Construction of fractional spline wavelet basesURL: We extend Schoenberg’s B-splines to all fractional degrees

a > - 12

. These splines are constructed using linearcombinations of the integer shifts of the power functions

x +a

(one-sided) or

x *a

(symmetric); in each case, they are

a

-

a > 0

condition and the two-scale relation, which makes them suitable for the construction of new families of wavelet bases.

a + 1aØ øa

increases,these latter wavelets tend to be optimally localized in time and frequency in the sense specified by the uncertaintyprinciple. The corresponding analysis wavelets also behave like fractional differentiators; they may therefore be used to: splines, wavelet design, fractional derivatives, approximation order, Strang-Fix theory.1. INTRODUCTIONSplines have had a significant impact on the early development of the theory of the wavelet transform [18, 5, 8, 10,12]. In fact, they constitute a case apart for they yield the only wavelets that have an explicit analytical form. All otherorthogonal spline wavelets [6, 21, 22], the biorthogonal splines [7], and the shift-orthogonal spline wavelets [24]. Thefirst two types span the same spline multiresolution subspaces and are based on an orthogonal projection; the moreremaining subtypes involve two multiresolution analyses instead of one and implement an oblique projection [1]. Thea given order L [19, 20].parameter. For this purpose, we first extend the construction of B-splines to fractional degrees. These functions will bei n d e x e d b y a c o n t i n u o u s p a r a m e t e r

a> - 12

which represents the H�lder exponent of the fractional spline. They

a

is integer. We will show that these

new fractional splines share virtually all the properties of the polynomial splines with the exception of compact supportwhen

a

is non-integer. Most importantly, they satisfy a two-scale relation which is the key to construction of wavelet

a

. Wewill see that these new spline wavelets have some remarkable properties. In particular, they have a fractional order ofapproximation, a property that has not been encountered before in wavelet theory. They also behave like fractionalThe paper is organized as follows. In Section 2, we introduce the two versions (causal and symmetric) of fractionalB-splines. In Section 3, we look at their most important properties (fractional differentiation rules, Riesz bounds, two-1.1 Notations and definitions

G ( )

u x e dxu x

+ = - +¥� 1 0

;(1)

G ( ) ! n n + =1

uv� �:� �(u �1)

�(v�1)�(u � v�1)

(2)

uk� � � 0

when is a strictly negative integer. Moreover, for

u � 0

, we have the

(1� z)u � uk� �

k�0� zk

u � nk

�Ł�ł�

=0 for

kn‡ +1DfxjfFouriera aw w( ) ( ) ^ ( )‹ fi� �

(3)where

^()()f f x e dxj xw w= -�

denotes the Fourier transform of

fx( )

and where

z� � z� ej� arg(z)

with

j = - 1

and

arg(z)� � �,� � a D +=+¥= - �Ł� �ł� -�a af x k f x kkk( ) : ( ) ( )10

(4)

^

( ) ( ) ( ) D + -

=

+¥ - = - = - � Ł � � ł � � a w a w w a 1 1

0

e

k e j k

k j k.(5)D. Power functionsThe natural building blocks for the fractional splines are the one-sided power functions

x+a

, which have precisely one

axxx+ = ‡�a a 00 , otherwise

.(6)

G ( ) / ( ) a w a + + 1 1 j

.For symmetry and notational purposes, we introduce the functions

x*a

whose Fourier transform is

G ( ) /a wa + + 1 1

.For

axxnn n* sin( ) , log( ) , ( )a a a ap a= - - =� p+2 1 222 1 not eveneven

(7)2. FRACTIONAL B-SPLINES2.1 Causal fractional B-splinesBy analogy with the classical B-splines, we define the fractional causal B-splines by taking the

()a +1

th fractional

b a a

a a a a a+=+¥+

= + = + - +�Ł� �ł� -( ) � ( ) :

( ) ( )

( ) x x k x k k k D G G 1

0 1 1 1 1 1

.(8)These functions are in

L2

for

a >-12

; they decay at least like

x- +( )a 2

(cf. [23], Theorem 3.1). Some examples offractional B-splines are shown in Fig. 1. While they seem to be decaying reasonably rapidly, they are not compactlysupported unless is an integer, in which case we recover the classical B-splines [14, 15]. In general, they do not have

Fig. 1: The fractional B-splines with 0. These functions interpolate the conventional B-splines which are represented using athicker line.

b b b

a a a a

+ + +

+ + * = 1 2 1 2

1.(9)2.3 Symmetric fractional B-splines

a

b b b a a a * +- --= *( ) :x_12_12

.(10)

b a a

a a a a a * +˛ = + = + - + - � ( ):

( ) ( ) ( ) * * * x

x k

x k k k Z D

G G

1 1 1 1 1 1

(11)where

x*a

is given by () a n d w h e r e

D * a wa

Fourier je ‹ fi � � - - 1

is a symmetrized version of the fractional difference

a = 0

(b)

a =1 2/

a = 3 2/

(d)

a =2

Fig. 2: Examples of symmetric fractional B-splines of increasing regularity.

1+ =˛�z rk zk Z ka :

, for

zej= - wrk rk r= +�Ł� �ł�2

.(12)

Some examples of these fractional centered B-splines are shown in Fig. 2. Similar to their causal counterparts, theyare -H�lder continuous with knots at the integers; they are not compactly supported either unless is odd. When isn o t o d d , t h e y d e c a y l i k e

x- +( )a 2

and their asymptotic form is available (cf. [23], Theorem 3.1). The most notabledifference is that our centered B-splines are constructed using the integer shifts of

xa

rather than

()x +a

. Also note that

a

is even. For comparison, Schoenberg’s centered B-spline of3. FRACTIONAL B-SPLINES PROPERTIES

b a ( )x

b a+( )x

,

b b a a-+= -( ) ( )x x

, or

b a*( )x

3.1 Fourier transform

^()b w wa w a+ - += -�Ł� �ł�1 1ej j

(13)

^()sin(/)/b w wwa a* += 22 1

(14)3.2 Fractional derivatives and regularityOne of the primary reasons for the success of polynomial splines in applications is that they can be differentiated very

Dxg a g a gb b+ + +-= D( ) ( )

(15)

Dx* * * *( ) ( )g a g a gb b= D -

(16)

DjFouriera aw ( )‹ fi� �DFourier*a aw‹ fi� �

(17)

D +-‹ fi� � -a wa ( )Fourier je1

(18)

D *

a wa

Fourier je ‹ fi � � - - 1

(19)

^()^()b w b wa a= *w a-1

, the fractional B-splines are in

L2

for

a >-12

. More generally,

b a W̨ r2r< +a 12

(20)so that the critical Sobolev exponent of the fractional splines is

rmax= +a 12

; that is, one half more than their H�lder

a

.

3.3 Fractional spline spaces and Riesz bounds

Ssx ckxkcl k Z + + ˛ = = -˛ � � � � � a ab

( ) ( ) ( ):

2

.(21)

Sab a ( )x

.: For

a >-12

, the fractional B-spline

b a ( )x

generates a Riesz basis of

Sa

. Specifically, one has thefollowing

l2

-

L2" ˛ £ - £˛�c l A c c k x k B cl k Z L l2 2 22 2 2, ( ) ( )a a ab

(22)

AaBaAa a‡ p�Ł �ł +2 2 2Ba az a£ + + p�Ł �ł +1 2 2 2 2 2 2( )

.This result ensures that the B-spline representation (21) is stable and that the fractional spline spaces are well-defined

L2

3.4 Two-scale relationThe fractional B-splines have all the required multiresolution properties for the construction of wavelet bases. In

b b a a a

( / ) ( ) ( )

x h k x k k Z 2 = - ˛�

.(23)

hkhej+ + - += +�Ł� �ł� ‹ fi� = +�Ł� �ł�a a a w aa w( ) ^ ( )12 1 2 1 2 1

(24)

hkhej* * -= + ‹ fi� = + +a a a wa w a( ) ^ ( )12 1 21 2 1

.(25)

hkhk+ -= -a a( ) ( )

is the natural extension of the binomial refinement filter for splines

- < <12 0a^()

h+ a w

does not have

()1 + -e jw

which is usually believed to be necessary for the construction of unconditional wavelet bases of

.3.5 Fractional order of approximationAnother important ingredient for the construction of wavelet bases is the denseness of the representation in

. In othera

P a which approximates a function on a fractional spline space at scale a. The

fPfOaa- = - +( )( )a 1

(cf. [23], Theorem 4.1):. The fractional splines have a fractional order of approximation

a +1

. Specifically, the

L2

least squares

" ˛ +

f W 2 1a

,

f P f f a

a L L - £ p

+ -

�

Ł

�

� ł

� + + + 2 2 1 2 2 12

1 1 1

a a a

z a( ) ( )

(26)

" ˛ + f W 2 1a

,

f P f f a

a L L - =

+ p

�

Ł

�

� ł

� + + + 2 2 2 2 2

2 1 1 1

z aa a a ( )

( ) ( )

, as

afi 0

.(27)

z ( )r n r n = -‡� 1

is Riemann’s zeta function.Until now, the order of approximation has always been linked to the number of vanishing moments of the wavelet and3.5 Reproduction of polynomialsWhen we say that a function reproduces the polynomials of degree , we mean that there exist some

ckm ( )

ckxkxmnmk Z m̨� - = =( ) ( ) , , ,j 0 L

.(28)Hence it follows that any polynomial of degree is expressible as a linear combination of the integer shifts of . In the

LnL= - 1

. This is not anymorethe case here. In fact, the fractional B-splines of degree

a

(or order

) reproduce polynomials of degree

n

where

n- < £1 aaØø

when

a

is non-integer. Thus the non-integer part of

a

4. FRACTIONAL SPLINE WAVELETS4.1 Fractional Battle-Lemari� waveletsThese are obtained by orthogonalization of the B-splines. The key quantity is the fractional B-spline auto-correlation

akxkj a a ab b b( ): ( ), ( ) ( )= Æ - æ = * +21

(29)

Aekej k Z k Z j kj w a a wb w b( ) ^ ( ) ( )*= + p =˛ +˛ -� �2 2 2 1

.(30)

Thus, to calculate

A e_jj_w( )

, we have essentially two strategies: either to perform an infinite summation in the Fourierdomain, or to compute the B-spline samples

b a* ( )

2 1+ k

explicitly. In the standard polynomial case, the most efficientis no clear advantage of one method over the other. In our implementation, we have chosen the former for we have arelatively convenient Fourier domain expression for

^()b wa

(cf. (13) and (14)). Using the general approach in [2], we

f b j a ( ) ( ) ( ) / x a x k k Z = - - ˛� 1 2

(31)

()/a j - 1 2ajf f( / ) ( ) ( )x h k x kk Z2 2= -˛� o

(32)

H e

A e

A e

e j jj j

o ()()()w j wj w wa= + - +2 12 1 2

.(33)

GzHzo o( ) ( )= � - - 1

(cf. [11]).4.2 Fractional B-spline wavelets

Hza ( )

(cf. (24)and (25)). We are now searching for its corresponding semi-orthogonal wavelet which has the best possible localization

y b a a a

( / ) ( ) ( )

x g k x k k Z 2 = - ˛�

(34)and the sequence

gka( )

needs to be determined such as to satisfy the semi-orthogonality r e q u i r e m e n t :

Æ � � - æ =by a a ( ), ( )k 0GzAzHz

a j a

( ) ( ) ( )

= � - � - - 1

.(35)

y

a b b a a a a+˛*+˛

= - +�Ł� �ł� + - - � � ( / ) ( ) ( ) ( ) x l

l k x k

k l Z k Z 2 12 1 1 2 1

,(36)

L2

Fig. 1 is given in Fig. 3. They clearly interpolate the conventional B-spline wavelets (thicker lines), which are the onlyones to be truly compactly supported. As the degree

a increases, the functions converge to modulated Gaussian whichare known to optimally time-frequency localized in sense of Eisenberg uncertainty principle. This limit behavior can be

a

can be obtained by

b aj 0

.Everything that has just be said is directly applicable to the symmetric case as well. The corresponding fractional B-

: the wavelet is orthogonal to the scaling function (or its dilated versions), but not necessarily orthogonal to its own shifts.

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5 3 -1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1Fig. 3: The fractional B-spline wavelets with 0. These functions interpolate the conventional B-splines wavelets, which are4.3 Wavelet properties

a aØø+ 1xxdxny a ( ) =-¥_{+¥}� 0

,

n= … Ø ø0 , , a

(37)Another remarkable property is that the fractional spline wavelets behave like fractional derivative operators.

^()()y w wa a+ += �C j 1

, as

w fi0

(38)

^()*y w wa a= � +C 1

, as

(39)

y a*( )x

is symmetric. This implies that for a slowly varying signal

fx( )

(

f̂

essentially lowpass and concentratedaround the origin), one has

Æ - æ � +

f x y D f y

, ( ) ( )

y a a 1

, where

Da

is the fractional derivative of order

a

. Thus, one

12 1/ w H +

.5. CONCLUSIONWe extended the B-splines to fractional order. What is remarkable is that these new functions inherit all the nicefractional wavelet bases of

L2

. In particular, we described enlarged families of orthogonal and semi-orthogonal splineThese new fractional spline wavelets have explicit formulas in both the time and frequency domain. Their most

a +1

derivative operators. Their only shortcoming is that they are not compactly supported. We found that the underlying

a >0

A. Aldroubi, "Oblique projections in atomic spaces," Proc. Amer. Math. Soc., vol. 124, no. 7, pp. 2051-2060, 1996.A. Aldroubi and M. Unser, "Families of wavelet transforms in connection with Shannon sampling theory and the Gabor transform," inWavelets - A tutorial in theory and applications, C.K. Chui, Ed., San Diego: Academic Press, pp. 509-528, 1992.A. Aldroubi and M. Unser, "Families of multiresolution and wavelet spaces with optimal properties," Numerical Functional Analysisand Optimization, vol. 14, no. 5-6, pp. 417-446, 1993.A. Aldroubi and M. Unser, "Sampling procedures in function spaces and asymptotic equivalence with Shannon’s sampling theory,"Numer. Funct. Anal. and Optimiz., vol. 15, no. 1&2, pp. 1-21, 1994.G. Battle, "A block spin construction of ondelettes. Part I: Lemari� functions," Commun. Math. Phys., vol. 110, pp. 601-615, 1987.C.K. Chui and J.Z. Wang, "On compactly supported spline wavelets and a duality principle," Trans. Amer. Math. Soc., vol. 330, no. 2,pp. 903-915, 1992.A. Cohen, I. Daubechies and J.C. Feauveau, "Bi-orthogonal bases of compactly supported wavelets," Comm. Pure Appl. Math., vol.45, pp. 485-560, 1992.P.-G. Lemari�, "Ondelettes � localisation exponentielles," J. Math. pures et appl., vol. 67, no. 3, pp. 227-236, 1988.J. Liouville, "Sur une formule pour les diff�rentielles � indices quelconques � l’occasion d’un M�moire de M. Tortolini," J. Math. Pures, vol. 20, pp. unnumbered, 1855.S.G. Mallat, "Multiresolution approximations and wavelet orthogonal bases of L(R)," Trans. Amer. Math. Soc., vol. 315, no. 1, pp.69-87, 1989.S.G. Mallat, "A theory of multiresolution signal decomposition: the wavelet representation," IEEE Trans. Pattern Anal. Machine Intell.,vol. PAMI-11, no. 7, pp. 674-693, 1989.P.M. Prenter, Splines and variational methods. New York: Wiley, 1975.I.J. Schoenberg, "Contribution to the problem of approximation of equidistant data by analytic functions," Quart. Appl. Math., vol. 4,pp. 45-99, 112-141, 1946.G. Strang and G. Fix, "A Fourier analysis of the finite element variational method," in Constructive Aspect of Functional Analysis,Rome: Edizioni Cremonese, pp. 796-830, 1971.G. Strang and T. Nguyen, Wavelets and filter banks. Wellesley, MA: Wellesley-Cambridge, 1996.J.O. Str�mberg, "A modified Franklin system and higher-order spline system of R as unconditional bases for Hardy spaces," in Proc.Conference in Harmonic Analysis in honor of Antoni Zygmund , 1 9 8 3 , v o l . I I , p p . 4 7 5 - 4 9 3 . W . S w e l d e n s a n d R . P i e s s e n s , " A s y m p t o t i c e r r o r e x p a n s i o n s f o r w a v e l e t a p p r o x i m a t i o n s o f s m o o t h f u n c t i o n s I I , " Numer. Math., vol.68, no. 3, pp. 377-401, 1994.M. Unser, "Approximation power of biorthogonal wavelet expansions," IEEE Trans. Signal Processing, vol. 44, no. 3, pp. 519-527,M . U n s e r , A . A l d r o u b i a n d M . E d e n , " O n t h e a s y m p t o t i c c o n v e r g e n c e o f B - s p l i n e w a v e l e t s t o G a b o r f u n c t i o n s , " IEEE Trans.Information Theory, vol. 38, no. 2, pp. 864-872, 1992.M. Unser, A. Aldroubi and M. Eden, "A family of polynomial spline wavelet transforms," Signal Processing, vol. 30, no. 2, pp. 141-162, 1993.M. Unser and T. Blu, "Fractional splines and wavelets," SIAM Review, in press.M. Unser, P. Th�venaz and A. Aldroubi, "Shift-orthogonal wavelet bases using splines," IEEE Signal Processing Letters, vol. 3, no. 3,pp. 85-88, 1996.