Proc. SPIE Vol. 3169, Wavelets Applications in Signal and Image Processing V, 1997, pp. 422-431.TEN GOOD REASONS FOR USING SPLINE WAVELETSMichael UnserSwiss Federal Institute of Technology (EPFL)CH-1015 Lausanne, Switzerland.ABSTRACTThe purpose of this note is to highlight some of the unique properties of spline wavelets. These wavelets can be classified in fourcategories: othogonal (Battle-Lemari�), semi-orthogonal (e.g., B-spline), shift-orthogonal, and biorthogonal (Cohen-Daubechies-Feauveau). Unlike most other wavelet bases, splines have explicit formulae in both the time and frequency domain, which greatlyfacilitates their manipulation. They allow for a progressive transition between the two extreme cases of a multiresolution: Haar’spiecewise constant representation (spline of degree zero) versus Shannon’s bandlimited model (which corresponds to a spline ofinfinite order). Spline wavelets are extremely regular and usually symmetric or anti-symmetric. They can be designed to havecompact support and to achieve optimal time-frequency localization (B-spline wavelets). The underlying scaling functions are theB-splines, which are the shortest and most regular scaling functions of order L. Finally, splines have the best approximationproperties among all known wavelets of a given order L. In other words, they are the best for approximating smooth functions.Keywords: splines, wavelet basis, biorthogonal wavelets, regularity, smoothness, time-frequency localization, approximationproperties.1. INTRODUCTIONResearchers are now faced with an ever increasing variety of wavelet bases to choose from. While the choice of the "best" waveletis obviously application-depend, it can be useful to isolate a number of properties and features that are of general interest to theuser. The purpose of this paper is to present a list of arguments in favor of splines, which are unique in a number of ways.Splines have had a significant impact on the theory of the wavelet transform. The earliest example is the Haar11 wavelet whichis a spline of degree 0. This construction was extended to higher order splines by Str�mberg24, eventhough his work remainedlargely unoticed until wavelets became what they are today. Perhaps the best known examples of spline wavelets are the orthogonalBattle-Lemari� functions 5, 12, which can be seen as percursors of Mallat’s multiresolution theory of the wavelet transform 13.Splines have also been used to illustrate many of the later constructions of non-orthogonal wavelet bases (semi-orthogonal, bi-orthogonal, and more recently, shift-orthogonal). Dropping the orthogonality requirement was found to be advantageous forrecovering many desirable wavelet properties that could not be achieved otherwise. Noteworthy examples are the B-spline wavelets6, 29 which are compactly supported and achieve a near optimal time-frequency localization. Finally, the most popularrepresentatives of the Cohen-Daubechies-Feauveau class of biorthogonal wavelets 7 are splines as well. This is because theiteration of the binomial refinement filter � which is a crucial component in any wavelet construction � converges to the B-splinewhich is the generating function for polynomial splines. 2. SPLINES AND WAVELETSSpline wavelets stand apart in the general theory of the wavelet transform. Their construction starts with the specification of theunderlying multiresolution function spaces (polynomial splines). Thus, spline wavelets can be characterized explicitly; this is incontrast with most other constructions where the scaling function is specified indirectly via a two-scale relation. The mainadvantage of an explicit construction is that one does not have to worry about the delicate issues of the convergence of the iteratedfilterbank. It also makes the study of regularity much more transparent.

- 2 - 2.1 Polynomial splinesA polynomial spline of degree n is made up of polynomial segments of degree n that are connected in a way that garantees thecontinuity of the function and of its derivative up to order n-1. The joining points between the polynomial segments are calledknots. In the context of the wavelet transform, the knots are equally-spaced and typically positioned at the integers. One can thusdefine a hierarchy of spline subspaces of degree n,

{}Vin i Z̨

, where

Vin

is the subspace of L 2 - f u n c t i o n s t h a t a r e ( n - 1 ) t i m e s continuouslydifferentiableandarepolynomialsofdegreen in each interval

221i ik k, ( )+[ )

,

k Z∈

. The spacing between the knotpoints

2i

is controlled by the scale index i . Clearly, a function

fxVin( ) ˛ 0

that is piecewise polynomial on each segment

210 0i ik k, ( )+[ )

is also included in any of the finer subspaces

with

i£ 0

. Thus, we have the following inclusion property

LVn n in2 1 0 0� � � � �-L L L { }

.(1)Furthermore, it is well known that one can approximate any L2-function by a spline as closely as one wishes by letting the knotspacing(orscale)gotozero(

ifi -¥

). This means that the above sequence of nested subspaces is dense in L2 and therefore meetsall the requirements for a multiresolution analysis of L2 in the sense defined by Mallat 13, 14. This implies that it is indeed possibletoconstructwaveletbasesthatarepolynomialsplines.The best way to proceed is to use Schoenberg’s representation of splines in terms of the B-spline basis functions 17, 18. Inorder to satisfy the multiresolution inclusion property for any degree n, we will use the so-called causal B-splines which can beconstructed from the (n+1)-fold convolution of the indicator function in the unit interval (causal B-spline of degree 0)

jn n timesx x( ) ( )( )= * *+0 01 L1 24 34

,(2)where

j0 1 0 10( ) ,x x= £ <� otherwise.

(3)The B-spline of degree n satisfies the two-scale relation 31

j j n n n k Z x h k x k

( / ) ( ) ( )

2 2= - ˛�

,(4)where

hkn ( )

is the binomial filter of order n+1 whose transfer function is

h k H z z n z n n

( ) ( ) ‹ fi � = �

+ �

Ł

�

�

ł �- +

2 1 2 1 1

.(5)In 1946, Schoenberg proved that any polynomial spline of degree n with knots at the integers could be represented as a linearcombination of shifted B-splines 17. Thus, our basic spline space

Vn0

can also be specified as

Vsxckxkcln nk Z0 0 2= = - ˛� �˛�( ) ( ) ( ) |j

,(6)where the weights c(k) are the so-called B-spline coefficients of the spline function

sx0( )

. In addition, it can be shown that the B-splines

jn k Zx k( )-{ }˛

constitute a Riesz basis of

in the sense that there exist two constants

An >0

and

Bn <+¥

such that

"˛�£-£�˛�c l A c c k x k B cn l nk Z L n l2 2 2 22 2 2, () ( )j

.(7)The lower inequality implies that the B-splines are linearly independent (i.e.,

sx0 0( ) =

�=ck( ) 0

). The upper inequalityguarantees that

VLn0 2�

. Hence, any polynomial spline has a unique representation in terms of its B-spline coefficients c ( k ) . Schoenberg also proved that the B-splines are the shortest possible spline functions 19 . This, together with the fact that thesef u n c t i o n s h a v e a s i m p l e a n a l y t i c a l f o r m , m a k e s t h e B - s p l i n e r e p r e s e n t a t i o n o n e o f t h e p r e f e r r e d t o o l s f o r t h e s t u d y a n d characterization of splines 10.

- 3 -2.2 Biorthogonal waveletsIn the most general case, the construction of biorthogonal wavelet bases involves two multiresolution analyses of L2: one for theanalysis, and one for the synthesis 7 . These are usually denoted by

Vi i Z(~)j{ }˛

and

Vi i Z( )j{ }˛

, where

~()j x

and

j( )x

are theanalysis and synthesis scaling functions, respectively. Note that

j̃

and j can be arbitrary solutions of a two-scale relation and notnecessarily the causal B-splines

jn

defined previously. The corresponding analysis and synthesis wavelets

~()y x

and

y()x

arethen contructed by taking linear combinations of these scaling functions

~ ( / ) ~ ( ) ~ ( ) y j x g k x k k 2 2 = - �

(8)

y j ( / ) ( ) ( )

x g k x k k �

.(9)They form a biorthogonal set in the sense that

Ææ=- -y y di k j l i j k l, , ,,~

,(10)with the short form convention

yik i ix k, / ( )= -- -2 22

. This allows us to obtain the wavelet expansion of any L2-function as

"˛=Ææ̨˛ �f L f f i k i kk Zi Z2 , , ,, ỹ y

.(11)Note that the underlying basis functions are usually specified indirectly in terms of the four sequences

hk( )

,

~()hk

,

gk( )

and

~()gk

,which are the filters for the fast wavelet transform algorithm.2.3 Spline waveletsWe have a spline wavelet transform whenever the synthesis functions (

y( )x

and

) are polynomial splines of degree n . ThismeansthatthesynthesiswaveletcanalsoberepresentedbyitsB-splineexpansion

yj( / ) ( ) ( )x w k x knk Z2 = -˛�

.(12)It is important to observe that the underlying scaling function

j( )x V n̨0

is not necessarily the B-spline of degree n � unless h(k) ispreciselythebinomialfilter(5).Thisfunctionisusuallyspecifiedindirectlyasthesolutionofthetwo-scalerelation

j j ( / ) ( ) ( )

x h k x k k Z 2 2= - ˛�

,(13)where h(k) is the corresponding (lowpass) reconstruction filter. However, in the spline case, there will always exist a sequencep(k) such that

j( ) ( ) ( )x p k x knk Z= -˛�

.(14)Such specific B-spline characterizations for various kinds of spline scaling functions (orthogonal, dual, or interpolating) can befound elsewhere 32 . Note that the sequence p (k) defines an invertible convolution operator from l2 into l2 which performs thechange from one coordinate system to the other (i.e.,

j

to ). The basic requirement for

j( )x k k Z-{ }˛

to form a Riesz basis of

Vn0

is that there exist two constants

Ap > 0

and

Bp < +¥

suchthat

APeBp j p£ £( )w 2

a l m o s t e v e r y w h e r e , where

Pej( )w

denotesthe Fourier transform of p.If we combine (9) with (14), we obtain the B-spline coefficients of the wavelet :

wkpgkWzPzGzz( ) ( )( ) ( ) ( ) ( )= * ‹ fi� =

.(15)These spline wavelets are quite attractive because they are extremely regular. In fact, any spline wavelets of degree n is (n+1) timesdifferentiable almost everywhere. It has a Sobolev regularity index smax=n+1/2meaningthatallitsfractionalderivativesuptosmaxare well-defined in the L2-sense 23.Averyimportantwaveletparameteristheorderoftherepresentationdeterminedfromthezero-propertiesoftherefinementfilterh.By definition, the order L is the largest integer such that the transfer function of hcan be factorized as, where Q(z ) is the

- 4 -z-transform of a stable filter. Thus, splines have an order of approximation L=n+1 which is one more than the degree. This orderproperty has some remarkable consequences such as the vanishing moments of the analysis wavelet, the ability of the scalingfunction to reproduce polynomials of degree n=L-1, and the special eigen-structure of the two-scale transition operator (cf. Strang-Nguyen 23, Chapter 7).Many kinds of spline wavelets have been described in the literature. The four primary types can be differentiated on the basis oftheir orthogonality properties; they are summarized in Table 1. Four corresponding examples of cubic spline wavelets and theirduals are salso shown in Fig. 1.TABLE I: CLASSIFICATION OF SPLINE WAVELETS WITH THEIR MAIN PROPERTIES.Wavelet typeOrthogonalityCompactsupportKey propertiesImplementation

Orthogonal splines (Battle-Lemari�, Mallat)YesNo¥ Symmetry & regularity+˚OrthogonalityIIR/IIR

Semi-orthogonal splines (B-splines) (Chui-Wang, Unser-Aldroubi)Inter-scaleAnalysis orSynthesis¥ Symmetry & regularity+ Optimal time-frequency localizationRecursive IIR/FIR

Shift-orthogonal splines (Unser-Th�venaz-Aldroubi)Intra-scaleNo¥ Symmetry & regularity+ Quasi-orthogonality+ Fast decaying waveletIIR/IIR

Biorthogonal splines (Cohen-Daubechies-Feauveau)NoYes¥ Symmetry & regularity+ Compact supportFIR/FIR

¥ Orthogonal spline wavelets: The wavelets in this first category were constructed independently by Battle 5 and Lemari� 12. Theywere also investigated by Mallat 13, 14 to illustrate his general multiresolution theory of the wavelet transform. Like most splinewavelets, the Battle-Lemari� functions are very regular, smooth and symmetric. Unfortunately, they are not compactly supported,eventhoughtheydecayexponentiallyfast.¥ Semi-orthogonal spline wavelets: The wavelets in this category retain the inter-scale orthogonality, but there is no requirementfor the basis functions to be orthogonal to their translates within the same resolution level. Chui-Wang 6 and Unser-Aldroubi-Eden29 independently constructed the first such example: the compactly supported B-spline wavelets (cf. Fig. 1b), which are thewavelet counterparts of the classical B-splines. It was then realized that one could still generate many other semi-orthogonal splinewavelets by taking suitable linear combinations 31. These wavelets are versatile because is possible to choose the sequence p(k) in(14) and w(k) in (12) such that the underlying functions have some specific property 3 (e.g. interpolation, orthogonality or optimaltime-frequency localization). In fact, it is possible to construct semi-orthogonal spline wavelets with virtually any prescribed shape1. Some of the wavelets and scaling functions in the semi-orthogonal case can be compactly supported; however, the dual analysisfunctions, which are splines as well, are generally not. Thus, the implementation usually requires some infinite impulse responsefilters. We note, however, that a recursive implementation is usually possible 31, except in the orthogonal case where the filtersneedtobetruncatedtofinitelength.

- 5 -SYNTHESIS WAVELET

y( )x

ANALYSIS WAVELET

~()y x

(a) Orthogonal spline(b) Semi-orthogonal B-spline (c) Shift-orthogonal spline (hybrid degree

n= 3

and

ñ = 1

)

t

               t

(d) Biorthogonal spline (

L= 4

,

L̃ = 6

)Fig. 1: Examples of four different types of cubic splines wavelets and their corresponding duals.

- 6 -¥ Biorthogonal spline wavelets: Biorthogonal wavelet basis were introduced by Cohen-Daubechies-Feauveau 7 in order to obtainwavelet pairs that are symmetric, regular and compactly supported. Unfortunately, this is incompatible with the orthogonalityrequirement that has to be dropped altogether. Biorthogonal wavelets build with splines are especially attractive because of theirshort support and regularity. These wavelets turn out to be quite popular for coding applications 36. In particular, the symmetryand short support properties are very valuable for reducing truncation artifacts in the reconstructed images. It is obviously alsopossibletoconstructothernon-compactlysupportedsplinewaveletssincethistypeofconstructionistheleastconstrainedofall.¥ Shift-orthogonal spline wavelets: This category explores a last possibility which is to retain the intra-scale orthogonalityrequirement alone 35. This idea was first investigated with the construction of spline wavelets of hybrid degree allowing for a verydirect visualization of the two underlying multiresolution; for example, piecewise linear for the analysis and cubic for the synthesis34, 35 (cf. Fig. 1c). Their main advantage is that it is possible to reduce the decay of the wavelet while essentially retaining theorthogonality and approximation properties of the Battle-Lemari� spline wavelets. These features can potentially be of interest forsubband coding. The orthogonality property is required for the quantization error in the wavelet domain to be an exact indicator ofthe reconstructed image’s final distortion. Orthogonality with respect to shifts, in particular, is consistent with the idea ofindependent channel processing (scalar quantization). Likewise, having shorter wavelet synthesis filters is advantageous forreducing reconstruction artifacts (e.g., spreading of coding errors, ringing around sharp transitions). These possibilities remain tobe tested experimentally.3. SPLINE AND WAVELET PROPERTIESWe have seen that all spline wavelets are linear combination of B-splines. Thus, they will inherit most of the properties of thesebasis functions. The list below start with the most basic properties that are common to all splines and then proceeds with others thatare more specific. Because of the initial title of this paper, we have limited ourselves to ten such properties. We gladly invite thereader to find more.3.1 Closed form solutionThe B-splines, which have been defined as the (n+1)-fold convolution of a unit box function, have simple explicit forms in both thetime and frequency domain. To derive such formulae, we start by expressing the convolution property (2) by a product in theFourier domain, which yields

^()^()j w j w w wn n j nej= ( ) = -�Ł� �ł�+ - +0 1 11

,(16)where

^()j wn

denotes the Fourier transform of

jn x( )

. This may also be rewritten as

^()sinc(/)( )j w wwn j n ne= p- + +12 1 2

,(17)which involves the (n+1)th power of the sinc function. Next, we expand (16) using the binomial expansion

^()()()j w w wn kn k jknnk ej= +�Ł� �ł� -=+ - +� 1 101 1

.(18)The crucial step is then to identify

()( )j nw - +1

as the Fourier transform of the (n+1)-fold integral of the Dirac delta; i.e., the function

()/!x nn+

where

()max(

,)x xn n+ = 0

. By interpreting the complex exponentials as shift factors, we can get back to the time domain

jn kkn nx n nk x k( ) ! ( )= - +�Ł� �ł� -( )=+ +�1 1 101

.(19)This formula shows that

is piecewise polynomial of degree n . It is also clear from (18) that

jnx( )

can be differentiated ntimes before one starts uncovering discontinuities at the integer knots. This is because the ( n + 1 ) t h d e r i v a t i v e o f

- 7 -(multiplication by

()j nw + 1

in the frequency domain) is a sequence of Dirac impulses with the alternating binomial weights

()- +�Ł� �ł�1 1k nk

.Another interesting observation is that (19) can also be interpreted as the (n+1)th forward difference of the one-sided powerfunction

()x n+

. In other words, we have

jn n nx x( ) = D ( )+ +1

,(20)where

D+n 1

denotes the (n+1) iteration of the forward difference operator

D=-f x f x f x( ) ( ) ( )1

. The important point here is thatthese formulae together with (12) provide an explicit characterization of all spline wavelets. By contrast, most other scalingfunctions are only defined through an infinite product in the frequency domain 9, 23, 36

^ ( ) ( )/

j w w = �

Ł

�

ł =+¥� 12 2

1 H e j i i

.(21)Applying this latter result to the B-spline case yields the identity

121 2 11-�Ł� �ł� = +�Ł� �ł�- + - +=+¥�ej ej n j ni iw ww /

.(22)3.2 Simple manipulationSplines are piecewise polynomial, which greatly simplifies their manipulation 10, 16. In particular, it is straightforward to obtainsplinederivativesandintegrals.Forinstance,thefirstderivativeofacausalB-splineofdegreen is given by

dxxn n nj j j( ) ( ) ( )= - -- -1 1 1

.(23)This result may be derived by multiplying (18) by

jw

(differentiation in the Fourier domain). Thus, differentiation corresponds to areduction of the spline degree by one. Similarly, integration will result in a corresponding increase in the degree. This type ofrelation may be useful if one uses spline wavelets for solving differential equations.3.3 SymmetryThe B-splines are symmetric. It is therefore easy to construct spline wavelets that are either symmetric or anti-symmetric byselecting the sequence with the appropriate symmetry in (12). The advantage is that the corresponding wavelet transform can beimplemented using mirror boundary conditions which reduces boundary artifacts 27. This is usually not possible for non-linearphasewaveletssuchasthecelebratedDaubechieswavelets8.3.4 Shortest scaling function of order LWe recall that the refinement filter for an Lth order wavelet transform can be factorized as 9

HzQzL( ) ( ) ( )= + �-1 1

,(24)where

Qz( )

is the transfer function of a stable filter. The B-spline of degree n=L-1 corresponds to the shortest Lth order refinementfilter with Q(z)=1. One can therefore conclude that the B-spline of degree n=L-1 is the shortest possible scaling function of orderL.3.5 Maximum regularity for a given order LIn general, the regularity (or Sobolev smoothness) of a scaling function cannot be greater than the order L. We also know that theSobolev smoothness 23 of a B-spline of degree n = L-1 is

sLmax= - 12

. However, the B-splines are are not the smoothest scalingfunctions of order L � they are only optimal if we take into account the filter length. For instance, we can consider the refinementfilter (24) with

Qz( ) ( )= + + -1 1e

, which, for e > 0 s u f f i c i e n t l y s m a l l ( b u t n o n - z e r o ) , c a n a c h i e v e t h e m a x i m u m s m o o t h n e s s

- 8 -

s L max_=

. But this also shows that the B-splines are the smoothest scaling for a refinement filter of a given length: the exampleabove with e=0 is a B-spline of order L+1 which has a smoothness

sLmax= + 12

� this is 1/2 better than anything else of the samelength !3.6 m-scale relationThe B-splines satisfy a two-scale relation for any integer m. Unlike most other scaling functions, m is not restricted to a power oftwo. We will derive this property by first considering a B-spline of degree 0 expanded by a factor of m, which can obviously berepresentedas

jj0 001( / ) ( )x m x kkm= -=-�

.(25)We rewritte this equation in the Fourier domain as

^()()^()j w j w0 0 0m H zm= �

where

Hzmm kkm0 01( ) /= -=-�

. If we now apply the convolution properties of B-splines, we get

^()()^()j w j wn m n nm H z= ( ) �+0 1

,or, equivalently,

jjm mn nk Zx m m h k x k( / ) ( ) ( )= -˛�

,(26)where

Hzmzmn n kkm n( ) = �Ł� �ł�-=- +�1 01 1

.(27)Thus, (26) provides us with a two-scale relation that is valid for any integer m. In addition, the refinement filter

hkmn ()

can beinterpreted as a cascade of (n+1) moving sum filters. Each of these filters can be implemented very efficiently using a recursiveupdating strategy that requires no more than two additions per sample points. This property can be advantageous forimplementation purposes. For instance, it is the basis for an efficient filtering procedure for zooming up signal or images by aninteger factor m 28.Anotherapplicationisthefastimplementationofthecontinuouswavelettransformwithintegerscales33.3.7 Variational propertiesSplines provide a "natural" signal interpolant that is optimal in the sense that it has the least oscillating energy. This property is aconsequence of the first integral relation 2, which states that for any function f(x) whose m th derivative is square integrable, wehave

fdxsdxfsdxm m m m( ) ( ) ( ) ( )( ) = ( ) + -( )-¥+¥ -¥+¥-¥+¥� �2 2 2

(28)where

sx( )

is the spline interpolant of degree n=2m-1 such that

skfk( ) ( )=

. In particular, if we apply this decomposition to theproblem of the interpolation of a given data sequence f(k), we see that the spline interpolant s(x) minimizes the norm of the m t h derivative among all possible interpolants f(x), which is a rather remarkable result 19. In this sense, the spline is the interpolatingfunction that oscillates the least. For m=2, the energy function in (28) is a good approximation to the integral of the curvature for acurve y= f ( x ) . Thus, cubic spline interpolants exhibit a minimum curvature property, which justifies the analogy with thedraftman’s spline, or French curve. This latter device is a thin elastic beam that is constrained to pass through a given set of points.

- 9 -3.8 Best approximation propertiesFor an Lth order wavelet, the approximation error decreases with the Lth power of the scale

ai=2

(cf. Strang21, 22). Specifically,wecanderivethefollowingasymptoticrelation26

lim( )a a L Lf P f C a ffi - = � �0 j

,(29)where

Pfa

denotes the projection (orthogonal or oblique) of f onto the multiresolution space at scale a. This error formula becomesvalid as soon as the sampling step a is sufficiently small with respect to the smoothness scale of (x). The constant

Cj

is the samefor all spline wavelet transforms of a given order L, and is given by 26

C

B L Lj= 22( )!

,(30)where

BL2

is Bernouilli’s number of order 2L . This turns out, by far, to be the smallest constant among all known wavelettransforms of the same order L (cf. Table I in the above mentioned reference). This is partly due to the fact that the B-splines basisfunctions are very regular. For comparison, the Daubechies constants are so much worse that one would need to sample the signalat more than twice the rate to reach the same asymptotic L2 -error. Thus, it appears that splines are the best for approximatingsmooth functions. Another interesting consequence is that the asymptotic approximation error will be the same irrespective of theorthogonalitypropertiesofthetransform.3.9 Optimal time-frequency localizationThe direct wavelet counterparts of the B-splines are the B-spline wavelets which are compactly supported as well. We have shownin our earlier work 29 that these wavelet converge to a cosine-modulated Gaussian (or Gabor) function as the degree of the splinegoes to infinity. Specifically, if

yn x( )

denotes the B-spline wavelet of degree n, then we have the following approximate formula(cosine-modulated Gaussian)

y

s s n n w w x bn f x x n

( ) @ p + p -

( ) - - + �

Ł

�

�

ł

� + 4

2 1

2 2 1

2 1

2 1 1 0 22

( ) cos ( ) exp ( )( )

,(31)with b=0.697066, f0=0.409177 and

sw2

=0.561145. The quality of this Gabor approximation improves rapidly with increasing n;for n =3, the approximation error is less than 3%. The implication is that there are spline wavelet bases that can be optimallylocalized in time and frequency. In other words, we can get as close as we wish to the time-frequency localization limit specifiedby the uncertainty principle. For the cubic spline example in Fig. 1b, the product of the time and frequency uncertainties is alreadywithin2%ofthelimitspecifiedbyHeisenberg’suncertaintyprinciple.3.10 Convergence to the ideal lowpass filterSplines provide a convenient framework that allows for a progressive transition between the two extreme cases of a multiresolution:the piecewise constant model (with n=0) and the bandlimited model corresponding to a spline of degree infinite 4, 15, 20. Inparticular, it can be shown 30 that the Battle-Lemari� scaling functions converge to sinc(x) � the impulse response of the ideallowpass filters � as the order of the spline goes to infinity. Likewise, their corresponding orthogonal wavelets converge to theideal bandpass filter 3 (modulated sinc). In practice, their approximation of an ideal filter starts to be good for n‡3 (relative error <5 %). This type of convergence properties may be relevant for coding applications. For instance, it has been shown that the idealbandpass decomposition is optimal in the sense that it maximizes the coding gain for all stationary processes with non-increasingspectral power density 25.References1.P. Abry and A. Aldroubi, "Designing multiresolution analysis-type wavelets and their fast algorithms", J. Fourier Analysis and Applications, Vol.2, No. 2, pp. 135-159, 1995.2.J.H. Ahlberg, E.N. Nilson and J.L. Walsh, The Theory of splines and their applications, Academic Press, New York, 1967.

- 10 -3.A. Aldroubi and M. Unser, "Families of multiresolution and wavelet spaces with optimal properties", Numerical Functional Analysis andOptimization, Vol. 14, No. 5-6, pp. 417-446, 1993.4.A. Aldroubi, M. Unser and M. Eden, "Cardinal spline filters : stability and convergence to the ideal sinc interpolator", Signal Processing, Vol. 28,No. 2, pp. 127-138, August 1992.5.G. Battle, "A block spin construction of ondelettes. Part I: Lemari� functions", Commun. Math. Phys., Vol. 110, pp. 601-615, 1987.6.C.K. Chui and J.Z. Wang, "On compactly supported spline wavelets and a duality principle", Trans. Amer. Math. Soc., Vol. 330, No. 2, pp. 903-915, 1992.7.A. Cohen, I. Daubechies and J.C. Feauveau, "Bi-orthogonal bases of compactly supported wavelets", Comm. Pure Appl. Math., Vol. 45, pp. 485-560, 1992.8.I. Daubechies, "Orthogonal bases of compactly supported wavelets", Comm. Pure Appl. Math., Vol. 41, pp. 909-996, 1988.9.I. Daubechies, Ten lectures on wavelets, Society for Industrial and Applied Mathematics, Philadelphia, PA, 1992.10.C. de Boor, A practical guide to splines, Springer-Verlag, New York, 1978.11.A. Haar, "Zur Theorie der orthogonalen Funktionensysteme", Math. Ann., Vol. 69, pp. 331-371, 1910.12.P.-G. Lemari�, "Ondelettes � localisation exponentielles", J. Math. pures et appl., Vol. 67, No. 3, pp. 227-236, 1988.13.S.G. Mallat, "Multiresolution approximations and wavelet orthogonal bases of L2 (R)", Trans. Amer. Math. Soc., Vol. 315, No. 1, pp. 69-87,1 9 8 9 . 1 4 . S.G. Mallat, "A theory of multiresolution signal decomposition: the wavelet representation", IEEE Trans. Pattern Anal. Machine Intell., Vol.PAMI-11, No. 7, pp. 674-693, 1989.15.M.J. Marsden, F.B. Richards and S.D. Riemenschneider, "Cardinal spline interpolation operators on lp data", Indiana Univ. Math J., Vol. 24, No.7, pp. 677-689, 1975.1 6 . P.M. Prenter, Splines and variational methods, Wiley, New York, 1975.17.I.J. Schoenberg, "Contribution to the problem of approximation of equidistant data by analytic functions", Quart. Appl. Math., Vol. 4, pp. 45-99,112-141, 1946.18.I.J. Schoenberg, "Cardinal interpolation and spline functions", Journal of Approximation Theory, Vol. 2, pp. 167-206, 1969.19.I.J. Schoenberg, Cardinal spline interpolation, Society of Industrial and Applied Mathematics, Philadelphia, PA, 1973.20.I.J. Schoenberg, "Notes on spline functions III: on the convergence of the interpolating cardinal splines as their degree tends to infinity", Israel J.Math., Vol. 16, pp. 87-92, 1973.21.G. Strang, "Wavelets and dilation equations: a brief introduction", SIAM Review, Vol. 31, pp. 614-627, 1989.22.G. Strang and G. Fix, "A Fourier analysis of the finite element variational method", in: Constructive Aspect of Functional Analysis, EdizioniCremonese, Rome, 1971, pp. 796-830.23.G. Strang and T. Nguyen, Wavelets and filter banks, Wellesley-Cambridge, Wellesley, MA, 1996.24.J.O. Str�mberg, "A modified Franklin system and higher-order spline system of Rn as unconditional bases for Hardy spaces", Proc. Conference inHarmonic Analysis in honor of Antoni Zygmund, pp. 475-493, 1983.25.M. Unser, "On the optimality of ideal filters for pyramid and wavelet signal approximation", IEEE Trans. Signal Processing, Vol. 41, No. 12, pp.3591-3596, December 1993.26.M. Unser, "Approximation power of biorthogonal wavelet expansions", IEEE Trans. Signal Processing, Vol. 44, No. 3, pp. 519-527, March 1996.27.M. Unser, "A practical guide to the implementation of the wavelet transform", in: A. Aldroubi and M. Unser, ed., Wavelets in Medicine andBiology, CRC Press, Boca Raton, FL, 1996, pp. 37-73.28.M. Unser, A. Aldroubi and M. Eden, "Fast B-spline transforms for continuous image representation and interpolation", IEEE Trans. Pattern Anal.Machine Intell., Vol. 13, No. 3, pp. 277-285, March 1991.29.M. Unser, A. Aldroubi and M. Eden, "On the asymptotic convergence of B-spline wavelets to Gabor functions", IEEE Trans. Information Theory,Vol. 38, No. 2, pp. 864-872, March 1992.30.M. Unser, A. Aldroubi and M. Eden, "Polynomial spline signal approximations : filter design and asymptotic equivalence with Shannon’s samplingtheorem", IEEE Trans. Information Theory, Vol. 38, No. 1, pp. 95-103, January 1992.31.M. Unser, A. Aldroubi and M. Eden, "A family of polynomial spline wavelet transforms", Signal Processing, Vol. 30, No. 2, pp. 141-162,January 1993.32.M. Unser, A. Aldroubi and M. Eden, "The L2 polynomial spline pyramid", IEEE Trans. Pattern Anal. Mach. Intell., Vol. 15, No. 4, pp. 364-379,April 1993.3 3 . M. Unser, A. Aldroubi and S.J. Schiff, "Fast implementation of the continuous wavelet transform with integer scales", IEEE Trans. SignalProcessing, Vol. 42, No. 12, pp. 3519-3523, December 1994.34.M. Unser, P. Th�venaz and A. Aldroubi, "Construction of shift-orthogonal spline wavelets using splines", Proc. SPIE Conf Wavelet Applicationsin Signal and Image Processing IV, Denver, CO, pp. 465-473, August 6-9, 1996.35.M. Unser, P. Th�venaz and A. Aldroubi, "Shift-orthogonal wavelet bases using splines", IEEE Signal Processing Letters, Vol. 3, No. 3, pp. 85-88, March 1996.36.M. Vetterli and J. Kovacevic, Wavelets and Subband Coding, Prentice Hall, Englewood Cliffs, NJ, 1995.