we get

g(x) =
X

i

� i %(x � x i ) (4.21)
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where %is the inverseFourier transform of 12=! 4, which givesa generalform of all solu-
tions to our interpolation or approximation problems as

g(x) =
X

i

� i jx � x i j3 (4.22)

The basisfunction jxj3 is twicecontinuously di�eren tiable and piecewisecubic. Hence,
g is a cubic spline. In order to be complete, this solution needsto be augmented by
a linear term generating the null spaceof J . For a rigorous treatment and generalization
to multiple dimensions,we refer to [45].

4.6.2 B-Splines

A B-spline � r of degreer is recursively de�ned as

� r = � r � 1 � � 0 for r > 0

� 0(x) =

(
1 if x 2 (� 1

2 ; 1
2 )

0 otherwise

B-splines as de�ned above have a compact support (� r =2 � 1=2; r=2 + 1=2), are
symmetric, and are (r � 1)-times continuously di�eren tiable. Speci�cally ,

� 3(x) =

8
><

>:

2=3 � (1 � jxj=2)x2 if 0 < jxj � 1

(2 � jxj)3=6 if 1 < jxj < 2

0 otherwise

(4.23)

4.6.3 Explicit Derivatives

Given E by (4.4),(4.6), and (4.8), let us expressthe components of r cE and r 2
c E.

@E
@ck

= 2
X

i 2 I

ei
@ei

@ck
where ei = cf (g(i )) � f r (i ) (4.24)

@ei

@ck
=

@cf
@x

�
�
�
�
x = g( i )

�
@g
@ck

�
�
�
�
x = i

= (4.25)

= � 3 (i=h � k)
X

q

bqj � 0
3(g(i ) � q) (4.26)

(4.27)
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where i = (i; j ), and the summation acrossq only needsto be performed within the
support of � 0

3 of length 4. The secondderivativesare

@2E
@ck @cl

= 2
X

i 2 I

�
@ei

@ck

@ei

@cl
+ ei

@2ei

@ck @cl

�
(4.28)

@2ei

@ck @cl
=

@2 cf
@2x

�
�
�
�
x = g( i )

@g
@ck

@g
@cl

+
@cf
@x

@2g
@ck @cl| {z }

0

(4.29)

@2ei

@ck @cl
= � 3 (i=h � k) � 3 (i=h � l )

X

q

bqj � 00
3 (g(i ) � q) (4.30)

which is easyto calculate becausemany terms can be reusedfrom the calculation of the
�rst derivatives.
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Chapter 5

Fast Multidimensional Elastic
Image Registration

5.1 Abstract

We present an algorithm for fast elastic multidimensional intensity-based image regis-
tration. It is fully automatic in its default mode of operation. In the case of hard
real-world problems, it is capableof accepting expert hints in the form of soft landmark
constraints. Much fewer landmarks are neededand the results are far superior compared
to pure landmark registration.

Particular attention has been paid to the factors in
uencing the speed of this algo-
rithm. The B-spline deformation model is shown to be computationally more e�cien t
than other alternativ es. We also present the concept of subspaceoptimization. As par-
ticular case,we consider representing the deformation in a sparsewavelet basis.

We demonstrate the evolution of the registration processfor the task of registering
2D slicesof anatomical MRI imagesof the brain warped with a known deformation. We
present an application of the algorithm for registering ECD SPECT imagesfor realign-
ment of corresponding Xenon inhalation SPECT images. Another application involves
analysing heart motion from a sequenceof 2D ultrasound images.

5.2 Proposed algorithm

The algorithm presented hereis a combination of ideasfrom precedingchapters. First, it
is a generalizationof the unidirectional registration algorithm from Chapter 4 to multiple
dimensions. The deformation model hasnot only beengeneralizedbut alsore-engineered
for faster execution. The optimization algorithm hasbeenchangedto yield faster conver-
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gencein the initial part of the optimization. Second,we recognizethat for somedi�cult
problems the fully automatic registration may fail. This is to say that it convergesto
a solution that minimizes the criterion but which does not correspond to the true cor-
respondenceof the underlying physical objects shown in the images. Hence, using the
idea of landmarks from Chapter 3, we ask an expert to identify a small number of corre-
sponding points in both images. We intro duce virtual springs connecting the identi�ed
points and add a corresponding term (spring potential energy) to the data part of the
criterion. This steersthe algorithm towards the correct solution which would not have
beenfound otherwise.

5.2.1 Organization of this Chapter

In the remainder of this section, we describe the conceptof registration by minimization,
the B-spline image model, the structure of the deformation model, and the di�erence
measure. In Section 5.3 we justify our choice of B-splines as basis functions for the
deformation model. We present the optimization method in Section 5.4, where we also
describe the multiresolution strategy. Section5.5 is devoted to the semi-automatic mode
incorporating landmark information into the global criterion. We deal with implementa-
tion issuesin Section 5.6 and present experiments and applications in Section 5.7.

5.2.2 Registration as minimization

The input imagesare given as two N -dimensional discrete signals f r (i ) and f t (i ) where
i 2 I � ZN and I is an N dimensional discrete interval representing the set of all pixel
coordinates in the image. We will call them reference and test images,respectively. We
supposethat the test image is a geometrically deformed version of the referenceimage,
and vice versa. This is to say that the points with the samecoordinates in the reference
image f r (x ) and in the warped test image f w (x) = f c

t

�
g(x)

�
should correspond. Here

f c
t is a continuous version of the test image and g(x) is the deformation function to

be identi�ed. The two images f r , f w will not be identical becauseof noise and also
becausethe assumption that there is a geometrical mapping betweenthe two imagesis
not necessarilycorrect. Therefore, we de�ne the solution to our registration problem as
the result of the following minimization:

g = argmin
g2 G

E
�
f r ; f t (g(x)

�
(5.1)

where G is the spaceof all admissibledeformation functions g and E the criterion being
minimized. Graphically, the 
o wchart of our algorithm is shown in Figure 5.1.
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Figure 5.1: The 
o wchart of the registration algorithm. A warping function g is sought
minimizing a di�erence between a referenceimage and a deformed version of the test
image.
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5.2.3 Image model

We supposethat the discrete test image is a sampled version of a continuously-de�ned
image f c

t (x ). That is to say

f t (i ) = f c
t (i ) for all i 2 I � ZN (5.2)

We needto specify an image model to reconstruct the continuous images. In accordance
with Chapter 4, we chooseto interpolate the image using uniform B-splines:

f c
t (x ) =

X

i 2 I b � ZN

bi � n i (x � i ) (5.3)

where � n is a tensor product of centered B-splines of degreen:

� n (x ) =
NY

k=1

� n (xk ) (5.4)

with x = [x1; : : : ; xn ]. In this way, we are representing by B-spline coe�cien ts bi the
image initially given by its samplesf t (i ).

5.2.4 Deformation model structure

So far, we have considered the deformation function g to be an arbitrary admissible
function RN ! RN . We will restrict it now to a family of functions described by a �nite
number of parametersc. This transforms a variational problem (5.1) into a much easier
�nite-dimensional minimization problem. Moreover, the restriction of the family G of all
possiblefunctions g can already guarantee someuseful properties, such as the regularity
(smoothness)of the solution.

For the moment, we describe the deformation by a general linear model

g(x) = x +
X

j 2 J

cj ' j (x ) (5.5)

where J is a set of parameter indexes and ' j are the corresponding basis functions.
Adding x in the above equation makesthe set of zeroparameterscorrespond to identit y,
which seemsto bea reasonablebehaviour. The choiceof the functions ' j will bediscussed
in Section 5.2.4.

5.2.5 Di�erence measure

Various measuresE canbe usedto evaluate di�erences betweenthe warped test imagef w

and the referenceimage f t . The fundamental requirement is that E should be minimal
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when the imagesare aligned. This is generally impossibleto guarantee unlessthe images
are the sameor known. Nevertheless,if we consider the imagesto be realizations of the
samestochastical processwith known properties, we can often �nd a criterion which is
minimal in a well-de�ned statistical sensewhen the imagesare aligned. For example, if
we suppose that f r is a deformed (warped) version of f t with i.i.d. (independent and
identically distributed) Gaussiannoiseadded to each pixel, then the criterion giving the
optimal solution g in the ML (maximum likelihood) senseis the SSD (sum of squared
di�erences) criterion

E =
1

kI k

X

i 2 I

e2
i =

1
kI k

X

i 2 I

�
f w (i ) � f r (i )

� 2
(5.6)

where the summation is taken over all pixels in the referenceimage. We have used this
criterion for all our applications becauseit is fast to evaluate and yields smooth criterion
surfacewhich lends itself well to optimization. It proved to be robust enough,especially
if preprocessingwas usedto equalizethe image values(seeChapter 4 for an example).

In principle, there is no di�cult y in extending our method for more sophisticated
pixel-based similarit y measures,such as information-based measures [97], especially
mutual information [41], or weighted `p norms.

5.3 Choosing the deformation basis

The purposeof this section is to motivate our choice of (cubic) B-splines (Chapter 4) as
the most adequatebasis functions ' j to represent the deformation in model (5.5). The
alternativ e possibilities that cometo mind are polynomials [32], harmonic functions [33,
34], radial basis functions (Chapter 3), and wavelets [55,56,98].

It is highly desirable to have as few basis functions as possible to contribute at
each particular point, while keeping the approximation quality, of course. First, short
basis functions have small overlap. This reducesthe interdependencybetweenthe coef-
�cien ts (parameters) and consequently makes the minimization problem easierto solve.
Small overlap also makes the Hessian more sparseand therefore potentially faster to
invert.

Second,the size of the support of the basis functions directly in
uences the speed
of the calculation. To evaluate a function at Npix points costs O(Npix Nsupp ) opera-
tions, where Nsupp is the number of functions contributing to a single point. 1 The cost
of evaluating the gradient of the criterion with respect to the coe�cien ts is higher but
asymptotically equivalent. The cost of evaluating the Hessian is O(Npix N 2

supp ) opera-
tions. (Seealso Section 5.6.1.)

1We assume that the cost of evaluating the basis function itself is constant since those can be precal-
culated.
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(a) (c)

(b) (d)

Figure 5.2: The basis functions involved in evaluating of the value of a 1D function at
onepoint (denoted by a vertical line): radial basisfunctions (a), harmonic functions (b),
B-splines (c) , wavelets (d).

We depict the various candidate generatingfunctions and their support in Figure 5.2.
Except for the Fourier basis, we choosebasis functions of the samedegree(cubic), gen-
erating the samespace. We seeclearly that the least number of contributing functions
(4) is in the B-spline case. This e�ect turns out to be even more dramatic in higher
dimensions.

The reasoningabove rules out the polynomials and radial basis functions becauseno
fast algorithm is known for their evaluation and the brute-force evaluation is slow due to
their long support. We decided against the harmonic (Fourier) basis functions because
of their lack of localization (the fact that any two of them overlap). Note that this is
the caseeven though the Fourier baseis orthogonal in the classical(L 2) sense;here we
weight the scalarproduct with arbitrary imagedependent weights. (SeeSection5.6.1 for
a formula.) Another argument against the Fourier basis is that it cannot expresslinear
functions (a�ne deformations). The only two remaining candidate basis are therefore
B-splines and wavelets.
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5.3.1 Splines versus wavelets

To make a fair comparison between B-spline and wavelet bases,we consider compactly
supported cubic B-spline wavelets [99] spanning the samespaceas cubic B-splines.

First, let us analyze the task of evaluating the deformation at a single point. There
are four participating B-splines alltogether while there are four participating B-spline
wavelet at each level. Given that the complexity of one generating function evaluation
is comparable(both are piecewisepolynomial), B-splines win.

Second, to evaluating the deformation at a regular grid, we can use an iterativ e
�lterbank algorithm (such asMallat's FWT [69]) in both cases.The number of iterations
neededis the same,but the �lters are longer in the wavelet case.Therefore, the B-spline
representation is better again.

The complexity of evaluation of the gradient of the criterion correspondsto the com-
plexity of the evaluation of the deformation becausethe sametype of formula is involved
(seeSection 5.6.1) plus a constant cost independent on the deformation model.

In multiple dimensions,the di�erences are even more striking. This comparisoncan
be re�ned but the overall conclusion remains the same: B-spline basis is much more
computationally e�cien t than the equivalent wavelet basis.

5.3.2 B-spline deformation model

The B-spline deformation model is obtained by substituting a scaledversion of the B-
spline in (5.5)

g(x) = x +
X

j 2 I c � ZN

cj � n m (x=h � j + d) (5.7)

where nm is the degreeof splinesused,h is the knot spacingand d the knot o�set. This
corresponds to placing the knots on a regular grid over the image. Similar to the image
case,� n m here represents an N -dimensional tensor product of B-splines (see(5.4)). The
principal di�erence from our previous work (Chapter 4) is that here we require the node
spacing h to be integer. This restricts the generality of the model somewhat and also
limits the liberty of scalechangeswe need for the multiresolution approach. However,
the big advantage is that the B-spline values involved in the interpolation (5.7) repeat
with period h when evaluating for integer values of x. Therefore, the values of g are
a discrete convolution of the h-upsampled coe�cien t values c with the values of a B-
spline evaluated with a sampling step 1=h. Moreover, the convolution can be performed
in a separablemanner.

To evaluate g at onepoint we would normally needto evaluate a B-spline for N (nm +
1) di�eren t valuesand calculate a linear combination of the (nm + 1)N resulting products.
However, ash is now integer, we can precalculatethe B-spline valuesin advance. Thanks
to the separability, we can evaluate g with the cost of only N (nm + 1) multiplications
per pixel, and this irrespective of the grid size.

79



The B-spline model has good approximation properties and is fast to evaluate. It is
also physically plausible and scalablein the sensethat a coarselevel deformation can be
represented exactly at �ner levels (seealso Section 5.6.4).

A remarkable feature of the B-spline model (5.7) is that the complexity of evaluating
the deformation, and the gradient and the Hessianof the criterion, doesnot depend on
the sampling step h, or equivalently , on the number of parameters. This can be seen
from the fact that onepixel in the imagealways contributes to a �xed number of gradient
(or Hessian)components.

5.3.3 Subspace optimization

Oneof the potential advantagesof a wavelet deformation model is the abilit y to selectively
add �ner basis functions in speci�c regions. In this way the deformation model can be
mademore 
exible whereenoughdata is available while remaining constrainedelsewhere.
To achievethe samee�ect, weproposeto work with a B-spline representation at the �nest
level. The deformation is described using B-spline coe�cien ts c that we constrain to live
in some subspace,parametrized by a di�eren t set of coe�cien ts d. We have a linear
relationship betweenthe two setsof coe�cien ts:

c = Wd (5.8)

(Note that c, d are hereconsideredas1D vectorsof all parameters.) The matrix W is just
a symbol, it should not actually be stored explicitely, becausefull matrix multiplication
would destroy the e�ciency we are after.

The gradient with respect to d is

r d E = WT r cE (5.9)

The advantageof our approach is computational e�ciency . Note that if W is a wavelet
transform, its transposeWT can be calculated by reverting the data
o w in the �lterbank
algorithm, using the same �lters. After calculating the gradient using (5.26), we only
needto perform WT on the gradient r cE which is much smaller than the image.

The relation (5.8) is very general and comprisesmuch more than just wavelets. All
casesof optimization in linear subspacescan be cast into this framework. In principle,
we could usetools like principal component analysis (PCA) to analyzemost likely defor-
mation modesand search only among them [100]. We may also use(5.8) to remedy for
what may be perceived as a limitation of our spline model: the uniformit y of the grid.
With the subspaceapproach, we can selectively coarsenthe deformation model, while
keeping the low-level uniform control grid for computation. In many cases,this will be
the most e�cien t way to approach the task.
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5.4 Optimization strategy

5.4.1 Optimization algorithms

Given our deformation model (5.5), the minimization (5.1) becomes

c = argmin
c

Ec (5.10)

where Ec is the complete criterion (seee.g., (5.33)) to be optimized and c are the pa-
rameters describing the deformation function (5.7). This is a classical�nite-dimensional
non-linear optimization problem for which numerous algorithms exist [50]. We have
almost exclusively consideredlocal iterativ e algorithms, which is well justi�ed thanks to
the smoothnessof our criterion. (One example of an algorithm which is not local is the
genetic algorithm.)

All thesealgorithms can be cast in a common framework. They start with an initial
estimate c(0) . Then a sequenceof steps is repeated until convergence.At each step we
take the actual estimate c( i ) and calculate a proposedupdate � c( i ) . We then evaluate
the criterion at the new proposedpoint, Ec(c( i ) + � c( i ) ), and test if the criterion value
has improved. If the step is successful,that is, if Ec(c( i ) + � c( i ) ) < E(c( i ) ), then the
proposed point is accepted, c( i +1) = c( i ) + � c( i ) . Otherwise, new, more conservative
update � c( i ) is calculated, and the test is repeated.

We tested the following four algorithms:

Gradient descent with feedback step size adjustment

The simplest of this classof algorithms is gradient descent (GD). Its update rule is

� c( i ) = � � r cEc(c( i ) ) (5.11)

where � is the step sizewhich needsto be adjusted. We useda simple automatic adjust-
ment method. After a successfulstep, � is multiplied by � f , otherwise it is divided by
� 0

f . We start with � = 1 and use � f = 10, � 0
f = 15.

Gradient descent with quadratic step size estimation

The singlemost critical point of the precedingalgorithm is the determination of the step
size� . We have deviseda formula yielding an estimation of the optimal step sizewhich
performs better than the crude adjustment method described above. We approximate
the criterion around c( i ) as

E(c( i ) + x) = E(c( i ) ) + xT r cEc(c( i ) ) + � kxk2 (5.12)
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The minimum of this model along c( i +1) = c( i ) � � r cEc(c( i ) ) (see(5.11)) is achieved for
the step size

� � =
1
2

kc( i ) � c( i � 1) k2

E(c( i � 1) ) � E (c( i ) ) +


c( i ) � c( i � 1) ; r cEc(c( i ) )

� (5.13)

As a fallback strategy, if � � does not yield an improvement over E(c( i ) ), we use the
previous step sizedivided by � 0

f , as above.

Conjugated gradient

The conjugated gradient algorithm choosesits descent directions to bemutually conjugate
so that moving along one doesnot spoil the result of previous optimizations. Its update
rule is

� c( i ) = � �

 

r c Ec(c( i ) ) � r cEc(c( i � 1) ); r cEc(c( i ) )

�

kr cEc(c( i � 1) )k2
r cEc(c( i � 1) )

+ r cEc(c( i ) )

!

(5.14)

To work well, the � has to be chosen optimally . Therefore, at each step, we need to
run another internal one-dimensionalminimization routine which �nds the optimal step
length � in the direction given by the above formula. We implemented the internal
minimization using Brent's algorithm [50], essentially using parabolic interpolation and
golden-ratio search.

Marquardt-Levenb erg

The most e�ectiv e algorithm in the senseof the number of iterations was a regularized
Newton method inspired by the Marquardt-Levenberg algorithm (ML), as in Chapter 4.
The update rule is

� c( i ) = �
�
r 2

c Ec(c( i ) ) + � I
� � 1

r cEc(c( i ) ) (5.15)

where the regularization factor � can steer the algorithm betweenpure Newton method
(for small � ) and pure gradient descent (for big � ). The � starts at 1 and is adjusted
automatically, divided by � f = 10 after a successfulstep and multiplied by � 0

f = 15 after
a failed step. It might not always be economical,feasible,or even desirable, to calculate
the true and completeHessianmatrix r 2

c Ec. The algorithm will converge,albeit perhaps
more slowly, even if we usejust an approximation of it. Seealso Section 5.6.1.
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5.4.2 Choosing the best optimizer

Ultimately , we want the optimizer which yields the optimal c within desiredprecision in
the least amount of time. The choice is dependent on the particular problem, namely
on the smoothness of the criterion surface and the computational complexity of the
evaluation of the criterion, its gradient and Hessian. Finally, it depends also on the
desiredprecision of the result.

We performed a seriesof experiments to determine which of the four optimizers and
their variants works best for our task. We quickly ruled out the conjugated gradient
algorithm. As many evaluations are neededfor its internal minimization to converge,
the conjugated gradient algorithm is only advantageous if the evaluation of Ec is at
least 10 � 100 faster than the evaluation of the gradient r Ec. This is not the case,so
consequently , the unidimensional line searchesare wasteful in the terms of the number of
iterations. We also quickly determined that quadratic step size estimation for gradient
descent minimization was almost always better than the feedback adjustment.

Among Marquardt-Lev enberg (ML) algorithms, we found the performanceto be su-
perior when using the full Hessian.All approximations of the Hessianincluded a perfor-
mancepenalty which was normally not compensatedby the reducedcomputation cost.

This leavesus with two alternativ es: the gradient descent with optimal step-sizeesti-
mation or the Marquardt-Lev enberg (ML) like algorithm. This choice is rather delicate.
As we pointed out in Chapter 4, the ML algorithm is converging quadratically near the
optimum. This advantage can be o�set by the additional expenseof evaluating the Hes-
sian matrix and its inverse. Nevertheless,when a small number of parameters is sought
for, the criterion is smooth, and high precision is needed,the ML algorithm is the fastest.
This is demonstrated in Figure 5.3.

However, in somecasestheseassumptionsare not ful�lled. Often the deformation is
described by several hundreds of parameters and the calculation of the Hessianmatrix
takes of the order of magnitude more time than the calculation of the gradient. See
Table 5.1 for a typical relationship betweenthe computation times.

The complexity of Hessianmatrix inversion (the solution of the equation (5.15) for
� c( i ) ) grows with the cube of the number of parametersand becomesdominant for large
number of parameters(several hundreds). We also realize that the intrinsic resolution of
the imagesregistered is limited and that there is no use trying to �nd the deformation
function with higher accuracy. Thus, we need an algorithm which performs well in
the �rst part of the optimization process, far from the optimum. Here the Hessian
information is not precise enough to improve the convergenceand experiments show
that the ML and gradient descent algorithms perform about equally in the terms of the
number of iterations. For an example,seeFigure 5.4. As the time neededfor oneiteration
of the gradient descent is much smaller with respect to one ML iteration, we decided
that the gradient descent (GD) algorithm (with the quadratic step sizeestimation) was
the most suitable for our applications, mostly becauseof its speed. One additional
pleasant property of the GD algorithm in our context is its tendencyto leaveunin
uen tial
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Figure 5.3: Comparison of gradient descent, conjugated gradient, and Marquardt-
Levenberg optimization algorithm performanceswhen registering SPECT images. The
graphs give the value of the �nest-lev el SSD criterion of all successful(i.e., criterion-
decreasing)iterations as a function of the number of criterion evaluations and execution
time. The peaksare causedby transitions betweenresolution levels.

Table 5.1: Relative times to evaluate the criterion E, its gradient r E , and Hessianr 2E,
for a volume of 64 � 64 � 17 voxels approximated by cubic splines, as a function of the
spline degreenm used to model the deformation and the sizeof the parameter grid nc.
(The time to evaluate E is currently around 1s.)

nm 2 3 3
nc 3 � 6 � 6 � 6 3 � 6 � 6 � 6 3 � 4 � 4 � 4

E 1.0 1.4 1.4
E, r E 2.3 2.9 2.9

E, r E , r 2E 10.9 48.7 48.8
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Figure 5.4: The evolution of the SSD criterion during the �rst 18 iterations when reg-
istering Lena image arti�cially deformed with 2 � 4 � 4 cubic B-spline coe�cien ts and
maximum displacement of about 30 pixels, without multiresolution. The optimizers used
were: Marquardt-Lev enberg with full Hessian(MLH), Marquardt-Lev enberg with only
the diagonal of the Hessiantaken into account (MLdH), and gradient descent (Gdes).
The deformation was recovered in all caseswith accuracybetween0:1 and 0:01 pixels.

coe�cien ts intact, unlike the ML algorithm which in its quest for the most gain in each
step often changesthe unin
uen tial coe�cien ts excessively. This leads to unplausible
solutions. Therefore, lessregularization is often neededfor the GD algorithm.

However, the choice of the algorithm might need to be revised if a di�eren t classof
problems is to be solved.

5.4.3 Multiresolution

As in Chapter 4, weusemultiresolution for both imagemodel and the deformation model.
We start with the coarsestresolution versionsof both and alternativ ely re�ne the image
and the deformation model every time convergenceis reached, until the �nest level. The
secondpossibility consistsin re�ning both the image and the deformation model at the
sametime. This savessometransition costs but the inter-level changesare bigger and
the overall performanceis therefore usually worse.

The coarse versions of images are generated using reduction. Conversely, coarse
level solutions are extrapolated to �ner levels using expansion. SeeSection 5.6.4 for
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implementation details.

5.5 Semi-automatic registration

Werealizethat although the multiresolution leadsto a very robust registration algorithm,
there are still caseswhen it is mislead by an apparent similarit y of featureswhich do not
correspond physically. Therefore, we developed an extensionof the algorithm which can
use expert hints to be put on track towards the right solution. The hints come in the
form of a set of landmarks. The landmarks are manually identi�ed pairs of corresponding
points in the two images(seealso Chapter 3).

As an example,we tried to register two ultrasound imagesfrom di�eren t parts of the
cardiac cycle. (SeeSection 5.8.2 for details.) The unsupervised registration correctly
registered someof the structures but missedothers, seeFigure 5.5, top. We asked an
expert to identify several landmarks in both images(Figure 5.5, middle part). Using this
minute hint, the semi-automatic algorithm could recover a plausible deformation, even
though the landmark information alone (using thin-plate splines) would not have been
enough(Figure 5.5, bottom). The warped version of the test image (on the right in the
middle row of Figure 5.5) and the deformation function is shown in Figure 5.6

5.5.1 Virtual springs

The landmark information is incorporated in the automatic processusing the conceptof
virtual strings, tying each pair of corresponding points together. We augment the data
part of the criterion E with a term Es, corresponding to the potential energy of the
springs, and minimize the sum of the two Ec = E + Es. The spring term is:

Es =
SX

i =1

� i kg(x i ) � zi k
2 (5.16)

where S is the number of springs, � i are weighting factors corresponding to their sti�-
nesses,and x i , resp. zi , are the landmark positions in the reference,resp. test images.
The contribution of Es to the gradient of Ec can be calculated from (5.7):

h
@E s
@cj ; 1

: : : @E s
@cj ;N

i T
= 2

SX

i =1

� i (g(x i ) � zi ) � n m (x=h � j + d) (5.17)

The spring factors � i control the in
uence of the particular landmark pair. We
propose to start with all � i = 1:0 and adjust them experimentally to get the most
satisfactory results. In the example in Figure 5.6, we used � = (1:0; 0:1; 0:1; 0:1), with
the most weight (1:0) given to the rightmost landmark.
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Figure 5.5: The di�erence between two ultrasound images from di�eren t parts of the
cardiac cycle. One is shown in green, the other in red, yellow areas indicate perfect
overlap. The original di�erence before registration (top left) is only partially corrected
by the unsupervisedregistration (top right) . Misalignment of several structures is clearly
visible. The middle row shows the two images with superimposed landmarks. The
precisionof the semi-automatic registration result can be easilyappreciated(bottom left)
in comparison with the purely landmark-based thin-plate spline registration (bottom
right) .
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Figure 5.6: The deformed test image from Figure 5.5 (left) and the correspondence
function (right) as found by the semi-automatic algorithm.

5.6 Implementation issues

The purposeof this section is to describe somespeci�c aspects of our implementation.
These are mostly independent of the main philosophy of the algorithm but can have
a major impact on its performance.

5.6.1 Explicit derivatives

For the optimization algorithm, we need to calculate the partial derivatives of Ec

from (5.33), as they form the gradient vector r cEc(c( i ) ) and the Hessian matrix
r 2

c Ec(c( i ) ). Starting from equation (5.6), we obtain

@E
@cj ;m

=
1

kI k

X

i 2 I b

@ei

@f w (i )
@f c

t (x )
@xm

�
�
�
�
x = g( i )

@gm (i )
@cj ;m

(5.18)

and the secondderivatives

@2E
@cj ;m @ck ;n

=

1
kI k

X

i 2 I b

�
@2ei

@f w (i )2

@f c
t

@xm

@f c
t

@xn
+

@ei

@f w (i )
@2f c

t

@xm @xn

�
@gm

@cj ;m

@gn

@cj ;n
(5.19)
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From (5.6) de�ning the SSD criterion, we get

@ei

@f w (i )
= 2

�
f w (i ) � f r (i )

�
(5.20)

@2ei

@f w (i )2 = 2 (5.21)

The derivative of the deformation function (5.7) is simply

@gm

@cj ;m
= � n m (x=h � j ) (5.22)

The deformation model is linear and all its secondderivativesare therefore zero; that is
the reasonfor the simplicit y of (5.19). The partial derivativesof f c

t in (5.18,5.19)can be
calculated from (5.3) as a tensor product

@f c
t

@xm
=

X

k 2 I

bk � 0
n i

(xm )
NY

l =1
l 6= m

� n i

�
gl (x l )

�
(5.23)

Second-orderpartial derivativesof f c
t are obtained in a similar fashion.

5.6.2 Hessian approximation

Becausethe evaluation of the Hessian matrix from (5.19) is costly, several modi�ca-
tions have been devised. The Marquardt-Lev enberg approximation assumesthat the
term (5.20) is negligibly small or that it sumsto zeroon the average.This reduces(5.19)
to

@2E
@cj ;m @ck ;n

=
2

kI k

X

i 2 I b

@f c
t

@xm

@f c
t

@xn

@gm

@cj ;m

@gn

@cj ;n
(5.24)

Another simpli�cation is to consider only diagonal terms @2E=@c2
j ;m . Obviously, this

diagonal Hessianapproximation only makessenseif the basisfunctions ' j do not overlap
too much. This is another argument for the B-spline model. Each such approximation
makesthe evaluation faster at the expenseof precisionwhich may result in slower conver-
gence.Whether it is advantageousto usesomeapproximation dependson many factors,
including the sizeand the character of the data.

5.6.3 Gradient calculation as convolution

Here too the use of an integer step size h leads to computational savings. Substitut-
ing (5.22) into (5.18) gives

@E
@cj ;m

=
X

i 2 I b

@ei

@f w (i )
@f c

t (x)
@xm

�
�
�
�
x = g( i )

� n m (i=h � j ) (5.25)
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which can be transformed into a discrete convolution
�

@E
@cj ;m

�

j

=
X

i

w(i)b(j � h � i ) = (w � b)#h (5.26)

where we have substituted w for the �rst two terms in (5.25) and b(q) = � n m (� q=h).
The convolution kernel b is separableand the convolution (5.26) can be calculated as
a sequenceof N unidimensional convolutions

�
(w � b1)#h1 � : : : bn

�
#hN

. Becauseof the
downsampling, calculating one output value at step k consistsof a scalar product with
a �lter bk of e�ectiv e length (nm + 1)hk (the support of a B-spline) and shifting this �lter
by hk .

5.6.4 Multiresolution spline representation

To deploy the multiresolution strategy (seeSection 5.4.3), we needto specify expansion
and reduction operators. We will usethe sameapproach for both the deformation model
and the image model.

Let us considerhere a 1D signal represented in a B-spline space

f (x) =
X

i

ci � n (x � i ) (5.27)

The expansionoperator E yields a twice expandedversion of f which is also a spline

f e = Ef ; f e(x) = f (x=2) =
X

i

di � n (x � i ) (5.28)

with coe�cien ts di given by

d = c" 2 � un (5.29)

wherec" 2 denotesupsampledversionof c and un is a symmetrical binomial �lter de�ned
in the z-domain as

Un (z) =
(1 + z)n +1

2n z� (n +1) =2 (5.30)

The twice reduced signal f (2x) cannot be represented as a spline with knots at in-
tegers. We need to resort to approximation and we have chosen the L 2 optimalit y as
described in [101]. The reduction operator R will yield a projection (denoted P1) in the
original spline spacewith step size1.

f r = Rf ; f r (x) = P1f (2x); f r (x) =
X

i

ei � n (x � i ) (5.31)
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The spline coe�cien ts ei are calculated as

e = (�h � c)#2 � b� (2n +1) (5.32)

with pre�lter �h = b2n +1 � un , whereb2n +1 is the sequenceof sampledvaluesof a B-spline
of degree2n + 1, bn (i ) = � n (i ). Finally b� (2n +1) is the inverse�lter to b2n +1 and the
convolution can be handled by recursive �ltering [4,5].

BecauseR is a projection complementary to E, wehavethe projection identit y REf =
f . Extension of both operators to multiple dimensionsis trivial thanks to separability.

5.6.5 Consequencesof �nite support

All what we said sofar about expansionand reduction holds for in�nite signals. To adapt
the method for �nite signals, we consideredthe following requirements: the expansion
must be exact in the continuous sense,the projection identit y must hold, reduction
followed by expansionmust conserve the length of the signal, and asmuch information as
feasibleshouldbeconserved. Theserequirements areuseful to guaranteethe bestpossible
use of the coarse-gridresults at the �ne-grid level and are absolutely indispensablefor
multigrid minimization.

Traditionally , one represents the signal with exactly one coe�cien t per sample and
assumesthat the signal outside the region of interest followssomeknown pattern, such as
periodicit y, or mirror-on-b oundary conditions. We take the mirror-on-b oundary condi-
tion asan example,but the samekind of problemsappear for other boundary conditions,
too. First, the signal is forced to be symmetric and thus 
at at boundaries. Second,the
boundary conditions for both expansionand reduction are only conserved for odd num-
ber of samples,otherwise the mirror position needsto change. Third, varying the length
of the signal by one does not change the length of the reduced version which makes it
impossibleto recover the original length by expansion.

Becauseof these considerations, we decided to dissociate the number of B-spline
coe�cien ts from the length of the interest region. Initially , we extend the signal by
d(n � 1)=2e samplesat each extremity which allows us to represent any spline without
constraints. We imagine that the boundariesof our signal are at the �rst and last of our
coe�cien t list and we never move them when expanding, although the e�ectiv e length
(region of interest) might be smaller. In this way, expansionis always exact while it adds
extra knots at each end. Reducing expandedsignal recovers exactly the original. When
reducing other signals, we need to extend them to be able to use our e�cien t �ltering
technique. We chooseto usethe mirror-on-b oundary conditions.

5.6.6 Image size change

The only tric k when expanding and reducing the images is to adapt the deformation
function accordingly. This is easily accomplishedby multiplying the coe�cien ts by 2

91



when expanding and 0:5 when reducing. Thanks to our choice of the expansion and
reduction operators, the origin of the image doesnot change.

5.6.7 Fast spline calculations

It is essential to take full advantageof the properties of splines. First, specializedroutines
are usedto calculate the valuesof a B-spline of a speci�c order using a minimum number
of operations. Second,aswe are using tensor products of B-splinesasour basisfunctions,
many operations can be performed in a separablefashion, reducing the complexity of
operations from O(kN ), where N is the number of dimensions and k the size of the
data, to O(kN ). This is the casefor the pre�ltering step required to �nd the B-spline
coe�cien ts, and also for the interpolation of values of a function given by its B-spline
coe�cien ts. A related general optimization technique called `common subexpression
elimination' calls for precomputing all expressionsusedmore than onceand for moving
repeated calculations outside loops. Third, a compact support of B-splines makesmany
of the in�nite sums in the expressionsgiven earlier reduce to sums over just a small
number of elements.

5.6.8 Stopping criterion

To get a fast optimization algorithm, particular attention has to be paid to the stopping
criterion. This holds for both gradient descent and ML. Classically, the relative and
absolute improvement of the criterion value is comparedwith a �xed threshold [50]. The
comparisononly has senseafter the criterion decreased,that is to say, after a successful
step. Consequently , after jumping closeto the solution, many iterations are wasted on
decreasingthe step size (or increasing the regularization factor), only to con�rm the
convergence.

In problems of complicated topology, the conversecan happen. After a long seriesof
unsuccessfulsteps, the subsequent decreaseof the criterion might be small only because
the step sizeis small. In such casesit is better to stop only after several successfulsteps,
instead of right after the �rst one.

For our class of problems, we found it to be advantageous to base the stopping
criterion on the changes� c of parameter values. We stop when the step sizefalls below
an a priori given threshold. The size of a step that fails gives an indication of the
accuracy of the result. We might assumethat the minimum is not much farther than
this step size. The threshold is easyto set as we can relate it directly to the pixel size.
Typically, we would usethe threshold of 10� 1 � 10� 3 pixels.

5.6.9 Masking

A substantial gain in speed comesfrom considering only important pixels when calcu-
lating the data criterion (5.6) and its derivatives. In a typical image, there are many
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Figure 5.7: Example of a mask selecting 10% of the pixels with the highest gradient
valuesfor the Lena image.

background pixel that do not contribute signi�can tly to the criterion. It is possible to
determine an a priori mask of signi�can t pixels, for example 10 � 50% of the total
number of pixels, and to consideronly those pixels in subsequent calculations. Inspect-
ing (5.18) revealsthat the contributions of individual pixels to the changeof the criterion
is directly proportional to the amplitude of the directional derivativesat the respective
points. Therefore, a reasonablestrategy is to construct the mask by thresholding the
gradient of the image. An exampleof such a mask is given in Figure 5.7. We recalculate
the mask to each level; this is analogousto using a smoothed version of the gradient.
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5.6.10 Invertibilit y and regularization

In someapplications, it is useful to add an extra regularization term E r to the di�erence
measureE, and to look for a minimum of the combined criterion

Ec = E + 
 E r (5.33)

The factor E r is used to make the solution well-posed, or to privilege likely solutions
basedon our a priori knowledge.

First we considera penalty term designedto enforcethe invertibilit y of the deforma-
tion, generalizingthe concept from Chapter 4. Its motivation comesfrom the fact that if
the Jacobiandet(r x g) is positive everywhere,then the deformation g is locally invertible.
Evaluating this constraint at pixel coordinates and converting the strict constraints into
soft onesusing a barrier function yields the following penalty term

Ep =
X

i 2 I

e� � det ( r x g( i )) (5.34)

Experienceshows, that for typical data, this term is never important at the solution point
(to which the optimization converges). It mostly becomesuseful at the beginning of the
optimization processwhen the trial points vary a lot, especially with someoptimizers.
In such cases,the penalty term forces the algorithm to stay in the region of invertible
deformations.

Depending on the particular task and the expectedproperties of the solution, various
regularization terms can be used. We investigated for examplestabilizer penalizing non-
linear deformations

E t =
Z NX

k ;l;m =1

�
@2gk

@x l @xm

� 2

dx (5.35)

and a very simple norm measuringthe distanceof g from identit y through the coe�cien ts
c

Ed =
X

j

kcj k2 (5.36)

When the corresponding weight 
 is small, the regularization mainly smoothes the
deformation function in placeswhere little information is present in the images. As it
gets bigger, the regularization gradually overrides the data term and the deformation
tends towards a smooth function in the senseof the particular regularization.

An alternativ e to regularization is the virtual spring mechanism described in Sec-
tion 5.5, which we found to be preferable for our applications.
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5.7 Experiments

This sectionpresents a seriesof experiments in controlled environment to help in assessing
the accuracy, speed,and robustnessof our algorithm.

We show the SSD criterion E we minimize, and also a warping index

$ =

s
1

kRk

X

i 2 R

kg(i) � g� (i )k2 (5.37)

a mean geometric error between the true (g� ) and the recovered (g) deformation. The
meanis only calculatedover the part (R) of the imagecontaining usefuldata (the object);
the corresponding mask R can be seenin Figure 5.8, bottom left.

5.7.1 Registration of MRI brain slices

To get an idea of the working of the algorithm, we show its performancewhen recovering
an arti�cially generateddeformation of a 2D sliceof an anatomical spin-echo MRI volume
of the brain.2 We use here synthetic images(arti�cially deformed) becausethe knowl-
edgeof the ground truth permits us to better judge the performancesof the algorithm.
However, registering real MRI image pairs has many practical applications, including
generating atlases,intersubject or intrasubject comparisons,seealso Chapter 1.

The original image of size 256 � 256 pixels is shown in Figure 5.8, top left. We
use a spline grid controling the deformation with one knot for every 32 pixels. We
warp the image with a deformation belonging to the warping spaceand consisting of
a global vertical shift of 3 pixels, additional vertical shift of 10 pixels in one region of the
image, and a horizontal shift of about 6 pixels in another region. The warped image is
superimposedon the original in Figure 5.8, top right. Then the automatic registration
algorithm is run. We use cubic splines to represent the deformation. The stopping
threshold is set to 0.5 pixels for all levels except the last, where we set it to 0.1 pixels.
The deformation recoveredwasusedto warp again the original image. Its warped version
is shown superimposedon the imageswarped with the true deformation in Figure 5.8,
bottom right. We note that the deformation was well recovered, there is no perceptible
di�erence.

The spatial distribution of the resulting geometricalerror is shown in Figure 5.10. We
seethat the error is concentrated in areaswith little detail in the image, the maximum
error there is 1:5 pixels. In other regions, subpixel accuracy is achived; the mean error
(warping index) over all brain is about 0:4 pixels. This is important when interpreting
the warping index; it is a mean over a large region, including some parts with little
texture. In general,high-contrast regionssuch us edgesare resolved much more precisely
than indicated by the value of $ , while the agreement in the zoneswith low-contrast will

2Author's brain. Images courtesy of Arto Nirkk o from Inselspital Hospital, Bern, Switzerland.
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be worseand often only coincidental, since there is little or no information to guide the
algorithm.

The evolution of the optimization can be studied from the graphs in Figure 5.9.
We observe the steady and correlated descent of the observable criterion being optimized
(E) and of the warping index ($ ), the quantit y measuringthe quality of the registration.
The steep descent of the criterion in the initial phaseof the optimization justi�es our
choice of the optimization algorithm, while the slow progressclose to the end of the
optimization illustrates the di�cult y of the problem. The jumps in the curvesare caused
by the transitions between levels of the multiresolution progressionand their relative
insigni�cance manifests the accuracyof the spline model.

The warping index value changesfrom 4:62 at the beginning of the optimization until
0:39 at the end, while the criterion E descendsfrom 695 at the beginning to 25:1 at
the end. Note that, the �nal values of both E and $ depend strongly on the preset
stopping threshold, which in turn in
uences the optimization time. The threshold value
is a subjective compromisebetween the accuracy and computation time. It is perfectly
possibleto stop optimizing only after 7s and skip the �nest resolution level altogether,
if the precision of $ = 0:7 pixels is acceptable. On the other hand, after about 4 more
minutes of iteration, the error $ descendsto less than 10� 4 pixels. However, in this
author's opinion, such super subpixel accuracyis almost never achievable on real images,
becauseof the noiseand the unknown characteristics of the acquisition process.

5.7.2 Out-of-space deformation

The true deformation is not guaranteed to lie in the spacewhere we are looking for it
and can therefore never be recovered exactly. This experiment comparesthe resulting
approximation error with the overall registration error. We generateda random hierar-
chical deformation using the wavelet methodology from Chapter 4. It is a superposition
of deformations belonging to B-spline wavelet spaceswith knot spacingsfrom h = 8 to
h = 256 pixels. This way we generatea deformation with a controled smoothnesswhich
is not in the search space. At each level, the expected amplitude of the deformation is
increasedby two with respect to the preceding �ner level. We deform the MRI image
(the sameas in the precedingexperiment, seeFigure 5.8) with this random deformation
and try to recover the deformation in spaceswith knot spacingsh = 8 � 256. Figure 5.11
presents the original deformation represented, while Figure 5.12 shows the recoveredde-
formations and the residual di�erences betweenthe referenceimage and the warped test
imagesfor di�eren t valuesof the knot spacingh.

The resulting warping index is comparedwith the best achievableonein a given space
in Figure 5.13. We seethat although the ideal valuesare not attained, the di�erence is
within the range of half a pixel, which is comparable to the essential registration error
of $ = 0:2 for the casewhen the `correct' spaceis used.

In real situations, the true deformation space is not known. However, thanks to
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Figure 5.8: The original slice of anatomical MRI brain image (top left), original super-
imposedover the true deformation (top right) , the recovereddeformation versusthe true
deformation (bottom right) , and the mask used to calculate the warping index (bottom
left).
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Figure 5.9: The evolution of the optimization process.The left column contains graphs
with respect to the number of iterations, the samequantit y is graphed with respect to
time in the right column. The �rst row shows the SSD criterion E, the secondrow the
warping index $ . The third and fourth row relate the multiresolution aspect of the
optimization, showing the e�ectiv e number of coe�cien ts (in one dimension) and the
image size, respectively.
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Figure 5.10: The geometrical error after registration (green) with superposedcontours
of the original MRI image (red). The maximum (green) intensity corresponds to the
error of 1:5 pixels.
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Figure 5.11: The original randomlygenerateddeformation.

the good approximation properties of splines, we can reasonably expect that by using
a su�cien tly small valueof h, wecan reducethe approximation error to acceptablevalues.
And the experiment we have just described indicates that the overall registration error
should not be much bigger than the superposition of the approximation error and the
essential registration error.

5.7.3 Choosing the spline degree

The choice of the spline degreefor the image and deformation models is a trade-o� be-
tweenthe accuracyand speed. Here too we generatedhierarchical random deformations
(seeSection 5.7.2) and we recover them in a coarserspace(h = 64). We observe that
in this particular casethe di�erences are rather small and it would be justi�able to use
lower degreesplinesto gain speed. The di�erences would be more important for smoother
deformations and/or images,which are better approximated by high order splines.

Note that, theoretically, the complexity of calculation should be approximately pro-
portional to the support of the splines, and thus (in 2D) to the square of their order.
However, the observed gain is much smaller. This is due to some�xed costs like pixel
accesses,which are independent of the spline orders, and also due to the fact that the
generally lesspreciselow-order spline models usually require more iterations of the opti-
mizer.
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Figure 5.13: The ideal (best achievable) versusattained warping index when recovering
the randomly generatedhierarchical deformation applied on a MRI image, as a function
of the warping space.

Table 5.2: The warping index ($ ) and elapsedtime as a function of the spline degrees
in the image model (n i ) and the deformation model (nm ).

ni nm $ time
3 1 3.067 20.1
3 2 2.880 26.7
3 3 2.837 48.9
1 3 3.020 23.4
2 3 2.838 43.2
3 3 2.837 48.9
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5.7.4 Starting point

The following experiment evaluates the robustnessof the algorithm with respect to the
starting point. We try to recover the deformation from Section 5.7.1 (MRI images)
optimizing only at the �nest level. Wewill linearly vary the starting point of the optimizer
betweenidentit y and the true deformation and observe the attained warping index $ for
stopping threshold of 0:01pixels. Figure 5.14shows the warping index of the deformation
usedasa starting point and of the recovereddeformation. We observe that although the
�nal result doesdepend on the starting point, it is most likely only the in
uence of the
stopping criterion. The algorithm therefore proves to be very robust, even without the
help of a multiresolution: it convergesin all cases.On the other hand, the elapsedtime
and the number of iterations di�eres signi�can tly , from 2 iterations when starting from
the true solution, to several hundreds when starting from identit y.

5.7.5 Statistical distribution of errors

To evaluate the behavior of the algorithm on a larger set of cases,we have generated
a seriesof random hierarchical deformations (seeSection 5.7.2), warped the MRI slice
with them, and applied our registration algorithm to recover the deformation. We usethe
stopping threshold of 0:01 pixels and a warping spacewhich contains the deformation.
We then compare the warping index corresponding to the recovered deformation with
the initial warping index, that is, the distancebetweenthe true deformation and identit y.
In Figure 5.15we present the histograms of the initial and �nal warping indexesand the
scatter plot describingthe relation betweenthe two. We observe that the algorithm gives
results with accuracyconsistently better than 0:1 pixels.

5.8 Further applications

5.8.1 SPECT atlas

We applied our algorithm to the registration of ECD3 and Xenon inhalation SPECT
images [102].4

Theseimage modalities are usedto visualize the blood 
o w in the brain. The Xenon
method is non-invasive, and the resulting images contain very little anatomical infor-
mation. On the other hand, the ECD method requires intravenous injection, and the
resulting imagesshow also anatomical structures in the brain. Both methods yield a 3D
volume of pixels obtained by a tomographic reconstruction procedure.

3TCD (Technetium Eth ylene Cysteine Dieth ylester) is the radiactiv ely mark ed intra venously injected
agent.

4We described this application in [103]. We are very grateful to Prof. Slosman and Dr. Chicherio
from the Univ ersity Hospital in Geneva for bringing this problem to our atten tion and for providing us
with experimental data.
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Figure 5.14: The warping index of the deformation used as a starting point (top) and
of the recovered deformation (bottom). The initial guess(starting point) varies from
identit y (� = 0) to the true deformation (� = 1:0).
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The position of the subjects' headsin the scannerdi�er aswell asthe headdimensions
and the sizeof the internal structures of the brains. Therefore, in order to compareand
evaluate the results of Xenon SPECT examination, the comparedvolumes(from di�eren t
subjects) have to be registered.

We have chosento �rst register the ECD SPECT imagesof the two subjects, and to
apply the deformation found to the Xenon SPECT imagesacquired immediately after
the ECD ones. The Xenon SPECT imagescannot be registered directly becausethey
contain too little anatomical information.

Once this method is perfected and applied to a large body of volunteers, an atlas
of Xenon SPECT imageswill be created, permitting to use this non-invasive and fast
method for diagnostical comparisonof brain activities of a subject with an atlas.

As for the real application, the true correspondencebetween the two volumes is
not known and it is therefore di�cult to evaluate the performance of the registration
algorithm, we have chosen to test it using arti�cially generated random deformation,
using the methodology we described in Chapter 4.

Figure 5.16 givesan example of the SPECT imagesand of the di�erence before and
after registration for arti�cially generateddeformation. You can seethat the SPECT
imagesare rather blurred, which augments the di�cult y of the registration task. Note
also that the di�erences in the registered imagesare signi�can tly reduced. Figure 5.17
shows the arti�cially generateddeformation and the resulting deformation found by our
algorithm.

We also registered real ECD SPECT imagesof two di�eren t subjects. Becausethe
amplitudes in the two data setswerevery di�eren t, wenormalizedthem beforeperforming
the registration. Even better results were achieved using histogram equalization. The
di�erences beforeand after registration for a selectedslice are shown in Figure 5.18. We
seethat on the large scale the imageswere correctly registered, which is the �rst step
towards their meaningful comparison.

5.8.2 Ultrasound for heart motion recovery

In this section we present an application of our algorithm to the registration of standard
2D ultrasound sequencesof the heart.5

The registration algorithm has beenused to register pairs of successive imagesfrom
the sequence.The extracted deformation function e�ectiv ely correspondsto the displace-
ment �eld and thus alsothe velocity �eld of the points in the heart. Additional quantities
can be derived from the velocity �eld, examplesinclude the accumulated displacement,
and strain. Figure 5.19shows the accumulated displacement and the velocity �eld during
the systole.

5The major part of this work was performed by Mar��a J. Ledesma-Carbayo during Autumn 2000 and
Win ter 2001, while she stayed with our group. More details can be found in our conference paper [104].
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Figure 5.16: The slicesof an ECD SPECT image are shown on the left. One slice of
the di�erence betweenand after registration of EP reconstructed Xenon SPECT images
for arti�cially generateddeformation is shown on the bottom right. The top right image
shows the corresponding slicesfrom the two EP imagesbefore registration.
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Figure 5.17: The left imageshows a randomly generateddeformation which wasapplied
to an ECD SPECT imagein the previous �gure. The right imageshows the deformation
recoveredusingour algorithm by registering the deformedSPECT imagewith the original
one. We observe that for this model case,the deformation is very well recovered.
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Figure 5.19: Left: Accumulated displacement �eld at the time of maximum contraction
shown with arrows overlaid on the �rst image of the sequence. Right: Velocity �eld
during the contraction.

The automatically extracted motion and derived parameters are essential for visu-
alizing, analyzing, and quantifying heart motion and consequently heart function, with
direct applications in diagnostic. Sofar, similar analysishasbeenonly possibleusing the
tagged MRI technique which is much more instrument- and patient-in tensive.

5.9 Conclusions

We developed a fully automatic elastic registration algorithm. We extended the idea
from Chapter 4 to multidimensional data, and streamlined the algorithm to accelerate
it. We designeda new step-prediction formula for gradient descent algorithm and showed
its e�ciency for our application.

We intro duced a concept of virtual springs, yielding a semi-automatic registration
method, capable of using expert hints in the form of landmarks to solve particularly
di�cult problemswherethe fully automatic algorithm may bemislead. This is a powerful
combination of the ideas of manual landmark registration of Chapter 3 and the pixel-
basedregistration using splinesfrom Chapter 4.

We applied the algorithm to an arti�cially generatedproblem with anatomical MRI
imagesto demonstrate its speedand accuracy. Furthermore, we presented two medical
applications in two di�eren t medical �elds: SPECT imaging and ultrasound cardiology.

Our implementation still includesa lot of generality to easeexperiments with di�eren t
con�gurations of the registration problem and the optimization algorithm. We believe
that by producing a specialized program taking advantage of a speci�c con�guration,
the run time can be decreasedby an additional factor of 2 to 4. This will enable truly
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interactive implementation of automatic and semi-automatic elastic image registration
with numerous applications in medicine, biology, and any other �eld where deformed
imagesneedto be compared.
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Chapter 6

Variational Reconstruction:
Tutorial

This chapter is basedon our article [105].

6.1 Abstract

We considerthe problem of reconstructing a multidimensional vector function f in : Rm !
Rn from irregularly sampledresponsesof several linear shift-invariant �lters. Traditional
approachesreconstruct in an a priori givenspace;e.g.,the spaceof bandlimited functions.
Instead, we have chosento search for a reconstruction which is optimal in the senseof
a quadratic plausibilit y criterion J . Wemotivate this choiceand show that the variational
formulation is applicable to a wide variety of problems.

First, we present the solution of the generalizedinterpolation problem, that is, when
the reconstructed function is exactly consistent with the measurements. Later, we con-
sider also the approximation problem, which is the continuously-regularized version of
the interpolation problem, not requiring an exact consistencewith the measurements.
We show that both problems lead to the sameclassof solutions. Interestingly, thanks to
the speci�c form of the solution, the systemof equationsfor the approximation problem
is obtained by straightforward addition of a constant diagonal matrix to the system for
the interpolation case.

We present a brief review of existing reconstruction techniques, formulate a general
framework of the variational approach, show the reconstruction formula and apply it to
several practical examples,including new variational formulation of derivative sampling,
landmark warping, and tomographic reconstruction.
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6.2 Intro duction

6.2.1 Perfect reconstruction

Reconstructing a signal from its samplesis one of the most fundamental tasks in signal
processing. The classical sampling theorem presented by Shannon [106] states that
a bandlimited function f in (whosefrequencyspectrum is limited by the Nyquist frequency
! max = � =T) can be perfectly reconstructed from its regularly-spaced(ideal) samples
sj = f in (j T ). Reconstruction is carried out by convolving the sampleswith a sinc kernel:

f out (x) = f in (x) =
X

j 2 Z

sj sinc(x=T � j )

where sinc(x) =
sin(� x)

� x
(6.1)

In 1977, Papoulis [107] showed that it was also possible to recover f in from the
output of q linear shift-invariant �lters sampled at (1=q)-th the Nyquist rate. This has
generalizedShannon'stheory in two important ways. First, it allows for non-ideal sam-
pling, closerto the reality than Shannon'sideal one. Second,it provides for multichannel
sampling, permitting the reconstruction using several measurement devices.Such a mul-
tichannel, generalizedsampling system is shown in Figure 6.1.

Papoulis theory has beenfurther extendedto a multidimensional [108] (m > 1) and
vector [109] (n > 1) bandlimited functions f in : Rm ! Rn . Interlaced reconstruction
(working at di�eren t scales)is also possiblein somewavelet spaces [110].

Recent applications of generalizedsampling include, amongothers,deinterlacing [111,
112], and super-resolution [113,114] reconstruction.

6.2.2 Consistent reconstruction

Unserand Aldroubi [115]generalizedthis framework by replacing the principle of perfect
reconstruction by a weaker condition of consistency, requiring that the reconstructed
signal f out provides exactly the samemeasurements as the original signal f in , when run
through the measurement system.

The reconstruction spaceV in which they search for the function f out can be di�eren t
from the input space,provided that the reconstruction is unique. That is, there is only one
function f 2 V consistent with the measurements. Note that the uniquenessdependson
the reconstruction spaceV , as well as on the measurement system and sampling points.

Unser and Aldroubi chosethe assumption of square-integrable input functions, from
the spaceL 2. They searched the reconstructed function f out in a functional spaceF =
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Figure 6.1: Generalizedsampling. Sampling is modeled by a multiplication with a mul-
tidimensional train of Dirac's masses. In Papoulis's framework x ij = x j = iqT . Here,
the sampling locations x ij can be arbitrary .

V (' ), generatedby integer translates of a function '

V (' ) =

(

f (x) =
X

k2 Z

ck ' (x � k); ck 2 `2

)

(6.2)

Their reconstruction formula is a generalizedcaseof (6.1). The approach was extended
to the multichannel casein [116],providing a generalizedversionof the Papoulis theory.

6.2.3 Non-unifo rm sampling

In many applications, the location of measurement points is irregular. This is often
the case when human input is involved, or when some part of the sampled domain
needsmore attention. Typical examplesinclude shape reconstruction from incomplete
measurements [117] or interpolating an image deformation from landmarks (important
points in the image), whoselocation is speci�ed manually or automatically detected [14,
38,42,86].

The reconstruction can be done within the classof bandlimited functions [118,119]
or more generalwavelet and spline-like spaces [120].

For an extensive review on sampling, see [121,122].
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(dashed line).

6.2.4 Motivation for variational reconstruction

As an illustrativ e example, let us consider the task of interpolating a unidimensional
function given its values at some sampling points. As illustrated in Figure 6.2, there
is an in�nite number of functions passingthrough the given points. Nevertheless,most
people would probably agreethat the smooth approximation curve in Figure 6.2 looks
`morecorrect' than the ruggednoisy approximation. Similarly, we can often quantify the
degreeof plausibilit y of a function for a given application. Then, we search for the most
plausible function satisfying our interpolation (consistency) conditions. This is the key
conceptof our approach. From now on, we will concentrate on the typical casewherewe
want the solution to be `smooth'. As smoothnesscan be measuredby the amplitude of
the derivatives, maximizing smoothnesstranslates into minimizing the norm of various
di�eren tial operators. In Figure 6.2, the smooth curve minimizes the L 2-norm of the
secondderivative kf 00kL 2 , which is known to yield a cubic spline interpolation [90,91].

6.2.5 Proposed variational reconstruction

The reconstruction method presented in this paper has been designedto be as general
as possiblefrom several possibleviewpoints. It can handle multidimensional and vector
functions. It is applicable for multichannel sampling using �lters (non-ideal sampling).
We put no bandlimiting restrictions on the input signal. The reconstruction is stable
and unique for a large classof sampling con�gurations.

We retain the idea of a consistent reconstruction. However, we will not explicitely
specify the reconstruction spacebeforehand. Rather, this spacewill be determined natu-
rally from the problem at hand basedon continuous regularization. We intro ducea non-
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negative smoothnesscriterion (penalty function) J (f ), which getssmaller asthe function
f gets smoother. We then seeka function f minimizing this criterion under the consis-
tency constraints (intro duced in Section 6.2.2); e.g., passing through given points. In
other words, we replace the subspaceconstraint f 2 V (' ) by a variational formulation.
The criterion J (f ) provides the regularization neededto overcomethe ambiguit y of the
reconstruction problem. It may also represent an a priori knowledge in the Bayesian
framework, quantifying our con�dence that a particular function f is closeto the input
f in [76].

Another advantage of using a variational formulation is that it gives us a unique
solution, exceptfor rare pathological cases.On the other hand, for the subspacemethods,
the uniquenessis very di�cult to ensure,especially if the distribution of the measurement
points is not known a priori .

6.2.6 Existing work

The work presented in this paper can be seenas an extension of the theory of radial-
basis function approximation [72], especially Duchon's thin-plate splines [45,71]. Our
formulation generalizesthe method for vector functions, non-ideal (generalized)sampling,
and generatingfunctions that neednot be radial. Moreover, we present an accessibleand
self-contained description of the approximation techniquesyielded by this theory targeted
to the engineeringaudience.

It is alsoworth noting that our regularization is completely speci�ed in the continuous
domain, unlikealternativ emethods that often usediscretizedversionof the regularization
operator.

Someaspects of the di�eren t reconstruction methods for sampling are presented in
Table6.1. Note that even if a method doesnot explicitely support vector functions, it can
be applied to such functions by considering each component separately. Similarly, uni-
dimensional linear reconstruction methods can be applied to multidimensional functions
by considering the tensor product of the basis functions. Furthermore, a reconstruction
problem with non-uniform sampling locations canbe recastasa problem with generalized
sampling operators acting on uniform sampling [120]. Finally, many of the cells marked
`no' could have been�lled by adapting the techniquesdeveloped in other contexts (such
aswavelets). In particular, onemay considernon-separablewavelets [123],vector-valued
wavelets [124], or box-splines [125]; however, we are not aware that these extensions
had beenexplicitely applied to sampling.

6.2.7 Organization of the paper

Deriving the solution of the variational reconstruction problem that we brie
y intro duced
in Section 6.2.5 is not overly di�cult but requires somemathematical precautions and
rigor. Accordingly, to improve the readability of this Chapter, we have chosento present
here mostly the results, in a directly applicable form. The general description of the
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solution is given in Section 6.3 and several examplesof its applications are treated in
Section 6.4.

The more generalform of the theory, the tools required, and the mathematical deriva-
tion of the solution per se are presented in Chapter 7.

6.3 General description of the solution

6.3.1 Problem description

Let f in : Rm ! Rn be the unknown multidimensional vector function (with n components
in m dimensionalspace)which we want to reconstruct. We alsohave a �lterbank Hn � q =
[h1 : : : hq], consisting of q �lters h i of size n � 1, which givesus a set of �ltered signals
hT

i � f in . We measure(sample) each of the �ltered signalsat N arbitrary points x ij which
givesa set of qN real samples

sij = hT
i � f in (x ij ) =

Z

Rm
hT

i (x ) f in (x ij � x)dx (6.3)

for i 2 f 1; : : : ; qg and j 2 f 1; : : : ; N g. This corresponds to the situation depicted in
Figure 6.1. Note that the schemewould also admit a di�eren t number of samplesN i for
each channel. However, for the reasonsof notational simplicit y, we only treat the case
N i = N here.

Recall the smoothness criterion J (f ) we intro duced in Section 6.2.5. We can now
specify it more concretely as the squarednorm of a �ltered versionof the function f with
a �lterbank Ln � p = [l1 : : : lp] consisting of p �lters lk , each represented by a vector of
distributions of sizen � 1.

J (f ) = kLT � f k2
L 2

=
pX

k=1

klT
k � f k2

L 2
(6.4)

This permits us to de�ne the reconstruction spaceF as a spaceof functions for which
both the criterion J (f ) and the outputs of the measurement �lters (hT

i � f ) are �nite:

F = f f : Rm ! Rn ; J (f ) < 1 and

8 i 2 f 1; : : : ; qg; j 2 f 1; : : : ; N g;
�
�hT

i � f (x ij )
�
� < 1

o
(6.5)

We want to �nd a reconstruction operator to give us a function f out from the recon-
struction spaceF , given the samplessij in (6.3).

The consistencycondition requiresthat the reconstructedsignal f out providesexactly
the same measurements as the original signal f in when run through our measurement
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system:

�
hT

i � f in
�
(x ij ) = sij =

�
hT

i � f out
�
(x ij )

8 i 2 f 1; : : : ; qg; j 2 f 1; : : : ; N g (6.6)

Let us call Fc the set of all functions of F consistent with the measurements

Fc =
n

f 2 F ; 8 i; j ; sij = hT
i � f (x ij )

o
(6.7)

Finally, wecande�ne our interpolation problem. Wesay that f out 2 Fc is a solution to
a generalized interpolation problemGIP( L; H; X; s) i� it minimizesJ , that is i� for all func-
tions f 2 Fc we haveJ (f ) � J (f out ). We will write f out 2 GIP( L; H; X; s),where Xm � qN =
[x1;1 x1;2 : : : xq;N ] is a matrix of all sampling locations, and s = [s1;1 s1;2 : : : sq;N ]T is
a vector of sizeqN � 1 containing all measurements .

6.3.2 Choice of the criterion

The choice of the �lterbank L de�ning the criterion (6.4) is to a large extent restricted
by the required properties of the solution. Already by construction, the solution is
translation-in variant with respect to measurement locations x ij and linear with respect
to measurements sij .

On top of it, we want the solution to be scale-invariant. For example, we want the
solution to be independent on whether we measurein meters or inches. This can be
assuredif the criterion J is scalepseudo-invariant. We say that J (f ) is pseudo-invariant
with respect to a geometrical transformation g � , where � is a (vector) parameter, i�
there is a function � (� ) such that 1 J (f � g� ) = � (� )J (f ). In one dimension, derivative
criteria such as

J (f ) =










@M f
@xM










2

(6.8)

satisfy the scale pseudo-invariance. Note that a linear combination of derivatives of
di�eren t orders does not satisfy the pseudo-invariance. On the other hand, fractional
derivativesare acceptable.

For multidimensional functions (m > 1), we additionally impose the rotation-
invariance of the criterion. The semi-normsintro duced by Duchon [45,71]

J (f ) = kf k2
D M

=
X

j k j= M

M !
k!

Z

Rm

�
@M f
@x k

� 2

dx (6.9)

1We de�ne (f � g � )( x ) = f
�
g � (x )

�
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Figure 6.3: The dependenceof the interpolation results on the order of the semi-normM
used. High order semi-normstend to produceslowly varying curveswith large overshoots
and vice-versa.

where kl 2 f 0; : : : ; M g, k! =
Q

kl !, jk j =
P M

l=1 kl , and @xk = @xk1
1 : : : @xkM

M , satisfy the
rotation-in variance. This can be seenfrom the Fourier form of the semi-norm

kf k2
D M

= (2� )m
Z

Rm
k! k2M






 f̂ (! )








2
d! (6.10)

which can be usedfor well-behaved functions, seeChapter 7 for more details.
Note, that (6.9) de�nes a semi-norm, not a norm. Consequently , there is a set of

functions, called kernel, for which the value of the semi-norm is zero. For Duchon's
semi-norms,the kernel consistsof polynomials of degreeM � 1.

The most often used Duchon's semi-normsare summarized in Table 6.2. Table 6.3
giveskernels for the samesemi-norms.

The choice of the order of the semi-norm in
uences the smoothnessof the interpola-
tion, as shown in Figure 6.3.

For vector functions (n > 1), we choose to add a requirement of rotational invari-
ance in the output (measurement) domain. Consequently , the criterion J (f ) treats all
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Table 6.3: Kernels of most often used Duchons' semi-normsin dimensionsm = 1; 2; 3.
M is the order of the semi-norm.

Rm DM kernel of kf k2
D M

for f : Rm ! R

R1 D2 a0 + a1x
R1 D3 a0 + a1x + a2x2

R2 D2 a0 + a1x + a2y
R2 D3 a0 + a1x + a2y + a3x2 + a4y2 + a5xy
R3 D2 a0 + a1x + a2y + a3z

components of f equivalently . This yields criteria of the form

J (f ) =
X

k

kf k k2 (6.11)

where each component f k is measuredusing Duchon's semi-norm (6.9).

6.3.3 Fundamental solution

As we will seein the following section, the criterion J and the sampling �lterbank H
determine the spacecontaining the solution of the generalized interpolation problem.
The generating (basis) functions ' : Rm ! Rn of the space are called fundamental
solutions and they satisfy the following distributional relation:

L � LR � [' 1 : : : ' q]
| {z }

� n � q

= H (6.12)

where LR (x ) = LT (� x). The easiestway to �nd the fundamental solutions is to �rst
identify the set of Green functions [127]  corresponding to the �lterbank L

L � LR � [ 1 : : :  n ]
| {z }

	 n � n

= � (x) In � n (6.13)

where I is the identit y matrix. Table 6.4 gives the scalar Green functions for the most
often used Duchon's semi-normsas well as in the general case. Note that it is enough
to consider the scalar case(n = 1), when the convolution L � LR = u is a scalar. In the
vector case(n > 1), we get 	 =  In � n thanks to (6.11).

Having determined the Green functions, the fundamental solutions are obtained by
convolving Green functions with the sampling operators:

[' 1 : : : ' q] = � n � q = 	 n � n � Hn � q (6.14)
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Rm DM c (x) ĉ  ̂ (! ) remark

R1 D2 r 3 j! j � 4

R1 D3 r 5 j! j � 4

R2 D2 r 2 log r k! k� 4

R2 D3 r 4 log r k! k� 6

R3 D2 r k! k� 4

Rm D � r 2� � m log r k! k� 2� if 2� � m is even
Rm D � r 2� � m k! k� 2� otherwise

Table 6.4: Green functions  in dimension m, satisfying u �  = � , where u = l T � l
corresponds to Duchon's semi-norm kf kD M = klT � f k. The multiplicativ e constants c,
ĉ can be determined but are irrelevant for our purposes.The functions are all expressed
using Euclidean distance r = kxk. The last formula is valid also for non-integer � .

6.3.4 Explicit solution

The solution to our generalizedinterpolation problem in its most useful form is given by
the following theorem, to be proven in Chapter 7.

Theorem 1 (GIP solution) The generalizedinterpolation problem GIP(L; H; X; s), is
solved by a function

f out (x ) =
P � 1X

k=0

ak pk

| {z }
kernel part

+
qX

i =1

NX

j =1

� ij ' i (x � x ij )

| {z }
fundamental part

(6.15)

where ' i are the fundamental solutions, f pk gP � 1
k=0 is the basisof the kernel of the semi-

norm J (e.g., polynomials), and the real coe�cien ts ak and � ij are determined in such
a way that f out 2 F , if and only if the following two conditions are satis�ed:

(i) The solution f out is consistent with the constraints:

yij = hT
i � f out (x ij ) for all i; j (6.16)

(ii) The coe�cien ts � ij satisfy the `orthogonality' condition
X

ij

� ij
�
hT

i � pk

�
(x ij ) = 0 for all k (6.17)
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The orthogonality condition (ii) ensuresthat the fundamental part of the solution (6.15)
is orthogonal to any element of the kernel. This way we represent as much as possibleof
the solution f out by the kernel term, that is, for zero cost.

Equivalently , conditions (i) and (ii) can be written in a matrix form as
�

A Q
QT 0

�

| {z }
B

�
�
a

�
=

�
s
0

�
(6.18)

where the parametershave beenarranged in vectors as � = [� 1;1 : : : � 1;N � 2;1 : : : � q;N ]T

and a = [a1 : : : aP ]T . The components of the matrix A of size N q � N q are given
by

�
A

�
iN + k ;j N + l = hT

i � ' j (x ik � x j l ) and represent the contribution of the funda-
mental solutions to each measurement. The components of the matrix Q are given by�
Q

�
iN + j;k = hT

i � pk (x ij ) and represent the kernel part of the solution as well as the
orthogonality conditions.

We seethat the solution (6.15) consistsof two parts. The �rst, kernel part, doesnot
contribute to the criterion, J (f + pk ) = J (f ), sowe can intuitiv ely tell that it is useful to
accommodate in it as much as possibleof f out . The second,fundamental part consists
of a linear combination of shifted basis functions ' j positioned at the sampling points.
Interestingly, the fundamental part is reminiscent of a wavelet (or multi-w avelet) like
expansionfor it also involvesshifts of somegenerating functions. One di�erence is that
here the basis functions ' i (x � x ij ) in (6.15) are not necessarilyuniformly spaced.An-
other di�erence is that waveletsare usually well localizedwhile the functions ' i (related
by convolution (6.14) to the Green functions  from Table 6.4) are typically not, they
increaseasonemovesaway from the origin. However, the orthogonality conditions (6.17)
localize the functions LT � ' i which has the e�ect of taming the growth of the solution
at in�nit y. Dropping the scaleinvariance requirement also leads to basis functions that
grow more slowly [70].

The polynomials of order M � 1 arecalled the kernel of the semi-normkf kD M , because
they yield zero when measuredwith this semi-norm.

It can be shown that if two functions f 1, f 2 both solve the interpolation problem, then
their di�erence belongsto the kernel (seealso Chapter 7). As the dimensionality of the
kernel is usually much smaller than the number of measurement points, this implies that
the solution to the interpolation problem is unique, except for rare pathological cases.
In particular, we refer to the results on unicit y of Miccheli [128] and Powell [72], that
can be adapted to special casesof our formulation.

The value of the criterion (6.4) applied to the solution can be determined easily as

J (f out ) =
X

ij

� ij sij (6.19)

Thus, the coe�cien ts � ij can be also interpreted as the weights of the corresponding
constraints.

123



6.3.5 Generalized approximation problem

In some applications, for example if the measurements are noisy, we do not want the
reconstructed function f out to pass exactly through the measuredpoints. Instead, we
want it to be a compromisebetweenits smoothness(or plausibilit y), asmeasuredby the
criterion J , and the closenessof the �t to the sampledpoints, as measuredfor example
by the sum of the squareddi�erences. To de�ne the generalized approximation problem
(GAP) we intro ducea combined criterion Ja . For the standard regularized least-squares
approximation, Ja has the form

Ja(f ) = J (f ) + 

X

ij

�
hT

i � f (x ij ) � sij

� 2

| {z }
data term J d

(6.20)

where J is the regularization criterion de�ned by (6.4) and sij are the measuredpoints
closeto which we want to pass.

We say that f out 2 F is a solution to the generalized approximation problem
GAP( L; H; X; s; 
 ), i� for all functions f 2 F we have Ja(f ) � Ja (f out ).

Note that this problem is equivalent to the following one: Find f out which minimizes
Ja under the constraint Jd � " , where " is an a priori given error bound. The 

should be chosensuch that the error " corresponds to the expected noise (error) in the
measurements. If the measurement noiseis not known, 
 can be found for exampleusing
the leave-one-outtechnique [129].

The problem of solving the GAP is closely related to the interpolation problem pre-
sented, as demonstrated by the following Theorem.

Theorem 2 (GAP solution) The generalized approximation problem
GAP(L; H; X; s; 
 ) is solved by the function f out de�ned by (6.15), if and only if
f out belongsto F, and the parametersai and � ij satisfy the matrix equation

�
A + 
 � 1I Q

QT 0

�

| {z }
B

�
�
a

�
=

�
s
0

�
(6.21)

where the symbols are the sameas in (6.18)

Note the fundamental similarit y of (6.21) to (6.18) and the convenient form of the
regularization which amounts to simply adding a constant diagonal matrix term to the
equation system. The simplicit y of (6.21) comesfrom the continuous regularization and
from the fact of using the fundamental solutions as the basisof our space.

Our variational formulation of the GAP is similar in spirit to using discrete regu-
larization to deal with the ill-p osenessof some inverse problems. Our regularization,
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however, is completely speci�ed in the continuous domain. Also, those discrete regu-
larizations, often used in combination with nontrivial basis functions, such as the �nite
element method (FEM), modify the equation set in a much more complicated and less
predictable way: the identit y matrix I is replacedby somegeneralmatrix which needsto
be determined on a case-by-casebasis.

If the data term is not quadratic, but still depends only on the sampled values, the
solution conserves the form (6.15) but the equation set (6.21) becomesgenerally non-
linear, c.f. Chapter 7.

6.4 Examples

We now present someexamplesof how the theory can be used.

6.4.1 Reconstruction from irregular samples

Let us consider the problem of �nding a function f : R ! R, passingthrough a �nite
number of points (x i ; yi ) and minimizing a criterion J (f ) = kf k2

D 2
= kf 00k2 (see Ta-

ble 6.2). From Table 6.4 we see that the fundamental solution corresponding to the
semi-norm J is proportional to jxj3. The kernel corresponding to this semi-norm is the
class of all linear polynomials a0 + a1x; i.e.; the class of functions for which f 00 = 0
everywhere. The reconstruction is thus

f (x) = a0 + a1x +
NX

i =1

� i jx � x i j3 (6.22)

which has N + 2 unknown parameters. The consistencyconditions f (x i ) = yi give us N
linear equations, while the orthogonality requirements

P
� i = 0 and

P
� i x i = 0 yield

the remaining two. A nice consequenceof the orthogonality conditions is to make the
secondderivative of f 00(x) = 6

P
i � i jx � x i j vanish after the last sampling point which

ensuresthat J (f ) < 1 and thus f 2 F . Note, that f is a piecewisecubic polynomial with
continuoussecondderivatives;i.e., it is a cubic spline. This result is known, see [77,130].
An exampleof a spline reconstruction (interpolation) is shown in Figure 6.4.

For uniform sampling, the basis functions jx � x i j3 can be localized using digital
�ltering (with iterated �nite di�erence �lter) to obtain compactly supported uniform
cubic B-splines, which makes an interesting link with existing theory [4,5]. For non-
uniform sampling, the localization is alsopossibleusing divided di�erences [131] leading
to non-uniform B-splines. In both cases,if we increasethe order M of the semi-norm, the
order of the splineswill increase,too, and the corresponding interpolation will convergeto
the sinc interpolation [132,133]. This showsthe relation with the samplingtheorem(6.1).
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Figure 6.4: Interpolation from function values.
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Figure 6.5: Approximation betweengivenpoints for 
 = 10� 3.

6.4.2 Smoothing splines

If the measuredpoints from the precedingexampleare not exact, it is more appropriate
to replace interpolation by approximation (seeSection 6.3.5). The reconstruction for-
mula (6.22) remains, while the equation set (6.18) used to determine the parametersai

and � i is now replacedby the equation set (6.21). An example of a result for the same
sampledpoints as before is shown in Figure 6.5. The smoothing spline method that we
have just described is a non-parametric regressiontechnique widely usedin statistics [96].

6.4.3 Derivative sampling

Let us add derivative constraints y0
i = f 0(x i ) to the example from Section 6.4.1. The

sampling �lters will becomeH =
�
� � 0

�
. The �rst fundamental solution corresponding

to h1 = � remains ' 1 = cjxj3. The secondone, corresponding to h2 = � 0, is obtained by
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Figure 6.6: Interpolation from function valuesand derivatives.

convolving ' 1 with h2 which gives ' 2 = 3cjxjx. The reconstruction formula is thus

f out (x) = a0 + a1x +
NX

i =1

� i; 1 jx � x i j3 + 3� i; 2jx � x i j(x � x i ) (6.23)

The 2N + 2 unknown parameters can be determined from 2N consistency equa-
tions f (x i ) = yi and y0

i = f 0(x i ) and two orthogonality conditions
P

� i; 1 = 0 andP
� i; 2 + � i; 1x i = 0. These orthogonality conditions come from the requirement thatP
i � i; 1pk (x i ) + � i; 2p0

k (x i ) = 0 where p1 = 1, p2 = x is the basisof the kernel. An exam-
ple of reconstruction from derivative sampling is shown in Figure 6.6. A trivial extension
is to samplethe derivative valuesat di�eren t points than the function values.

6.4.4 Landmark based warping

The problem of imageregistration is encountered in many areasof imageprocesing. The
task is to �nd correspondencesbetween pixel coordinates in two distinct but similar
images. In other words, we search for a function which givesus for each point in the �rst
image the coordinates of the corresponding point in the secondimage.
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(a) (b)

Figure 6.7: Corresponding slicesof (a) functional MR and (b) anatomical (proton den-
sity) MR imageswith landmarks put manually at important points.

Here we choosean example of non-linear registration of pairs of MR images. Possi-
ble application include distortion compensation [78], inter-subject alignment and many
others, seefor example [86]. In somecases,it is necessaryto usemanual methods [15].
Thesemostly require the expert to specify a set of pairwise corresponding landmarks [14]
(referencepoints) in both images. Then, an interpolation method is neededto �nd the
deformation function also between the landmarks, which is exactly the problem stud-
ied in this paper. Supposing we want to �nd the 2D deformation function minimizing
Duchon's semi-norm of order two, we seefrom Table 6.4 that we need to interpolate
using the r 2 log r functions, also called thin-plate splines interpolation.

Figure 6.7 shows an examplewhere landmark warping is usedto compensatedistor-
tion in functional MRI (fMRI) imagesby registration with anatomically correct (proton
density) MR images. More examplesof landmark interpolation using di�eren t interpo-
lating functions can be found on our web pagehttp://bigwww.epf l.c h/ demo.

6.4.5 Reconstruction consistent with Laplace equation

The problem treated in [134] by numerical integration| which we shall solve explicitly
here|consists of reconstructing a function R3 ! R minimizing the norm of the 3D
Laplacian operator J � (f )2 =

R
R3 k� f k2dx. The problem is ill-p osedwithout additional

constraints, becausethe kernelK � is too big, including all functions that satisfy Laplace's
equation � f = 0, such as x2 � y2. It therefore permits an in�nit y of solutions with zero
cost. To avoid this ambiguit y, we will instead minimize a criterion J (f ) = kf kD 2 , the
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explicit expresssionof which can be found in Table 6.2. This makessensebecausewhen
J < 1 , the two criteria J and J � are equivalent. The corresponding fundamental
solution verifying � 2 ' = c� in 3D is ' (x ) = r (where r = kxk). Sincethe kernel consists
of linear polynomials, the solution takesthe form

f out (x) =
�
a0 a1 a2 a3

�
�

1
x

�
+

NX

i =1

� i kx � x i k (6.24)

with the auxiliary conditions
P

i � i = 0, and
P

i � i x i =
P

i � i yi =
P

i � i zi = 0 for
j = 1; 2; 3, where x i = [x i yi zi ]T are the coordinates of the i -th measurement point. As
before, the coe�cien ts ai and � i must be determined in such a way that f out passesby
the desiredpoints.

6.4.6 Derivative sampling in 2D

Adding another level of complexity, we are going to extend the derivative sampling from
Section 6.4.3 to two dimensions. The task is to �nd a function f : R2 ! R given its
values f (x i ) as well as the values of its �rst partial derivatives r x f (x i ) at sampling
points x i = [x i yi ]T . Our analysis �lters are therefore:

H =
�
�

@�
@x

@�
@y

�

For reasonsgiven later, we choosef that minimizes J (f ) = kf kD 3 . The kernel of this
criterion consistsof bivariate polynomials of degreelessthan or equal to 2 and its Green
function (seeTable 6.4) is  (x) = cr 4 log r . Consequently , the fundamental solutions ' i

corresponding to the three sampling �lters are respectively  , and its partial derivatives
with respect to both x and y.

This meansthat the solution f out , besidesthe term from the kernel, consistsof a linear
combination of shifted fundamental solutions (see(6.15))

f out (x; y) = a0 + a1x + a2y + a3x2 + a4y2 + a5xy +
NX

i =1

� T
i

2

6
4

 (x � x i )
@ 
@x (x � x i )
@ 
@y (x � x i )

3

7
5 (6.25)

where � i = [� i; 1 � i; 2 � i; 3]T . The expressionfor f contains 6 + 3N unknowns. We will
calculate them using the interpolation (or consistency) constraints and orthogonality
constraints. To evaluate the interpolation constraints (6.16), we needto calculate partial
derivativessuch as

@f out

@x
= a1 + 2a3 + a5y +

NX

i =1

� T
i

2

6
6
4

@ 
@x (x � x i )

@2  
@x 2 (x � x i )
@2  

@x@y (x � x i )

3

7
7
5 (6.26)
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There are six orthogonality constraints (from (6.17)) corresponding to the six basisfunc-
tions of the kernel:

1 :
X

i

� i; 1 = 0 xy :
X

i

x i yi � i; 1 + yi � i; 2 + x i � i; 3 = 0

x :
X

i

x i � i; 1 + � i; 2 = 0 y :
X

i

yi � i; 1 + � i; 3 = 0

x2 :
X

i

x2
i � i; 1 + 2x i � i; 2 = 0 y2 :

X

i

y2
i � i; 1 + 2yi � i; 3 = 0

Note that somecare is neededin selectingthe regularization criterion J . Had we chosen
the classsicalcriterion kf kD 2 , we would haveobtained  (x) = r 2 log r asthe fundamental
solution, the secondderivative of which is not bounded around zero, thus preventing the
evaluation of (6.25) at grid points. In other words, no function f out that we would have
found by substituting into (6.25) somenontrivial � , would belong to F (seeTheorem 1);
this meansthat the interpolation problem doesnot admit a solution in F .

As an example,we have approximated a 2D Gaussianusing thin-plate splines,r 4 log r
functions without and with the derivative information. The results are shown in Fig-
ure 6.8. Not surprisingly, the method using the derivativeswe have just described gives
the best results.

The problem just described can be easily extended for �nding vector functions f :
R2 ! R2 by taking J (f ) = J (f x ) + J (f y ), where (f x ; f y ) = f are the components of f .
As the components are treated separately, the solution can be calculated independently
for each of them. One possibleapplication might be a semi-automatic landmark image
warping with derivative constraints.

6.4.7 Tomographic reconstruction

A nice example of a classic inverse problem that also falls into our framework is to-
mographic reconstruction [135,136]. It consistsof reconstructing a crosssection of an
object from its transaxial projections. We now show that tomographic reconstruction
lends itself well to the variational formulation.

Let f (x; y) be the unknown cross section of the object to be reconstructed. We
measurethe projections of f at q angles� i . For each angle,we measurean integral along
a ray at N positions uj , that is

sij =
Z

R
f (t cos� i � uj sin � i ; t sin � i + uj cos� i )dt (6.27)

This integral corresponds to our sampling operator. The variational formulation of the
reconstruction problem is thus: Find a function f out consistent with measurements s
(yielded by (6.27)) and minimizing a plausibilit y criterion J . We chooseJ to be Duchon's
semi-norm J (f ) = kf kD 2 .
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Figure 6.8: Approximating a 2D Gaussian(a) using sampling points (b). The di�erence
betweenthe true function and (c) thin-plate spliner 2 log r approximation, (d) approxima-
tion using r 4 log r , and (e) approximation using r 4 log r with measurements of derivatives.
The respective SNRsare: (c) 39:7dB, (d) 25:7dB, (e) 59:0dB. The approximation using
derivativesgivesthe best results. Bear in mind, though, that the derivative method uses
an extra information (the derivatives) that the other methods cannot use.
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The projection/sampling operator (6.27) can be written as a convolution

sij = h� (x sin � i � y cos� i + uj ); f i

=
�
� (� x sin � i + y cos� i )| {z }

h i

� f
�
(� sin � i uj ; cos� i uj| {z }

x ij

) (6.28)

The fundamental solution ' i for the sampling operator (6.28) needsto satisfy the
equation (6.12) which in this casehas the form

� 2' i (x; y) = � (� x sin � i + y cos� i ) (6.29)

To �nd ' i , we rotate our coordinate system by � � i , which yields

� 2' i (x0; y0) = � (x0) (6.30)

becauseof the rotational invariance of the � 2 operator. Consequently , a 1D function
' (x0; y0) = ' (x0) that solves (6.30) also solves the corresponding 1D problem of Sec-
tion 6.4.1,and vice-versa. The fundamental solutions of the 1D problem are jx0j3. In our
2D case,after rotating the coordinate system back, we get

' i = j � sin � i x + cos� i yj3 (6.31)

Putting the piecestogether, we �nd that our reconstruction takesthe form

f out (x; y) = [a0 a1 a2]

2

4
1
x
y

3

5 +

qX

j =1

NX

i =1

� ij j � sin � i x + cos� i y � uj j3 (6.32)

The interesting thing is the structure of the generating functions ' i that are back-
projections (extensions) of the corresponding 1D fundamental solutions along the pro-
jection rays. This is the sameform as the result of the standard back-projection algo-
rithm [135].

For a more realistic application, we consider that the measurements s are noisy.
We therefore use the approximation formulation from Section 6.3.5. Second, instead
of integrating over the whole space in (6.27),(6.28), we only integrate over the part
corresponding to the measurement device. If we alsoevaluate the regularization criterion
in the samedomain, the fundamental solutions ' remain the same.

The drawback of the method in its presented form is the necessity to solve a large lin-
ear equation set which is often ill-conditioned when the matrix getslarge. The condition-
ing is improved by working in an equivalent basisof localized versionsof the generating
functions ' i . To speedup the process,specializediterativ e solvers can be used.
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Figure 6.9 shows a comparisonof the reconstruction using the variational algorithm
and classical �ltered back-projection [135] as implemented in Matlab. We can observe
that for a small number of measurements, the variational reconstruction algorithm gives
better result than the �ltered back-projection. For a large number of measurements,
the results of the variational reconstruction are comparable to that of the �ltered back-
projection. Thus, our method is especially useful in the caseof few angles. More details
can be found in [137].

6.5 Conclusions

We have presented an interpolation and approximation scheme capable of treating
nonuniformly sampledmultichannel output of a �lter-bank. The reconstruction is opti-
mal in the senseof a user-chosencriterion.

The main advantagesof our theory include generality with respect to the sampling op-
erators and sampling locations. It works for multiv ariate and multidimensional functions.
It placesonly negligible additional constraints on the input signal. Unlike traditional ap-
proaches,we do not specify the reconstruction spacea priori . Instead, our method yields
basis functions (and thus the reconstruction space) that are optimal in a well-de�ned
sensefor the problem at hand. It transforms a continuously-de�ned variational prob-
lem into a generally well-posedalgebraic problem; the solution thereof is then obtained
from a system of linear equations. The method can also accommodate for non-exact
�ts including non-linear data terms. In the least-squarescase,the system matrix is the
regularized version of the matrix in the interpolation case. Otherwise, more general
multidimensional nonlinear problem solver is needed.

Presently , the weak point of our method is that it requires the solution of a large,
non-sparsesystemof equations. Additional research is required to develop fast numerical
solvers. Related aspect is the ill-conditioning of the system matrix due to the non-local
nature of the basis functions. We believe this can be improved using adequate pre-
conditioners, e.g.,by localizing the basisfunctions, similar to the construction of B-spline
basis [6].

We believe that our reconstruction algorithm would be especially useful for applica-
tions where there are few measurements as it permits to use them in the best possible
way. We have presented several examplesto illustrate its possibleuses.

Our theory includesand explainsmany previously usedmethods; e.g., the well known
thin-plate splines.
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Figure 6.9: We are reconstructing the inner part of the Sheppand Logan phantom [135]
(top left), using projections at 8 uniformly distributed angles, 32 measurements per
angle. The result of the �ltered back-projection (top right) has more artifacts and is
lessgeometrically precisethan the variational reconstruction (bottom right). Note also,
that the unlike �ltered backprojection, the variational reconstruction recovers well the
absolute amplitudes in the image.
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Chapter 7

Variational Reconstruction:
Theory

This chapter is basedon our article [138].

7.1 Abstract

The problem of generalizedsampling described in Chapter 6 leadsto the minimization of
a variational functional under linear constraints. Imposinggenerally desirableproperties
on the solution limits largely the choice of the criterion. Linearit y leads to a quadratic
criterion basedon bilinear forms. Speci�cally , we show that the requirements of trans-
lation, rotation, and scale invariance restricts the form of the criterion to essentially
a one-parameterfamily. We show that the solution can be obtained as a linear combi-
nation of generating functions. We provide techniques to �nd these functions, and the
solution itself. Throughout the paper, the a�rmations from the companion paper are
formulated more precisely, generalized,and also justi�ed.

7.2 Intro duction

In the preceding Chapter 6, we have presented a variational approach to generalized
sampling. The basic problem is to reconstruct a signal from a seriesof measurements
which are obtained by sampling one (or several) �ltered version(s) of the original signal.
Our formulation leads to a functional minimization problem under linear constraints.
The original aspect is that the optimization is performed in the continuousdomain rather
than in the discreteone,as is usually the casewith this type of application. Our method
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is rather general and can handle all kinds of sampling con�gurations, including non-
uniform and/or non-ideal sampling. It is also suitable for inverseproblems where the
measurement operator is shift-invariant; a typical exampleis tomographic reconstruction
from projection data [137].

In this paper, we present the mathematical foundations of the method. We will adopt
a slightly more general formulation of the problem and considermeasurements that can
beany linear functionals of the input signal. Wewill concentrate on minimizing quadratic
energyfunctionals, asthis yields a vector spacecharacterization of the solution asa linear
combination of basisfunctions. The key featurehereis that the basisfunctions themselves
are the result of a mathematical optimization. Consequently , they are optimally tailored
to the problem at hand.

This article has four primary goals:

(1) To provide a precisemathematical formulation of generalizedsampling in a varia-
tional setting. This is done in Sections7.3.3 where we also state our assumptions
and list someof the generalproperties of the solution.

(2) To understand and control the key properties of the solution through an appropri-
ate selection of the regularization criterion. To this end, we investigate quadratic
shift-invariant criteria and their corresponding bilinear forms. In Section 7.4, we
provide the corresponding convolutional kernel representation in both time and fre-
quencydomains. Our strategy is to imposesomedesirableproperties on the solution
(enumerated in Section 7.3.4) and to infer the corresponding class of criteria. We
�nd that a small set of perfectly justi�able requirements, such as rotation and scale
invariance, essentially limits the degreesof freedom to a one-parameter family of
criteria. This is formalized in Theorem 3 at the end of Section 7.5.

(3) To solve our generalizedsampling problem under hard constraints (consistency re-
quirement). The general solution is derived in Section 7.5 and described in Theo-
rem 4. We show how to construct a basis for the solution space. The critical step
involves�nding the Greenfunctions of the operator associated with the bilinear form
of the criterion. The solution usually includes an additional polynomial term whose
main e�ect is to make the reconstruction well-behaved far from the sampling points.
These results lead to the speci�cation of the linear system of equations that yields
the optimal coe�cien ts for the solution.

(4) To solve our generalizedsampling problem under soft constraints. The idea here
is to consider a cost function that is the sum of a non-linear data term and the
sameregularization criterion as before. In Section 7.6, we prove that the solution of
this approximation problem|irresp ective of the form of the data term| lies in the
samesubspaceas in the previous case(hard constraints) (cf. Theorem 5). We also
work out an explicit formula for the least-squarescase. Interestingly, this solution
can be obtained by an almost trivial modi�cation of the hard-constrained equations
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(addition of constant diagonal term to the system matrix). The advantage of this
approach is that it stabilizes the reconstruction. It is also better suited for noisy
situations where it is often counterproductive to imposehard constraints.

7.3 Formulation

7.3.1 Notation

We denotevectorsby bold letters and considerthem ascolumns, that is x = [x1 : : : xm ]T .
Matrices will be denoted by upright letters (X) with elements (X) i;j = x i;j

We de�ne a scalar product of two multiv ariate vector functions as hf ; gi =R
Rm f (x)T g(x)dx. By extension, the notation hX; f i applied on a matrix X and a vector

f is a vector of scalarproducts betweencolumnsof X and f . Similarly, we de�ne a convo-
lution of vector and matrix functions following the usual rules for matrix multiplication,
for exampleX � y = z means

P
j x i;j � yj = zi .

The most important symbols usedare given by the following list:

A the aproximation problem
B (f ; g) bilinear form associated to J (f ) = B (f ; f )
c a constant

�

spaceof test functions (inde�nitely
di�eren tiable and compactly supported)

ei unitary basisvector
f̂ ;

�

f Fourier tranform of f , f̂ (! ) =
R

f (x) e� i ! T x dx
f out ,f out reconstructed function
F reconstruction space
h i sampling �lter
H sampling �lterbank HN � n = [h1 : : : hq]
I identit y matrix
J (f ) positive quadratic plausibilit y criterion
Ja criterion for the approximation problem
J � extendedcriterion
K kernel of the criterion J
L �lterbank de�ning J
m,n dimensionality of the function f : Rm ! Rn

N number of constraints
pk ,pk basisvector of the kernel K
P dimensionality of K
P the variational problem
p number of columns of L
sij measurements
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U convolutional kernel of the shift-invariant
bilinear form, U(x � y ) = V(x ; y )

V operator kernel of the bilinear form
� ij ,� i Lagrangemultipliers, coe�cien ts
' ,' fundamental solution, generating function
 , Green function
! ,! angular frequency
kf kM ;s Duchon's semi-norm
hf ; gi L 2 scalar product
kf kL 2 L 2 norm, hf ; f i 1=2

7.3.2 Distributions

Many results in this article areobtained through calculations in the senseof distributions.
The basic referencehere is Schwartz [139] or a gentler intro duction [140]. A distribu-
tion u is a function-lik e object de�ned indirectly through its scalar products hu; vi with
arbitrary test functions v from the space

�

of compactly supported and in�nitely dif-
ferentiable functions. Distributions are generalizations of functions and can often be
operated upon using the samerules, except, noteworthy, the multiplication. The major-
it y of the practically-used functions are indeed distributions. The best known example
of a distribution which is not a function is Dirac's � , de�ned as h� ; vi = v(0). Similarly,
its derivative � 0 gives h� 0; vi = � v0(0). Consequently , convolving � � v yields v, while
� 0 � v = v0.

7.3.3 Problem de�nition

The variational problem we consider consistsof �nding a vector function f : Rm ! Rn

minimizing a non-negative functional criterion J (f ) under a �nite number of constraints
hh i ; f i = si , where i = 1: : : N , and h i are sampling �lters. The expressionhh i ; f i linearly
maps functions to real scalars. As h i is a distribution, most linear forms can be written
in this way. Alternativ ely, the constraints can be also written as convolutions:

hh i ; f i = hRT
i � f (0) (7.1)

where hR
i (x) = h i (� x) is a time-reversedversion of h i .1

When f satis�es all the N constraints hh i ; f i = si , we write

hHN � n ; f i = HRT � f (0) = s (7.2)

1For the sake of notational simplicit y, we use a time-rev ersed version of h with respect to Chapter 6.

140



We only consider functions from a spaceF induced by the criterion J and measurable
by the �lters H

F =
�

f : Rm ! Rn ; J (f ) < 1 and



 hH; f i




 < 1

	
(7.3)

where k � k is the usual Euclidean norm of vectors in RN . We say that f out solves the
variational problem P(J; H; s) i� f out minimizes J in F under constraints (7.2). Note
that there can be more than one of such functions f out with the samevalue of J (f out ).

The main application of the variational problem just described is the generalized
reconstruction (in Chapter 6) where h i represent sampling �lters, si are samplesand J
is a regularization criterion. So as to be useful in this (and other) contexts, the solution
should satisfy a certain number of properties, which will in turn imposeconstraints on
the criterion J and the �lters h i .

7.3.4 Properties of the solution

Ideally, we want the problem and its solution to have the properties detailed below. We
will seethat they help us to specify an essentially one-parameterfamily of criteria. We
will be able to give a constructive theorem concerning the existence property, obtain
unicit y in the majorit y of useful cases,and guarantee the invariance and linearit y of the
solution in the sensedetailed below.

For each property, we give an indication of how it can be veri�ed or guaranteed. Note,
however, that the conditions we give are only su�cien t, not necessary, becausesearching
for necessaryconditions proved to be extremely di�cult and of small practical interest.
On the other hand, we will see in the forthcoming sections that our conditions yield
a su�cien tly general family of criteria.

Prop osition 1 (Existence and uniqueness) There is exactly one solution f out .

The motivation of the existencerequirement is clear: we want our method to give us
at least one solution for any possiblemeasurements si . There are various reasonswhy
the problem P might not have a solution. For example, when the constraints are con-
tradictory , or when the solution spaceis not complete with respect to J . That is to
say, if for any sequenceof functions f i satisfying the constraints such that the criterion
J (f i ) is decreasing, this sequencedoes not converge in F . A typical example might
be a sequenceof continuous functions converging towards a discontinuous one, under
a derivative criterion.

We also want the solution to be unique. For the uniqueness,it is useful for J to be
discriminativ e so that as few functions f as possiblehave the samecriterion value J .

In practice, we verify existenceand uniquenessa posteriori . We �rst construct a func-
tion and then verify that it solvesthe problem and that no other function does. In some
cases,the work on the a priori analysis has beenalready done [72,128].
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Prop osition 2 (V ector space of solutions) If f solvesP(J; H; r ) and g solvesP(J; H;
s) then � f + � g solvesP(J; H; � r + � s) for �; � 2 R.

This scalar linearit y property ensuresthat the solution spaceis a vector spaceand that
consequently every solution can be expressedasa linear combination of N basisfunctions
(where N is the number of constraints). We will seelater (seeSection 7.4.1) that this is
ensuredif the criterion J is a quadratic criterion.

Prop osition 3 (Matrix linearit y) If f solves P(J; AT H; s) then Af + b solves
P(J; H; s + hH; bi ), where A is an arbitrary matrix.

This comprisesthe casesof rotating, scaling,shifting, permuting, inverting, and otherwise
linearly deforming the `output' coordinate systemof the function f . We want the solution
to be invariant with respect to thesechanges.The matrix linearit y property is guaranteed
if J is pseudo-invariant with respect to these changes,which meansthat the criterion
value for Af + b is proportional to the criterion value for f , namely

J (Af + b) = c(A; b)J (f ) (7.4)

where c is a continuous function of A and b, independent of f .
For the remainder of this paper, we consideronly matrices satisfying

AAT = kI (7.5)

(where I is an identit y matrix) which corresponds to orthogonal transformations and
uniform scaling. SeeSection 7.5.4 for details.

Prop osition 4 (Geometric in variance) If g solvesP(J; H; s) then f solvesP(J; H0; s),
where g(x) = f (Ax + b), provided that hH0; f i = hH; gi for all f .

This encompassesthe casesof rotating, scaling, and shifting the coordinate systemof x.
We want our solution to be invariant with respect to these changes. The new �lter H0

can be written in the functional form as H(x) = (det A)H0(Ax + b). Consequently , we
want A to be an invertible matrix. Similarly to Property 3, the geometric invariancecan
be ensuredby pseudo-invariance with respect to the geometric transformations; i.e.,

J (f
�
Ax + b)

�
= c(A; b)J

�
f (x )

�
(7.6)

where c is a continuous function of A and b, independent of f , and with no connection
to c in (7.4).

We shall impose geometric invariance only with respect to orthogonal matrices A,
satisfying AAT = I. SeeSection 7.5.1 for details.
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Prop osition 5 (Densit y) The solution spaceF contains all test functions u from
�

.
For any function f 2 F , there is a sequenceof test functions u1; u2; : : : such that
lim

i !1
J (f � u i ) = 0.

This property is indeed somewhat technical but its signi�cance can be readily grasped.
The �rst part ensuresthat the solution spaceis large, that it contains as many `good'
functions aspossible. It guaranteesthat at least all test functions can be measuredusing
the criterion J . The secondpart concernsthe behavior of J for functions on the closure
of

�

, that is to say, for functions that are not in
�

but which can be expressedasa limit
of a sequenceof test functions. It guaranteesthe continuit y of J on F . Consequently , we
can do most of our reasoningin the spaceof test functions and then extend the result to
the whole of F using a limiting process.

In practice, Property 5 is always satis�ed by the quadratic semi-norms we will be
considering; in particular, by the semi-norms of Duchon. (This originates from the
density of

�

in Sobolev spaces.)

7.4 Bilinear forms

From now on, we consider exclusively those criteria that can be expressedusing a non-
negative bilinear form. A bilinear form B (f ; g) maps pairs of functions f , g onto R.
It is symmetric (B (f ; g) = B (g; f )) and linear (B (� f + � g; h) = �B (f ; h) + � B (f ; g))
with respect to both its arguments. It is non-negative i� B (f ; f ) � 0 for all f 2 F . We
associate B with a criterion

J (f ) = B (f ; f ) (7.7)

which we call a quadratic criterion . Conversely, given a quadratic criterion J , the asso-
ciated bilinear form B can be obtained as

B (f ; g) =
1
4

�
J (f + g) � J (f � g)

�
(7.8)

The square-root
p

J of the criterion de�ned in this way is a semi-norm; i.e., it satis�es
the triangular inequality and semi-linearity (

p
J (� f ) = j� j

p
J (f )). Unlike for a norm,

there might be more than one f satisfying J (f ) = 0. Such functions de�ne a kernel K .
The criterion J is convex. The important Cauchy-Schwartz inequality jB (f ; g)j �p

J (f )J (g) holds too. The equality is reached for f ,g such that 9�; � 2 R; �� 6= 0; � f +
� g 2 K .

7.4.1 Quadratic criterion and linear constraints

The restriction to bilinear forms is justi�ed, namely in view of satisfying Property 2 which
yields a useful vector spacestructure for the solution space.The proof that a quadratic
criterion J implies Property 2 can be found in Appendix A.
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Becauseof the convexity of J , if there is a local minimum, it is also the global mini-
mum. Moreover, if two functions f 1, f 2 solve the problem P, then their di�erence f 1 � f 2

necessarilybelongsto K . (SeeAppendix B for a proof.) Therefore if the constraints (7.2)
cannot be met by two distinct functions di�ering by an element from the kernel, the so-
lution is unique. This is easyto check, becausein most casesof interest the kernel K is
fairly small. We will seelater that it mostly consistsof low-order polynomials.

7.4.2 Operator kernel of a bilinear form

Any bilinear form satisfying very mild conditions (see [139]) can be written in the form
of a scalar product:

B (f ; g) =
Z

R2m
f T (x )V(x ; y)g(y )dxdy (7.9)

where V is a n � n matrix of distributions called an operator kernel of the bilinear form.
Technically, the existenceof the integral is not guaranteed unlessboth f and g are from
the class

�

of in�nitely di�eren tiable and compactly supported test functions.
Without any loss of generality, we can assumeV to be symmetrical (V(x ; y ) =

V(y ; x)), becausethe operator kernel can always be symmetrized as 1
2

�
V(x ; y ) + V(y ; x)

�

without a�ecting the associated bilinear form B . By exchanging f and g we also �nd
that V must have a matrix symmetry V = VT . The implications of (7.4) and (7.6) on
the properties of V are studied in Section 7.5.

7.4.3 Convolutional kernel

If V is translation-in variant, it can be written using a single-parametric distribution
matrix U(x � y ) = V(x ; y ). This transforms (7.9) to

B (f ; g) =
Z

Rm
f T (x)U(x � y )g(y )dxdy (7.10)

for test functions f ,g. We recognizethe convolution here:

B (f ; g) = hf ; U � gi for g 2
�

(7.11)

where the restriction of g to test functions is useful to ensurethat hf ; U � gi exists. We
call U the convolutional kernel of the bilinear form. Becauseof the symmetries of V, we
have the samesymmetries on U; i.e., U(x) = U(� x) = UT (x).

7.4.4 Fourier form

Both (7.9) and (7.10) can be also calculated in the Fourier domain. For this, we need
the Fourier transforms f̂ , ĝ, and Û (see Section 7.3.1 for a de�nition). The Fourier
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transform can be calculated for test functions and extended to tempered distributions,
such as polynomials. For example, the expression(7.10) can be written using Parseval's
theorem as

B (f ; g) =
1

(2� )m

Z

Rm
f̂ T (! ) Û(! ) ĝ� (! ) d! (7.12)

7.4.5 Extending the bilinear form

The original equations (7.9),(7.10) de�ne B (f ; g) only for test functions
�

. However,
we will need later to evaluate B also for f from some larger class F � F , conserv-
ing all the properties of the bilinear form. The parameter g is still in

�

. Already,
(7.9) retains a meaning if f belongs to the dual (distribution) space of the space
G =

�R
V(x; y)g(y )dy ; g 2

�

	
. If we de�ne B through (7.11), it allows us to con-

sider f from the classF of distributions, provided that U is compactly supported. When
the convolution URT � f exists, we can alternativ ely calculate

B (f ; g) = hURT � f ; gi (7.13)

More extensionsare indeed possible. They all coincide for test functions but might
give di�eren t results when evaluated for other functions. To work with the extended
version of B we need to de�ne an extended kernel of functions f that yield zero B (f ; g)
for all g 2

�

. Recall that the kernelK in the classicalsenseis de�ned asa set of functions
for which J (f ) = 0. Generally, the extended kernel is a superset of a classical kernel.
However, for the bilinear forms consideredhere, the two kernelsare identical. Therefore
we will not distinguish betweenthem.

7.4.6 Factorizing the convolutional kernel

An alternativ e, symmetric de�nition of B is:

B (f ; g) =


LT � f ; LT � g

�
for f ; g 2

�

(7.14)

which leadsto a very simple expressionfor J :

J (f ) = kLT � f k2 =
pX

i =1

klT
i � f k2 (7.15)

The convolutional operator LN � p has an adjoint Ly = LRT (that is, hL � f ; gi =

f ; LRT � g

�
). We obtain an equivalenceto (7.11) by setting U = LRT � L.

There are generally many possiblefactorizations, leading to many extensionsas de-
tailed in the previous section. To illustrate this point we consider the example of the
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scalar distribution in two dimensions: u = @4

@x 4 � + 2 @4

@x 2 @y 2 � + @4

@y 4 � . It can be factorized

either simply as L =
h

@2

@x 2 � + @2

@y 2 �
i
, or alternativ ely as L =

h
@2

@x 2 �
p

2 @2

@x@y � @2

@y 2 �
i T

.

The latter factorization leadsto the Duchon's semi-norm (seeSection 7.5.7)

kf k2
D 2

=
Z

R2

�
@2f
@x2

� 2

+ 2
�

@2f
@x@y

� 2

+
�

@2f
@y2

� 2

dxdy (7.16)

while the former givesa semi-norm basedon the Laplacian:

kf k2
� 2

=
Z

R2

�
@2f
@x2

� 2

+ 2
@2f
@x2

@2f
@y2 +

�
@2f
@y2

� 2

dxdy (7.17)

which is not strictly equivalent to (7.16). An example is f = xy which giveskf k2
� 2

= 0
but kf k2

D 2
= 1 .

An important casewhere the expressions(7.17) and (7.16) are equivalent is when f
is a test function. Then, by integration by parts,

Z

R2

@2f
@x2

@2f
@y2 dxdy =

Z

R2

�
@2f

@x@y

� 2

dxdy (7.18)

These may sound like technicalities but they should not be overlooked; otherwise,
one may easily formulate problems that are not well de�ned mathematically (as was for
example the casein [134]).

Coming back to the general formulation, we write the Fourier domain equivalent
of (7.14) and (7.15):

B (f ; g) =
1

(2� )m ĥLf̂ ; L̂ĝi (7.19)

=
1

(2� )m

Z

Rm

�
L̂f̂

� T
(! )

�
L̂ĝ

� �
(! )d! (7.20)

with an associated criterion

J (f ) =
1

(2� )m

Z

Rm
kL̂f̂ k2d! (7.21)

where Û = L̂T L̂� . Note that the phase of L̂ can be freely chosen, in addition to the
freedom demonstrated in the time-domain factorization. The phaseof L̂ may represent
the shift of L in the time-domain; more generally, it corresponds to applying an all-pass
(unitary-gain) �lter to L.
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7.5 Imposing invariance properties

The intent of this section is to apply the �rst principles from Section 7.3.4 to come up
with a constrained form of the variational criterion that is consistent with our invariance
requirements. We will end up with what is essentially a one-parameterfamily of criteria
(cf. Theorem 3).

As we have seen,su�cien t conditions to ensureProperties 3 and 4 are given by (7.4)
and (7.6), respectively. We now show how (7.4) and (7.6) constrain our choice of the
kernel V of the bilinear form B . It is useful to realize that if

Z
f T (x )V(x ; y)f (y )dxdy =

Z
f T (x )W(x ; y)f (y )dxdy for all f 2

�

(7.22)

then by considering f + g and f � g instead of f , we get
Z

f T (x)V(x ; y)g(y )dxdy =
Z

f T (x )W(x ; y)g(y )dxdy for all f ; g 2
�

(7.23)

which is equivalent to saying that V = W in the distributional sense.The converseholds
too, by substituting f = g. Therefore, equations(7.4) and (7.6) on the criterion translate
into equations for the distributional kernel V as follows

Matrix linearit y: AT V(x; y )A = c(A; b)V(x ; y ) (7.24)

and
Z

V(x; y)dy = 0 (7.25)

Geometric invariance:

V(x ; y ) = c(A; b)V(Ax + b; Ay + b)(det A)2 (7.26)

7.5.1 Geometric translation invariance

From (7.25), we directly seethat

B (f ; b) = 0 for any constant b and f 2
�

(7.27)

and thus there exists an extensionof J to functions outside of
�

such that J (b) = 0. In
other words, the criterion J must give zero for constant functions.

We can now considergeometrictranslation invariance(in the domain of x), by setting
A = � I (re
ection about the origin) and b = x + y in (7.26), which simpli�es to

V(x ; y ) = c(� I; x + y )V(y ; x) (7.28)
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Using the symmetry of V, this implies c(� I; x + y) = 1 for all x ,y . Letting b = y in (7.26)
leadsto

V(x ; y) = U(y � x) (7.29)

where we have substituted V(y � x; 0) = U(y � x). Becauseof the symmetry of V, we
get

U(y � x) = V(x ; y ) = V(y ; x) = U(x � y ) (7.30)

which meanswe can usethe simpler expression(7.10) instead of (7.9). Equation (7.26)
then becomes

U(x) = c(A)U(Ax) (7.31)

for any matrix A.

7.5.2 Rotational invariance

Another special caseof geometrical transformations are rotations and symmetries; i.e.,
matrices which satisfy the orthogonality condition AAT = I. Applying (7.31) twice yields

c(AB) = c(A)c(B) (7.32)

Consider this equation for a Householdermatrix A = I � 2vv T , where v T v = 1. Since
A2 = I, from (7.32) we have jc(A)j = 1. Furthermore, as J � 0, we necessarilyhave
c(A) � 0 and thus c(A) = 1.

The equation (7.31) becomesU(x) = U(Ax). It is always possible to chooseA such
that Ax = kxke1, where e1 is the �rst basisvector, see [141]. Consequently , the distri-
bution U must be radial:

U(x) = U0(r ) where r = kxk (7.33)

It is easy to verify that thanks to the orthonormalit y of A, rotating x ! Ax does not
changer .

7.5.3 Scale invariance

The last remaining classof geometrical transformations we consider is uniform scaling.
Using expression(7.31) as before yields: U0(x ) = c(� )U0(� x ), where � is a real scaling
factor, and where we have accommodated the Jacobian � 2m into c(� ). We use the
rotation invariant form (7.33) which gives U0(r ) = c(� )U0(�r ) for � > 0. Note that
c(�� 0) = c(� )c(� 0). Repetitiv e scaling by � yields c(� )k = c(� k ). This implies c(� )1=q =
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c(� 1=q) and c(� )p=q = c(� p=q). By continuit y alsoc(� )x = c(� x ), for real x. Consequently
we have c(� ) = � 
 and

U0(r ) = � 
 U0(�r ) (7.34)

In the casewhere the radial form of the convolutional kernel U0(r ) is a function, the
preceding equation implies U0(r ) = cr � 
 . Note that when 
 � 2m, then U(x) is not
locally integrable over Rm � Rm . Therefore, we needto considerthe integral in the sense
of distributions.

The corresponding expressionin the Fourier domain is

Û(! ) = ck! k2� (7.35)

where 2� = 
 � m and the factor 2 is for future convenienceand notational consistency
with [45].

7.5.4 Matrix linearit y

We have already studied the e�ect of b in (7.24). Let us now concentrate on the impli-
cations of A. Substituting (7.30) yields: AT U(x)A = c(A)U(x ), thus c(AB) = c(A)c(B).
We show that c(A) = 1 by the sameproof as in Section7.5.2. Thus U(x) commutes with
an arbitrary orthogonal matrix A:

UA = AU (7.36)

Similarly to Section 7.5.2, we will consider only Householdermatrices A = I � 2vv T .
Substituting into (7.36) yields vv T U = Uvv T . Right-multiplying by v shows that
v (v T Uv) = Uv , which means that any vector v is an eigenvector of U. This implies
that U is a multiply of an identit y matrix.

U(x) = u(x) � I (7.37)

7.5.5 Form of the criterion

A direct consequenceof the results from the precedingsectionsis the following theorem:

Theorem 3 (Form of the criterion) Let J (f ) be a quadratic criterion. Then any as-
sociated variational problem P satis�es Property 2. Furthermore, P satis�es Properties 3
and 4 if and only if J can be expressedin the following form:

J (f ) = c
Z

Rm

nX

i =1

k! k2�

| {z }
(Û)

ii

j f̂ i (! )j2 d! (7.38)

for any tempered distribution f .
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The bilinear form associated to (7.38) is

B (f ; g) = c
Z

Rm

nX

i =1

k! k2� f̂ i (! ) ĝ�
i (! ) d! (7.39)

7.5.6 Laplacian semi-norm

The criterion de�ned in the Fourier domain by (7.38) is easilyassociated to an equivalent
semi-norm in the time domain using an iterated m-dimensional Laplacian for even �

J � � (f ) =
Z

Rm

�
�
� � �= 2f (x)

�
�
�
2

dx (7.40)

7.5.7 Duchon's semi-norms

The principal disadvantage of (7.40) is that its kernel K � is too large. For example for
� = 2, it contains every function that satis�es Laplace equation, such as the real part
of an analytical function, for example (x + iy )k + (x � iy )k . Therefore, the variational
problem with this criterion will typically have an in�nite number of solutions.

Fortunately, it turns out that there are other time-domain forms which correspond
to (7.38) and which do not have this problem. Namely, we now present the family of
semi-normsintro duced by Duchon [45]. He �rst de�nes a di�eren tial operator D M as
a vector of all possiblepartial derivativesof f of order M :

D M f =
�

@M f
@xM

1
; : : : ;

@M f
@xk1 : : : @xkM

; : : : ;
@M f
@xM

m

�
(7.41)

with k1; : : : ; kM 2 f 1; : : : ; mgM . For example, for m = 2, M = 2 we get

D 2f (x; y) =
�

@2f
@x2 ;

@2f
@x@y

;
@2f

@y@x
;

@2f
@y2

�
(7.42)

Then he de�nes a semi-norm by taking the sum of the squaresof all the elements and
integrate it over the spaceRm

kf kD M =
� Z

Rm
kD M f k2dx

� 1=2

(7.43)

where k � k is an euclideannorm in Rm M
. More explicitely (using the commutativit y of

the partial derivatives)

kf k2
D M

=
X

j l j = M

M !
l!

Z

Rm

�
@M f
@x l

� 2

dx (7.44)
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where l1; : : : ; lm 2 f 0; : : : ; M g, l ! =
Q m

s=1 ls!, jl j =
P m

s=1 ls and @x l = @x l 1
1 : : : @x l m

m .
Following our example for m = 2 and M = 2, we get the most often used Duchon's
semi-norm (7.16). This semi-norm leadsto the well known thin-plate splines [96].

Interestingly, the kernel of k � kD 2 contains only functions whosesecondpartial deriva-
tiv es are zero; i.e., linear polynomials a0 + a1x + a2y. Generally, the kernel K D M of
Duchon's semi-norm of order M contains polynomials of degreeM � 1.

7.5.8 Semi-norms for fractional derivatives

Duchon goes one step further in combining the time and Fourier domain de�nitions to
obtain also semi-normscorresponding to fractional derivatives.

J (f )D M ;s =
Z

Rm
k! k2s




 �

D M f



 2

l 2
d! (7.45)

where
�

is the Fourier transform operator as de�ned in Section 7.4.4. When s = 0, this
de�nition is completely equivalent to (7.43), that is, kf k2

D M
= J (f )D M ; 0 . When, on the

other hand, M = 0, this de�nition is equivalent to (7.38); i.e., J (f ) � � = kf kD 0;� . For
s < 1, the kernel of J (f )D M ;s is the kernel of kf kD M .

7.5.9 Corresponding bilinear forms

All the Duchon's semi-normspresented above can be associated with a bilinear form so
that kf k2 = J (f ) = B (f ; f ). The basic form (7.43) gives

BM (f ; g) =
Z

Rm
(D M f ) � (D M g)dx (7.46)

or equivalently

BM (f ; g) =
Z

Rm

X

P
k l = M

M !
k!

@M f
@xk

@M g
@xk dx (7.47)

The general form (7.45) leadsto

BM ;s (f ; g) =
Z

Rm
k! k2s




 �

D M f (x)








 �

D M g(x)



 d! (7.48)

7.6 Solution of the variational problem

In this section, we reconsiderour variational problem P(J; H; s) de�ned in Section 7.3.3,
derive someproperties of its solution f out and use them to obtain the explicit form of
the solution.
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7.6.1 Lagrange multipliers

First, we construct an augmented criterion according to the Lagrange multipliers'
method.

J � (f ; � ) = J (f ) � 2� T (hH; f i � s) (7.49)

where � 2 RN is the vector of Lagrange multipliers. If f � minimizes J � (f ; � ) then
choosing � such that hH; f i = s implies that f out = f � opt minimizes J (f ) under con-
straints (7.2).

We carry on using a standard variational argument. We take a small perturbation
� g, where g 2 F and � 2 R, add it to f out and study the change

� (� ) = J � (f out + � g) � J � (f out ) (7.50)

it induces in the criterion. We consider its derivative

@
@�

� = 2B (f out ; g) � 2� T hH; gi (7.51)

I� (f out ; � ) is a saddle point, then @
@� � = 0, and hH; f out i = s. (See Appendix C for

a proof.) This directly leadsto the following lemma:

Lemma 1 A function f out from F satisfying hH; f out i = s solvesthe variational problem
P, if and only if there is a real vector � such that for all g 2 F

B (f out ; g) = � T hH; gi (7.52)

Note that becauseof the Property 5 on density, we can initially consideronly g from
�

and then extend to F , while the Lemma remains valid.
For g from the kernel K , we have B (f out ; g) = 0 (becauseB (g; g) = 0) and thus

� T hH; gi = 0 for each g 2 K (7.53)

7.6.2 Intro ducing fundamental solutions

We now supposethat we have found a set of functions ' i such that

B (' i ; g) = hh i ; gi for all g 2
�

(7.54)

We call ' i a fundamental solution corresponding to a �lter h i . (Seealso Section 7.6.5.)
Often there is no fundamental solution ' i in F . Then we search ' i in F , which is why
we had to restrict g to

�

(Section 7.4.5).
We want HRT � ' i to be �nite for all i = 1; : : : N . If this is not the case,we can suspect

that our minimization problem does not have a solution in F , which can hopefully be
proven using another method.
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7.6.3 Explicit solution of the variational problem

In order to obtain a more useful result than Lemma 1, we will use the linearit y of B .
Take a function

f (x) =
NX

i =1

� i ' i (7.55)

Becauseof (7.54), the function (7.55) clearly satis�es (7.52). We might be tempted to
conclude that, if f is consistent with constraints (7.2), then it solves P. However, this
will not necesarrilywork because' i , and therefore f in (7.55), doesnot in generalbelong
to the admissiblesolution spaceF .

With (7.55), we have exactly as many � i 's as there are consistencyconstraints (7.2).
This meansthat there are not enoughdegreesof freedomin (7.55) to ensurethe condition
f 2 F .

Note that if p belongsto K then B (f + p; g) = B (f ; g). We can therefore add to f
a function p from K , obtaining f out = f + p, which gives us the possibility to make
f out 2 F , while conservingthe validit y of (7.52).

Equation (7.53) will allow us to �nd the p. If K has a �nite basis, we can express
p(x) as

p(x) =
P � 1X

k=0

ak pk (x) (7.56)

Through linearit y, (7.53) is equivalent to the orthogonality constraint

� T hH; pk i = 0 for each k (7.57)

which, together with the consistencyconstraints (7.2), gives the samenumber of con-
straints as there are additional unknowns in (7.56). Combining (7.57) and (7.2) givesus
a set of linear equations for exactly as many unknowns � i and ak , which is a necessary
condition for the unicit y of the solution. (More on unicit y in Section 7.6.7.) Adding the
kernel term is in general su�cien t to ensurethat f out 2 F . We summarize our �ndings
in the form of a theorem. SeeAppendix C for a proof.

Theorem 4 (V ariational problem solution) Let � i and ak be real numbers and
f pk g a basis of the kernel K of J . Let further f ' i g be a set of fundamental solutions
corresponding to �lters H, in the senseof (7.54). Then the function

f out (x) =
P � 1X

k=0

ak pk +
NX

i =1

� i ' i (7.58)

solves the interpolation problem P(J; H; s) (where J (f ) = B (f ; f )) if and only if the
following three conditions are satis�ed:
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(i) The solution f out belongsto F as de�ned by (7.3), i.e., J (f out ) < 1 .

(ii) The solution f out is consistent with the constraints (7.2),i.e., hH; f out i = s.

(iii) The coe�cien ts � i are orthogonal in the senseof (7.57), i.e., � T hH; pk i = 0; 8 k.

Symbolically, we can combine (7.52) and (7.2) by substituting g = f out , yielding
a very simple expressionfor the optimal value of the criterion J (f out )

J (f out ) = � T s (7.59)

where s is the measurement vector.

7.6.4 Linear equation set

The solution f out (x) is given by equation (7.58) which contains P + N unknown param-
eters. Theseparametersare determined from a linear system of equations

�
A Q1

Q2 0

�

| {z }
B

�
�
a

�
=

�
s
0

�
(7.60)

The sub-matrix [A Q1] corresponds to the constraints (7.2). The sub-matrix A of size
N � N represents the contribution of the fundamental solutions and its elements are
(A) i;j = hh i ; ' j i . In many caseshh i ; ' j i = hh j ; ' i i and the matrix A is symmetrical.

The sub-matrix Q1 of size N � P represents the contribution of the kernel element
p in (7.58). Its elements are thus (Q1) i;k = hh i ; pk i . The third sub-matrix Q2 is of
sizeP � N ; it represents the orthogonality conditions (7.57). Its elements are (Q1)k ;i =

hh i ; pk i . We can seethat Q1 = QT
2

def= Q. Consequently , if A is symmetrical, then B is
symmetrical as well.

7.6.5 Finding the fundamental solutions

To �nd the fundamental solutions ' as de�ned by (7.54), it is useful to start from the
convolutional formulation of the bilinear form (7.13). Similarly, we usethe convolutional
form (7.2) to describe the sampling. Thus, the (7.54) becomes

hU � ' i ; gi = hh i ; gi (7.61)

The fundamental solutions are then de�ned through the distributional equations

U � [' 1 : : : ' q]
| {z }

�

= H (7.62)
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The task can be broken in two parts. We �rst solve for the Green functions  i

U � [ 1 : : :  n ]
| {z }

	

= � (x) In � n ; x 2 Rm (7.63)

Oncewehavethe Greenfunctions  i , weget the fundamental solutions ' i by convolution
with the measurement operators H:

[' 1 : : : ' q] = � = 	 � H (7.64)

We seefrom (7.63) that when U is symmetrical, then 	 is symmetrical too. When
further H is symmetrical, then the sameholds true for � (from (7.64)). This is often the
case,as U and H are mostly diagonal. Consequently , this causesthe matrices A and B
to be symmetrical as well. (SeeSection 7.6.4.)

7.6.6 Green functions

As an example, let us �rst study a simple scalar case(n = 1, m = 1). As criterion, we
chooseDuchon's semi-norm kf kD 2 = kf 00kL 2 which corresponds to l = � 00 in (7.14) and
thus u = lR � l = d4

dx 4 � . The corresponding Green function must satisfy

u �  =
d4�
dx4 �  =

d4 
dx4 = � (7.65)

Integrating four times, we get a family of possibleGreenfunctions  (x) = x3
+ =12+ a3x3 +

a2x2 + a1x + a0, where x3
+ is the one-sidedpower function. For convenience,we choose

the symmetrical one  (x) = jxj3=12.
The Green functions corresponding to general Duchon's semi-norms(7.45) are best

analyzed in the Fourier domain using (7.38) with � = M + s. Then the following must
hold:

û  ̂ = k! k2�  ̂ = 1 (7.66)

also in the distributional sense. Becauseboth u and � are radial2 distributions, and
a convolution of two radial distributions is also radial,  is radial as well. That is why
the resulting functions  (and ' , if h preservesradialit y) are called radial basis functions.
We express (x) as  (r ), with r = kxk. Consequently  ̂ (! ) is radial too and can be
expressedas  ̂ (k! k).

The problem of �nding  ̂ from (7.66) is well studied (cf. [139], page 258). In the
Fourier domain, we get, for 2� � m not an even integer:

� � 1Pf k! k� 2� = cr 2� � m (7.67)

2We call a distribution u radial, if hu; v(x )i = hu; v(
 x )i holds for any test function v and rotation

 about the origin.
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wherec is a constant which canbecalculatedbut which is irrelevant for our purposes.The
`Pf' (`partie �nie' [139]|�nite part) symbol meansthat we are consideringa distribution
that coincideswith the function k! k� 2� for ! 6= 0, which doesnot hinder the validit y of
the equation (7.66) in the distributional sense.

If 2� � m is an even positive integer, the above formula has to be modi�ed as

� � 1Pf k! k� 2� = c0r 2� � m log r + c1r 2� � m (7.68)

For our task, we do not have to consider the c1r 2� � m part of (7.68) becauseit belongs
to K .

For 2� � m even, it is actually easier to work directly in the time domain. If we
have a radial function g(r ) that satis�es g0 = r 1� m , then � g = Sm � . (SeeAppendix D
for a proof.) The constant Sm is the surface of the m-dimensional unit hypersphere.3

For example, for m = 2 we get � logr = 2� � . Iterativ ely applying the formula for the
Laplacian of a radial function

�  (x ) =  00(r ) +
m � 1

r
 0(r ) (7.69)

yields � 2r 2 log r = �(4 logr + 4) = 8� � , � 3r 4 log r = 64� � , and � 4r 6 log r = 2304� � .
For m = 3, we have � r � 1 = 4� � , � 2r = 8� � , � 3r 3 = 96� � , etc.

Generally, Duchon's semi-norm kf kD M ;s leads to a fundamental solution ' (r ) =
cr2(M + s) � m , if the exponent is not even, or ' (r ) = cr2(M + s) � m log r otherwise. This
permits us to choosefrom the continuum of Duchons' semi-normsthe one that suits us
best.

In the multidimensional (n > 1) case,where U = uI, we get simply 	 =  I.

7.6.7 Unicit y of the solution

Let us supposethat the set of fundamental solutions f ' i g and a �nite basis f pk g exist.
Then there is a set of linear equations (7.60) to determine the unknowns � i and ak . If
this set hasa unique solution, the interpolation problem will alsohave a unique solution,
provided, of course,that (7.57) implies f 2 F .

In the single channel, ideal sampling (hhi ; f i = f (x i )), unidimensional case,the set
has the form (7.60) with (A) ij = ' (x i � x j ) and (Q1) ik = (QT

2 ) ik = pk (x i ). If ' is radial,
it can be written as ' (x ) = ' (r ) = � (r 2). Miccheli [128] proved that A is nonsingular
provided that � 0 is completely monotonic but not constant on (0; 1 ), � is continuouson
[0; 1 ) and positive on (0; 1 ), and x j are distinct. (A function � is completely monotonic
provided it is in C1 and (� 1)l � ( l ) � 0 for l = 0; 1; : : : .)

Powell [72] has additionally shown that if K is the spaceof polynomials of order
M � 1 and if either � (M ) or � � (M ) is strictly completely monotonic on (0; 1 ), then B is

3Sm = 2� m= 2=�( m=2) which for m = 2,m = 3 yields the familiar values 2� and 4� [127].
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nonsingular provided that the x j are distinct and that there is no non-zero polynomial
Q of order M � 1 such that Q(x j ) = 0 for all j . This is closelyrelated to our observation
in Section 7.4.1.

The radial functions ' (r ) = r � give completely monotonic � (M ) which guaranteesthe
regularity of A, as do the most often used r � log r , stemming from Duchon semi-norms
with � = 2(M + s) � m. (The semi-normkf kD M ;s leadsto � (r ) = crM + s� m= 2, eventually
� (r ) = crM + s� m= 2 log r . The kernel K contains polynomials up to order M � 1, so we
needto calculate � (M ) .)

7.7 Approximation problem

In some applications it might be interesting to replace the `hard' constraints (7.2) by
`soft' ones,by adding a data term penalizing solution far from the constraints. To de�ne
a variational approximation problem we intro duce a combined criterion Ja . We consider
the following general form:

Ja(f ) = J (f ) +
�

�
hH; f i ; s

�
(7.70)

where
�

: RN � RN ! R is an arbitrary distance function. We use it to measurethe
distance between the measurements and the sampled solution hH; f i . We then say that
f out 2 F is a solution to an approximation problem A(Ja ; H; s), i� for all functions f 2 F
we have Ja(f ) � Ja (f out ).

The problem of solving the approximation problem A is closely related to the con-
strained problem P, as demonstrated by the following Theorem.

Theorem 5 (AP solution) Let us denoteJmin (z) the criterion value J (f ) of a function
f solving a constrained problem P(J; H; z). Let us further de�ne z� as

z� = argmin
z

�
Jmin (z) +

�

(z; s)
�

(7.71)

Then f out solvesthe problem A(Ja ; H; s), i� it solvesthe interpolation problem P(J; H; z� )

The proof follows from the observation that the data term in Ja dependsonly on the
measurements zi = hh i ; f i of the solution f . Thus, the minimization

f out = argmin
f 2 F

Ja(f ) (7.72)

required to solve A can be broken into two parts: (a) external minimization with respect
to the z, and (b) internal minimization trying to �nd the proper f out minimizing J given
z. We seethat the internal optimization is exactly the constrained variational problem
described previously. Once it is solved, the external minimization becomesa standard
multidimensional optimization problem which can be solved by existing numerical meth-
ods [50], or in somespecial casesanalytically (seenext section for an example).
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7.7.1 Least-squares approximation

Often, the generalcriterion (7.70) can be replacedby a simple least-squaresform

Ja(f ) = J (f ) + 

X

i

(hh i ; f i � si )
2 (7.73)

We �rst realize that according to Theorem 5, the solution has the form (7.58). We then
usethe method of small perturbations by evaluating the change(similarly to (7.50))

� (� ) = Ja (f out + � g) � Ja(f out ) (7.74)

Its derivative needsto be zero for all g 2 F , in order for f out to be a minimum,i.e.,
@�
@� = 0. This implies

@
@�

� = 2B (f out ; g) + 2

X

i

hh i ; gi
�
hh i ; f out i � si

�
= 0 (7.75)

Substituting (7.52) into B (f out ; g) in (7.75) yields

�
X

i

� i hh i ; gi = 

NX

i =1

hh i ; gi
�
hh i ; f out i � si

�
(7.76)

As this equality needsto hold for all g, we can factor out the term dependent on g.
Substituting in the solution (7.58) yields


 � 1� i = si �
NX

j =1

� j hh i ; ' j i �
P � 1X

k=0

ak hh i ; pk i (7.77)

By taking g 2 K in (7.75) we get the sameorthogonality constraints (7.57) as in the in-
terpolation case.Combining (7.57) with the precedingequation leadsto a linear equation
set

�
A + 
 � 1I Q

QT 0

�

| {z }
B

�
�
a

�
=

�
s
0

�
(7.78)

Note the fundamental similarit y to (7.60) and the simple form of the regularization by
adding a diagonal matrix.

7.8 Conclusions

We havepresented a systematicway of solving variational problemsminimizing quadratic
regularization criteria under generallinear constraints. We havealsoconsideredreplacing
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the constraints by a corresponding penalty function and weshow that it leadsto a solution
with the same form. The solution of such problems lies in a vector space uniquely
corresponding to the problem at hand, generatedby a system of fundamental solutions,
related to Green functions. We have shown how the requirements we impose on the
variational problem solution determine the choice of the criterion, leading to the family
of semi-normsintro duced by Duchon.

7.9 Appendix

A Linearit y with respect to measurements

Let us have a function v from F0 where F0 =
�

v 2 F ; 8 i ; hh i ; v i = 0
	

. By linearit y, 
 v
also belongsto F0 for 
 2 R. We then have J (f + 
 v) � J (f ) becausef solvesthe GIP.
Consequently 2
 B (f ; v ) + 
 2B (v ; v ) � 0 and thus 
 B (f ; v ) � 0 for su�cien tly small
(positive or negative) 
 which implies

B (f ; v ) = 0 for any v from F0 (7.79)

This leadsto J (� f + � g + v) � J (� f + � g) = 2B (� f + � g; v ) + J (v ) = J (v ) � 0, which
provesthat � f + � g solvesthe problem with measurements � r + � s, when f and g solve
problems with measurements r and s, respectively.

B Di�erence between two solutions

Weprovethat if two functions f 1 and f 2 both minimize J (f ) under someconstraints (7.2),
then J (f 1 � f 2) = 0. Using (7.79) we deduceB (f 1; f 1 � f 2) = B (f 2; f 1 � f 2) = 0. This
directly yields J (f 1 � f 2) = B (f 1; f 1 � f 2) + B (f 2; f 2 � f 1) = 0.

C GIP solution

First supposethat f out solves the GIP. Then by de�nition f out 2 F and hH; f out i = s.
The equations (7.53) and (7.2) are valid by construction. As p k 2 K , we have (7.57).
Conversely, supposethat hH; f out i = s and (7.57) holds. The formula (7.58) for f out gives
B (f out ; g) =

P
i � i B

�
' i ; g

�
. Substituting (7.54) leads to B (f ; g) =

P
i � i hh i ; gi for all

g 2
�

. As f 2 F and
�

is densein F , the preceding formula holds also for all f 2 F
which permits us to apply Lemma 1.

D Dirac Laplacian

Consider h� g; vi , where v is a test function. This scalar product equals -
R

r gr v dx.
We change to spherical coordinates x ! (r; � 1; : : : ; � m � 1). The integral becomes
�

R
g0@v

@r r m � 1drd
 where d
 = d� 1 : : : d� m � 1 and
R

d
 = Sm . We use the fact that
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r m � 1g0 = 1. Then by integration over r we get �
R

[v(r )]r = 1
r =0 d
 . As v is a test function,

v(1 ) = 0, and the integral simpli�es to � Sm [v]10 = Sm v(0). Consequently , � g = Sm � .
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Conclusions

Elastic registration is an unavoidable part of any comparisonor evaluation of biomedical
imagesinvolving di�eren t subjects, techniques,or acquired at di�eren t times. It permits
to eliminate the di�erences due to di�eren t acquisition conditions, while keeping the
relevant changes.

The intensity-based approach is preferable for automatic registration becauseit al-
leviates the need for a di�cult feature detection step. The sum of square di�erences
is a reasonablemeasureof the quality of the �t, and we have found it to perform well
in our applications. B-spline representation of both the image and the deformation is
computationally e�cien t, has good approximation properties and lends itself well to
a multiresolution approach. The described automatic algorithm takes advantage of all
these properties; it is reasonably fast, robust, and has been used in a number of real
applications, including MRI, SPECT and ultrasound imaging.

A semi-automatic method combining the automatic method with landmark informa-
tion yields good results even in situation where the automatic method by itself fails, and
its accuracy is much better than that of purely landmark basedregistration.

Classicallandmark interpolation can be formulated asa special caseof a more general
variational interpolation or approximation problem. Any object can be reconstructed
given a quadratic plausibilit y criterion and a set of linear measurements. Moreover, the
reconstruction lies in a vector spaceand is determined by a simple linear equation set.
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Availabilit y of the software

I wrote countless lines of code while working on my Ph.D. thesis. A major part of what
I wrote is available to your perusal under the GNU Public License(GPL), 4 provided you
give me the appropriate credit. The GPL basically meansyou can usemy programs for
free but there is no waranty and you may not incorporate it into a proprietary program.
The sourcecode can be found either on a CD coming with somecopiesof this thesis or
from my web page: http://bigwww.epf l. ch/ kybic . If you publish your work and you
have usedmy code, you should referenceeither this thesis or one of our relevant papers.

The �rst generationof the registration algorithm for unidirectional deformations was
written in Matlab , in summer 1998. The time critical routines were reimplemented in C
and the resulting algorithm is described in Chapter 4. The secondgenerationaddedsup-
port for multidimensional deformations, still in Matlab and C, was used to register the
SPECT images(Chapter 5) and in part of the ultrasound experiments. The third gener-
ation of the registration algorithm, developed in January 2001,sports Python as its glue
language,replacing Matlab . Python is free, portable, and results in much better struc-
tured code. Functionally, it is equivalent to the secondgeneration, only faster. Finally
the current, fourth reincarnation is even faster, the code hasbeenrestructured, the defor-
mation model modi�ed, and new optimizer intro duced. It also adds the semi-automatic
virtual spring mode. All experiments in Chapter 5 (except SPECT registration) were
performed using the fourth generation code.

The variational reconstruction algorithms (Chapters 6 and 7) and landmark warp-
ing (Chapter 3) were mostly implemented in Matlab with some time critical routines
reimplemented in C.

I also wrote web server software MOW (Matlab on the Web) permitting to make
interactive demonstrations written in Matlab available on the Web. The server part is
written in Python, the client part is a Java applet. A variant called MOS (Matlab on
the server) eliminates the needfor Java by generating the complete pageson the server.

All software was developed on Unix. However, it should not be di�cult to port
it to other platforms. In fact, the third generation of the registration algorithm was

4Available from http://www.gnu.org/copy lef t/gp l.h tml or by mail from Free Software Foundation,
Inc., 59 Temple Place - Suite 330, Boston, MA 02111-1307, USA
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successfullyrun under the Windows 95 operating system.
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