1Image Interpolation and ResamplingPhilippe Th�venaz, Thierry Blu and Michael UnserSwiss Federal Institute of Technology�Lausannephilippe.thevenaz@epfl.ch, thierry.blu@epfl.ch, michael.unser@epfl.chAbstract�This chapter presents a survey of interpolation and resampling techniques inthe context of exact, separable interpolation of regularly sampled data. In this context, thetraditional view of interpolation is to represent an arbitrary continuous function as adiscrete sum of weighted and shifted synthesis functions�in other words, a mixedconvolution equation. An important issue is the choice of adequate synthesis functions thatsatisfy interpolation properties. Examples of finite-support ones are the square pulse(nearest-neighbor interpolation), the hat function (linear interpolation), the cubic Keys’function, and various truncated or windowed versions of the sinc function. On the otherhand, splines provide examples of infinite-support interpolation functions that can berealized exactly at a finite, surprisingly small computational cost. We discussimplementation issues and illustrate the performance of each synthesis function. We alsohighlight several artifacts that may arise when performing interpolation, such as ringing,aliasing, blocking and blurring. We explain why the approximation order inherent in thesynthesis function is important to limit these interpolation artifacts, which motivates theuse of splines as a tunable way to keep them in check without any significant cost penalty.I. INTRODUCTIONInterpolation is a technique that pervades many an application. Interpolation is almost never the goal initself, yet it affects both the desired results and the ways to obtain them. Notwithstanding its nearlyuniversal relevance, some authors give it less importance than it deserves, perhaps becauseconsiderations on interpolation are felt as being paltry when compared to the description of a moreinspiring grand scheme of things of some algorithm or method. Due to this indifference, it appears as ifthe basic principles that underlie interpolation might be sometimes cast aside, or even misunderstood.The goal of this chapter is to refresh the notions encountered in classical interpolation, as well as tointroduce the reader to more general approaches.1.1. DefinitionWhat is interpolation? Several answers coexist. One of them defines interpolation as an informedestimate of the unknown [1]. We prefer the following�admittedly less concise�definition: model-based recovery of continuous data from discrete data within a known range of abscissa. The reason forthis preference is to allow for a clearer distinction between interpolation and extrapolation. The formerpostulates the existence of a known range where the model applies, and asserts that the deterministically-recovered continuous data is entirely described by the discrete data, while the latter authorizes the use ofthe model outside of the known range, with the implicit assumption that the model is "good" near datasamples, and possibly less good elsewhere. Finally, the three most important hypothesis for interpolationare:

21)The underlying data is continuously defined;2)Given data samples, it is possible to compute a data value of the underlying continuous function atany abscissa;3)The evaluation of the underlying continuous function at the sampling points yields the same value asthe data themselves.1.2. ScopeIt follows from this definition that interpolation, in some form or another, is needed each time the data toprocess is known only by discrete samples, which is almost universally the case in the computer era.This ubiquitous applicability is also the rule in biomedical applications. In this chapter, we restrict thediscussion to the case where the discrete data are regularly sampled on a Cartesian grid. We also restrictthe discussion to exact interpolation, where the continuous model is required to take the same values asthe sampled data at the grid locations. Finally, we restrict ourselves to linear methods, such that the sumof two interpolated functions is equal to the interpolation of the sum of the two functions. For thisreason, we will only mention Kriging [2, 3] and shape-based interpolation [4, 5] as examples of non-linear interpolation, and quasi-interpolation [6] as an example of inexact interpolation, withoutdiscussing them further. In spite of these restrictions, the range of applicability of the interpolationmethods discussed here remains large, especially in biomedical imagery, where it is very common todeal with regularly sampled data.1.3. ApplicationsAmong biomedical applications where interpolation is quite relevant, the most obvious are those wherethe goal is to modify the sampling rate of pixels (picture elements) or voxels (volume elements). Thisoperation, named rescaling, is desirable when an acquisition device�say, a scanner�has a non-homogeneous resolution, typically a fine within-slice resolution and a coarse across-slice resolution. Inthis case, the purpose is to change the aspect ratio of voxels in such a way that they correspond togeometric cubes in the physical space [7, 8]. Often, the across-slice resolution is modified to match thewithin-slice resolution, which is left unchanged. This results in a volumetric representation that is easy tohandle (e.g., to visualize or to rotate) because it enjoys homogenous resolution.A related operation is reslicing [9]. Suppose again that some volume has a higher within-slice thanacross-slice resolution. In this case, it seems natural to display the volume as a set of images orientedparallel to the slices, which offers its most detailed presentation. Physicians may however be sometimesinterested in other views of the same data; for simplicity, they often request that the volume be alsodisplayed as set of images oriented perpendicular to the slices. With respect to the physical space, thesespecial orientations are named axial, coronal and sagittal, and require at most rescaling for their properdisplay. Meanwhile, interpolation is required to display any other orientation�in this context, this isnamed reslicing.The relevance of interpolation is also obvious in more advanced visualization contexts, such as volumerendering. There, it is common to apply a texture to the facets that compose the rendered object [10].Although textures may be given by models (procedural textures), this is generally limited to computergraphics applications; in biomedical rendering, it is preferable to display a texture given by a map

3consisting of true data samples. Due to the geometric operations involved (e.g., perspective projection),it is necessary to resample this map, and this resampling involves interpolation. In addition, volumetricrendering also requires the computation of gradients, which is best done by taking the interpolationmodel into account [11].A more banal use of interpolation arises with images (as opposed to volumes). There, a physician mayboth want to inspect an image at coarse scale and to study some detail at fine scale. To this end,interpolation operations like zooming-in and -out are useful [12, 13]. Related operations are (sub-pixel)translation or panning, and rotation [14]. Less ordinary transformations may involve a change ofcoordinates, for example the polar-to-Cartesian scan conversion function that transforms acquired polar-coordinate data vectors from an ultrasound transducer into the Cartesian raster image needed for thedisplay monitors. Another application of the polar-to-Cartesian transform arises in the three-dimensionalreconstruction of icosahedral viruses [15].In general, almost every geometric transformation requires that interpolation be performed on an imageor a volume. In biomedical imaging, this is particularly true in the context of registration, where animage needs to be translated, rotated, scaled, warped, or otherwise deformed, before it can match areference image or an atlas [16]. Obviously, the quality of the interpolation process has a large influenceon the quality of the registration.The data model associated to interpolation also affects algorithmic considerations. For example, thestrategy that goes by the name of multiresolution proposes to solve a problem first at the coarse scale ofan image pyramid, and then to iteratively propagate the solution at the next finer scale, until the problemhas been solved at the finest scale. In this context, it is desirable to have a framework where theinterpolation model is consistent with the model upon which the image pyramid is based. The assurancethat only a minimal amount of work is needed at each new scale for refining the solution, is only presentwhen the interpolation model is coherent with the multiresolution model [17].Tomographic reconstruction by (filtered) back-projection forms another class of algorithms that rely oninterpolation to work properly. The principle is as follows: several x-ray images of a real-world volumeare acquired, with a different relative orientation for each image. After this physical acquisition stage,one is left with x-ray images (projections) of known orientation, given by data samples. The goal is toreconstruct a numeric representation of the volume from these samples (inverse Radon transform), andthe mean is to surmise each voxel value from its pooled trace on the several projections. Interpolation isnecessary because the trace of a given voxel does not correspond in general to the exact location ofpixels in the projection images. As a variant, some authors have proposed to perform reconstruction withan iterative approach that requires the direct projection of the volume (as opposed to its back-projection)[18]. In this second approach, the volume itself is oriented by interpolation, while in the first approachthe volume is fixed and is not interpolated at all, but the projections are.Interpolation is so intimately associated with its corresponding data model that, even when noresampling operation seems to be involved, it nevertheless contributes under the guise of its data model.For example, we have defined interpolation as the link between the discrete world and the continuous

4one. It follows that the process of data differentiation (calculating the data derivatives), which is definedin the continuous world, can only be interpreted in the discrete world if one takes the interpolation modelinto consideration. Since derivatives or gradients are at the heart of many an algorithm (e.g., optimizer,edge detection, contrast enhancement), the design of gradient operators that are consistent with theinterpolation model [19, 20] should be an essential consideration in this context.II. CLASSICAL INTERPOLATIONAlthough many ways have been designed to perform interpolation, we concentrate here on linearalgorithms of the form

ƒ(x) = ƒ_k φ_{int}(x − k)

k∈Z^q∑

∀ x = x_1,x_2,K ,x_q ( )∈ R^q

,(1)where an interpolated value

ƒ(x)

at some (perhaps non-integer) coordinate

x

in a space of dimension

q

is expressed as a linear combination of the samples

ƒk

evaluated at integer coordinates

k = k1,k2,K ,kq ( )∈ Zq

, the weights being given by the values of the function

φ int(x − k)

. Typicalvalues of the space dimension correspond to bidimensional images (2D), with

q = 2

, and tridimensionalvolumes (3D), with

q = 3

. Without loss of generality, we assume that the regular sampling step is unity.Since we restrict this discussion to exact interpolation, we ask the function

φ int

to satisfy theinterpolation property�as we shall soon see, it must vanish for all integer arguments except at theorigin, where it must take a unit value. A classical example of the synthesis function

φ int

is the sincfunction, in which case all synthesized functions are band-limited.As expressed in (1), the summation is performed over all integer coordinates

k ∈ Zq

, covering the wholeof the Cartesian grid of sampling locations, irrespective of whether or not there actually exists aphysically acquired sample

ƒk0

at some specific

k0

. In practice however, the number of known samplesis always finite; thus, in order to satisfy the formal convention in (1), we have to extend this finitenumber to infinity by setting suitable boundary conditions over the interpolated function, for exampleusing mirror symmetries (see Appendix). Now that the value of any sample

ƒk

is defined (that is, eithermeasured or determined), we can carry the summation all the way to�and from�infinity.The only remaining freedom lies in the choice of the synthesis function

φ int

. This restriction is butapparent. Numerous candidates have been proposed: Appledorn [21], B-spline [22], Dodgson [23],Gauss, Hermite, Keys [24, 25], Lagrange, linear, Newton, NURBS [26], o-Moms [27], Rom-Catmull,sinc, Schaum[28], Thiele, and more. In addition to them, a large palette of apodization windows havebeen proposed for the practical realization of the sinc function, which at first sight is the most naturalfunction for interpolation. Their naming convention sounds like a pantheon of mathematicians [29]:Abel, Barcilon-Temes, Bartlet, Blackman, Blackman-Harris, Bochner, Bohman, Cauchy, Dirichlet,Dolph-Chebyshev, Fej�r, Gaussian, Hamming, Hanning, Hanning-Poisson, Jackson, Kaiser-Bessel,Parzen, Poisson, Riemann, Riesz, Tukey, de la Vall�e-Poussin, Weierstrass, and more.2.1. Interpolation ConstraintConsider the evaluation of (1) in the specific case when all coordinates of

x = k0

are integer

ƒk0 = ƒk φ int(k0 − k)

k∈Zq∑ ∀ k0 ∈ Zq

.(2)

5This equation is known as the interpolation constraint. Perhaps, the single most important point of thiswhole chapter about interpolation is to recognize that (2) is a discrete convolution. Then, we can rewriteEquation (2) as

ƒk0 = ƒ∗p( )k0 ∀ k0 ∈ Zq

,(3)where we have introduced the notation

pk = φ int(k)

to put a heavy emphasis on the fact that we onlydiscuss convolution between sequences that have the crucial property of being discrete. By contrast, (1)is not a convolution in this sense, because there

φ int

is evaluated at possibly non-integer values. Fromnow on, we shall use

ƒk

to describe the samples of

ƒ

, and

pk

to describe the values taken by

φ int

forinteger argument. Clearly we have that (2) is equivalent to

pk = δk

, where

δk

is the Kronecker symbolthat is characterized by a central value

δ0 =1

, and by zero values everywhere else. This function ofinteger argument takes the role of the neutral element for a discrete convolution.III. GENERALIZED INTERPOLATIONAs an alternative algorithm, let us now consider the form

ƒ(x) = ck φ (x − k)

k∈Zq∑ ∀ x ∈ Rq

.(4)The crucial difference between the classical formulation (1) and the generalized formulation (4) is theintroduction of coefficients

ck

in place of the sample values

ƒk

. This offers new possibilities, in thesense that interpolation can now be carried in two separate steps: firstly, the determination of coefficients

from the samples

, and secondly, the determination of desired values

ƒ(x)

from the coefficients

ck

. The benefit of this separation is to allow for an extended choice of synthesis functions, some withbetter properties than those available in the restricted classical case where

ck = ƒk

. The apparentdrawback is the need for an additional step. We shall see later that this drawback is largely compensatedby the gain in quality resulting from the larger selection of synthesis functions to choose from.In the present approach, the synthesis function is not necessarily finite-support, nor is required to satisfythe interpolation property; in return, it becomes essential to assign a specific value to those samples

ƒk

that are unknown because they are out of the range of our data. In practice, this assignment is implicit,and the unknown data are usually assumed to be mirrored from the known data.3.1. Determination of the CoefficientsSuppose we want to enforce a condition akin to (2), in the context of generalized interpolation.Considering again only integer arguments

x = k0

, we write

ƒk0 = ck pk0 − k

k∈Zq∑ ∀ k0 ∈ Zq

,(5)where

pk = φ (k)

. Given some function

φ

that is known a priori, this expression is nothing but a linearsystem of equations in terms of the unknown coefficients

ck

. According to (5), the dimension of thissystem is infinite, both with respect to the number of equations (because all arguments

k0 ∈ Zq

areconsidered), and to the number of unknowns (because all indexes

k ∈ Zq

are considered in the sum).One way to reduce this system to a manageable size is to remember that the number of known samples

k0

is finite in practice (which limits the number of equations), and at the same time to constrain

φ

to befinite-support (which limits the number of unknowns). We are now faced with a problem of the form

6

c = P^{− 1} f

, and a large part of the literature (e.g., [30]) is devoted to the development of efficienttechniques for inverting the matrix

P

in the context of specific synthesis functions

φ

.Another strategy arises once it is recognized that (5) is again a discrete convolution equation that can bewritten as

ƒk0 = c∗p( )k0 ∀ k0 ∈ Zq

.(6)It directly follows that the infinite sequence of coefficients

ck{ }

can be obtained by convolving theinfinite sequence

ƒk{ }

by the convolution-inverse

p( )− 1

. The latter is simply a sequence of numbers

p( )k− 1 { }

such that

p∗ p( )− 1 ( )k = δk

. This sequence is uniquely defined and does generally exist in thecases of interest. Convolving both sides of (6) by

p( )k− 1

, we get that

ck0 = p( )− 1∗ƒ ( )k0 ∀ k0 ∈ Zq

.(7)Since discrete convolution is nothing but a digital filtering operation, this suggests that discrete filteringcan be an alternative solution to matrix inversion for the determination of the sequence of coefficients

ck{ }

needed to enforce the desirable constraint (5). A very efficient algorithm for performing thiscomputation for an important class of synthesis functions can be found in [19, 20]; its computational costfor the popular cubic B-spline is two additions and three multiplications per produced coefficient.3.2. ReconciliationComparing (1) with (4), it appears that classical interpolation is a special case of generalizedinterpolation with

ck = ƒk

and

φ = φ int

. We show now that the converse is also true, since it is possibleto interpret the generalized interpolation

ƒ(x) = ck φ (x − k) ∑

as a case of classical interpolation

ƒ(x) = ƒk φ int(x − k) ∑

. For that, we have to determine the interpolant

φ int

from its non-interpolatingcounterpart

φ

. From (4) and (7), we write

ƒ(x) = p( )− 1∗ƒ ( )k1 φ (x − k1)

k1∈Zq∑ = p( )k2− 1 ƒk1− k2 k2∈Zq∑ φ (x − k1) k1∈Zq∑

.We finally determine that the interpolant

φ int

that is hidden behind a non-interpolating

φ

is

φ int(x) = p( )k− 1 φ (x − k) k∈Zq∑

.(8)It is crucial to understand that this equivalence allows the exact and efficient handling of an infinite-support interpolant by performing operations only with a finite-support, non-interpolating function

φ

. The freedom to select a synthesis function is much larger after the interpolation constraint has beenremoved; this opens up the use of synthesis functions

φ

that offer much better performance (for a givencomputational cost) than any explicit interpolant

φ int

.IV. TERMINOLOGY AND OTHER NONSENSESince the need for interpolation arises so often in practice, its droning use makes it look like a simpleoperation. This is deceiving, and the fact that the interpolation terminology is so perplexing hints athidden difficulties. Let us attempt to befuddle the reader: the cubic B-spline is a piecewise polynomialfunction of degree three. It does not correspond to what is generally understood as cubic convolution, thelatter being a Keys’ function made of piecewise polynomials of degree three (like the cubic B-spline) and

7of maximal order three (contrary to the cubic B-spline, for which the order is four). No B-spline ofsufficient degree should ever be used as an interpolant

φ int

, but a high-degree B-spline makes for a high-quality synthesis function

φ

. The Appledorn function of degree four is no polynomial and has orderzero. There is no degree that would be associated to the sinc function, but its order is infinite. Anypolynomial of a given degree can be represented by splines of the same degree, but, when the splinedegree increases to infinity, the cardinal spline tends to the sinc function, which can at best represent apolynomial of degree zero. In order to respect isotropy in two dimensions, we expect that the synthesisfunction itself must be endowed with rotational symmetry; yet, the best possible function (sinc) is not.Kriging is known to be the optimal unbiased linear interpolator, yet it does not belong to the category oflinear systems; an example of linear system is the Dodgson synthesis function made of quadraticpolynomials. Bilinear transformation and bilinear interpolation have nothing in common. Your everydayimage is low-pass, yet its most important features are its edges. And finally, despite more than ten yearsof righteous claims to the contrary [31], some authors (who deserve no citation) persist in believing thatevery synthesis function

φ

built to match Equation (4) can be used in Equation (1) as well, in the placeof

φ int

. Claims that the use of a cubic B-spline blurs data, which are wrongly made in a great majority ofimage processing textbooks, are a typical product of this misunderstanding.Confused?We hope that the definitions of order and degree, given later in this paper, will help to clarify this mess.We also hope to make clear when to use Equation (1) and when to use the generalized approach ofEquation (4).V. ARTIFACTSIn most clinical situations, data are available once only, at a given resolution (or sampling step). Thus,there exist no absolute truth regarding the value of

ƒ

between its samples

ƒk

; moreover, there is norigorous way to check whether an interpolation model corresponds to the physical reality withoutintroducing at least some assumptions. For these reasons, it is necessary to resort to mathematicalanalysis for the assessment of the quality of interpolation. The general principle is to define aninterpolated function

ƒh

as given by a set of samples that are

h

units apart and that satisfy

ƒh(x) = ck φ ( 1h x − k)

k∈Zq∑ ∀ x ∈ Rq

,with the interpolation constraint that

ƒh(hk) = ƒ(hk)

for all

k ∈ Zq

. The difference between

ƒh(x)

and

ƒ(x)

for all

x ∈ Rq

will then describe how fast the interpolated function

converges to the truefunction

ƒ

when the samples that define

become more and more dense, or, in other words, when thesampling step

h

becomes smaller and smaller. When this sampling step is unity, we are in the conditionsof Equation (4). The details of the mathematical analysis address issues such as how to measure the errorbetween

ƒh

and

ƒ

, and how to restrict�if desired�the class of admissible functions

ƒ

. Sometimes,this mathematical analysis allows the determination of a synthesis function with properties that areoptimal in a given sense [27]. A less rigorous approach is to perform experiments that involveinterpolation and resampling, often followed by visual judgment. Some effects associated tointerpolation have been named according to the results of such visual experiments; the most perceptibleeffects are called ringing, aliasing, blocking, and blurring.

85.1. ResamplingResampling by interpolation is generally understood as the following procedure:1)Take a set of discrete data

ƒk

;2)Build by interpolation a continuous function

ƒ(x)

;3)Perform a geometric transformation

T

that yields

ƒ(T(x)) = ƒk1 φ (T(x)− k1) ∑

;4)Summarize the continuous function

ƒ(T(x))

by a set of discrete data samples

ƒ(T(k2))

.Often, the geometric transformation results in a change of sampling rate. Irrespective of whether thischange is global or only local, it produces a continuous function

ƒ(T(x))

that cannot be representedexactly by the specific interpolation model that was used to build

ƒ(x)

from

ƒk

. In general, given anarbitrary transformation

T

, no set of coefficients

ck

can be found for expressing

ƒ(T(x))

as an exactlinear combination of shifted synthesis functions. By the resampling operation, what is reconstructedinstead is the function

g(x) ≠ ƒ(T(x))

that satisfies

g(x) = ƒ(T(k2))φ int(x − k2)

k2∈Zq∑ ∀ x ∈ Rq

,where

g(x)

and

ƒ(T(x))

take the same value at the sample locations

x = k2

, but not necessarilyelsewhere.It follows that the resulting continuous function

g(x)

that could be reconstructed is only anapproximation of

ƒ(T(x))

. Several approaches can be used to minimize the approximation error (e.g.,least-squares error over a continuous range of abscissa [32]). Since the result is only an approximation,one should expect artifacts. Those have been classified in the four broad categories called ringing,aliasing, blocking, and blurring.

250 200 150 100 50 0 25 20 15 10 5 0

250 200 150 100 50 0 25 20 15 10 5 0

Ringing arises because most good synthesis functions are oscillating. In fact, ringing is less of anartifact�in the sense that it would correspond to a deterioration of the data�than the consequence ofthe choice of a model: it may sometimes happen (but this is not the rule) that data are represented (e.g.,magnified or zoomed) in such a way that the representation, although appearing to be plagued withringing "artifacts", is nonetheless exact, and allows the perfect recovery of the initial samples. Ringingcan also be highlighted by translating by a non-integer amount a signal where there is a localized domainof constant samples bordered by sharp edges. After interpolation, translation and resampling, the newsamples do no more exhibit a constant value over the translated domain, but they tend to oscillate. Thisis known as the Gibbs effect; its perceptual counterpart is the Mach bands phenomena. Figure 1 showsan occurrence of ringing in the outlined area due to the horizontal translation of a high-contrast image by

Unlike ringing, aliasing is a true artifact because it is never possible to perform exact recovery of theinitial data from their aliased version. Aliasing is related to the discrete nature of the samples. When it isdesired to represent a coarser version of the data using less samples, the optimal procedure is first tocreate a precise representation of the coarse data that uses every available sample, and then only to

downsample this coarse representation. In some sense, aliasing appears when this procedure is notfollowed, or when there is a mismatch between the coarseness of the intermediate representation and thedegree of downsampling (not coarse enough or too much downsampling). Typical visual signatures of

Blocking arises when the support of the interpolant is finite. In this case, the influence of any given pixelis limited to its surroundings, and it is sometimes possible to discern the boundary of this influence zone.Synthesis functions with sharp transitions, such as those in use with the method named nearest-neighbor

Finally, blurring is related to aliasing in the sense that it is also a mismatch between an intermediate datarepresentation and their final downsampled or oversampled version. In this case, the mismatch is suchthat the intermediate data is too coarse for the task. This results in an image that appears to be out offocus. When the filter associated to the synthesis function

φ

or

φ int

is very different from an ideal filter,aliasing and blurring can occur simultaneously (they usually do). Note that, both for aliasing and blurringconsiderations, the intermediate representation need not be explicitly available or computed. Tohighlight blurring, it is enough to iterate the same interpolation operation several times, thus effectivelymagnifying the effect. Figure 4 has been obtained by the compound rotation of an image by

36

steps of

10°

The quality of geometric operations on images or volumes is very relevant in the context of biomedicaldata analysis. For example, the comparison of images taken with two different conditions requires thatthe geometric operation that aligns one with the other be high-quality in order to allow a detailedanalysis of their differences. That is to say, it is not enough that the geometric alignment be correctlyspecified; it is also crucial that it be correctly performed. Typical instances of that class of problemsinvolve functional Magnetic Resonance Imaging (fMRI), where the relative amplitude of the differencebetween two conditions (e.g., active vs. inactive) is very small. High quality (fidelity to the original) isalso a desirable trait in common display operations such as the reslicing of anisotropic data or the changeof scale and orientation of many pictorial representations. Typically, a physician will request thatrotating or zooming (magnifying) a region of interest of an image does introduce no spurious features,

The price to pay for high-quality interpolation is computation time. For this reason, it is important toselect a synthesis function that offers the best trade-off. There are several aspects to consider. The mostimportant deals with the support of

φ int

or

φ

, which is a measure of the interval in which we have that

φ (x) ≠ 0

. The larger the support, the more the computation time. Another important aspect is the qualityof approximation inherent in the synthesis function. Often, the larger the support, the better the quality;but it should be noted that the quality of synthesis functions with identical support may vary. Otheraspects involve the ease of analytical manipulation (when useful), the ease of computation, and the

c^kφ^{int}_{Consider Equations (1) or (4) in multidimensions, with}

q >1

. To simplify the situation, we restrict theinterpolant

φ int

or the non-interpolating

φ

to be finite-support. Without loss of generality, we assumethat this support is of size

Sq

(e.g., a square with side

S

in two dimensions, a cube in three dimensions).This means that the equivalent of 1D interpolation with a synthesis function requiring, say,

5

evaluations, would require as much as

125

function evaluations in 3D. Figure 5 shows what happens inthe intermediate 2D situation. This large computational burden can only be reduced by imposing

φφ sep(x) = φ (xi)^{i=1}_q∏ ∀ x = x1,x2,K ,xq( )∈ R_qThe very beneficial consequence of this restriction is that the data can be processed in a separablefashion, line-by-line, column-by-column, and so forth. In particular, the determination of theinterpolation coefficients needed for generalized interpolation is separable, too, because the form (4) islinear. In the previous example, the

53 =125

evaluations needed in 3D reduce to

3× 5=15

evaluationsof a 1D function when it is separable. We show in Figure 5 how the

52 = 25

evaluations needed in the2D non-separable case become

2× 5=10

in the separable case. For the rest of this paper, weconcentrate on separable synthesis functions; we describe them and analyze them in one dimension, and

1D case here). Since this function is even (i.e., symmetric), only even factors need be considered, and the

This result expresses that we can associate to any

a number

and a constant

such that the error of

on the theoretical assessment of the quality of any synthesis function by investigating the reproduction of

Comparing the sinc to the nearest-neighbor interpolation provides a good test case to grasp the predictive

of which is a sinc function (this situation is the converse of the previous case). Unfortunately, Expression

is minimal, while Schaum’s functions are interpolating but have a suboptimal approximation constant

a weighted sum of B-splines and their even-order derivatives. They have same order and same support asB-splines and o-Moms. Their main interest is that they are interpolant. Their main drawback with respect

decays only slowly, which generates a lot of ringing. In addition, there is no way to tune the performance exactly the trick we used with B-splines and o-Moms. Unfortunately, no function can be at the same time

of the support of the synthesis function

. Second to it, we find the cost of evaluating

for a

computation of

.Finally,weneed

mult-and-addsin2D;moregenerally,we

It follows from these theoretical considerations that the support for which a sinc-based synthesis function

). We have nevertheless shown the result of the slower implementation because itFigure 21 proposes a graphic summary of the most interesting results (circular pattern, quality better than coefficients required by B-splines and o-Moms is a small, almost negligible investment that offers a high

two images only; moreover, these images are not truly representative of your genuine biomedical data. In

#include<math.h>/*--------------------------------------------------------------------------*/ voidGetInterpolationCoefficients doublec[],/*inputsamples-->outputcoefficients*/ intDataLength,/*numberofsamplesorcoefficients*/ doublez[],/*poles*/ intNbPoles,/*numberofpoles*/ doubleTolerance/*admissiblerelativeerror*/ doubleLambda=1.0;intn,k; /*specialcaserequiredbymirrorboundaries*/ if(DataLength==1)return; /*computetheoverallgain*/ for(k=0;k<NbPoles;k=k+1) Lambda=Lambda*(1.0-z[k])*(1.0-1.0/z[k]); /*applythegain*/ for(n=0;n<DataLength;n=n+1) c[n]=c[n]*Lambda;/*loopoverallpoles*/ for(k=0;k<NbPoles;k=k+1){

/*causalinitialization*/ c[0]=InitialCausalCoefficient(c,DataLength,z[k],Tolerance); /*causalrecursion*/ for(n=1;n<DataLength;n=n+1) c[n]=c[n]+z[k]*c[n-1]; /*anticausalinitialization*/ c[DataLength-1]=InitialAntiCausalCoefficient(c,DataLength,z[k]);/*anticausalrecursion*/ for(n=DataLength-2;n>=0;n=n-1) c[n]=z[k]*(c[n+1]-c[n]); /*--------------------------------------------------------------------------*/ doubleInitialCausalCoefficient doublec[],/*coefficients*/ intDataLength,/*numberofcoefficients*/ doublez,/*actualpole*/ doubleTolerance/*admissiblerelativeerror*/ doubleSum,zn,z2n,iz; intn,Horizon; intTruncatedSum; /*thisinitializationcorrespondstomirrorboundaries*/ TruncatedSum=0;if(Tolerance>0.0){ Horizon=(int)ceil(log(Tolerance)/log(fabs(z))); TruncatedSum=(Horizon<DataLength);if(TruncatedSum){/*acceleratedloop*/ zn=z; Sum=c[0];for(n=1;n<Horizon;n=n+1){ Sum=Sum+zn*c[n];zn=zn*z; return(Sum);else{ /*fullloop*/ zn=z; iz=1.0/z; z2n=pow(z,DataLength-1);Sum=c[0]+z2n*c[DataLength-1];z2n=z2n*z2n*iz; for(n=1;n<=DataLength-2;n=n+1){ Sum=Sum+(zn+z2n)*c[n];zn=zn*z; z2n=z2n*iz; return(Sum/(1.0-zn*zn)); /*--------------------------------------------------------------------------*/ doubleInitialAntiCausalCoefficient( doublec[],/*coefficients*/ intDataLength,/*numberofsamplesorcoefficients*/ double/*actualpole*/ /*thisinitializationcorrespondstomirrorboundaries*/ return((z/(z*z-1.0))*(z*c[DataLength-2]+c[DataLength-1]));

ACM