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THE commutative diagram of signal processing

Fourier series
L[-m, 7] ——

Fourier
integral transform

Paley-Wiener theorem

¢3(2)
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Outline

Q THE commutative diagram of signal processing
e How about irregular sampling?

e How about LP-spaces, 1 < p < c0?

e How about less restrictive growth conditions?

e How about multidimensional extensions?
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1. The commutative diagram of signal processing

Paley—Wiener Theorem
Let f: R — C. Then the following are equivalent:

(i) f € L?(R) and f can be extended to an entire function of
exponential type m > 0; i.e.,

1f(2)| < const.e™?l forall z € C.

(i) There exists a function F € L?([—, 7r]) such that

1 :
f(z) = 27r/ F(t)e* dt forall z € R.

B. Forster (Universitat Passau) THE commutative diagram TYBIS, March 23 2018 4/21



1. The commutative diagram of signal processing

Paley—Wiener space
f € PW2, iff f € L2(R) and there exists a function F € L?([—n, 7r]) such
that .

f(z)= | F(t)e#dt forallzeR.

—T

I.LE., f: R — C satisfies (ii).

“Band-limited signals of finite energy.”

Bernstein space

B, ([ —m, m]) consists entire functions of exponential type at most =
which are square-integrable on the real axis, i.e., (i).

Paley-Wiener theorem sais: | PW2 = By([ -7, ])
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1. The commutative diagram of signal processing

The other two transforms:
Fourier transform

~

L2([— 7r7r])—>/2()
= 271'/ F(t)e™dt VneZ.

Sampling theorem — Shannon reconstruction formula

Every f € PW2(R) can be reconstructed from its samples
{f(k), k € Z} via the cardinal series

=S (k) S'”"r(t SIE—1) e
iez k)

F(n)=f(n) forallneZ.
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2. Irregular sampling and nonharmonic Fourier series

How about irregular sampling?

Replace sin by a sine-type function S.

S is an an entire function of exponential type satisfying
0<c<|S(2)e ™M <« C<oo (when|Imz| > K)

for some constants ¢, C, K > 0.
A set of zeros of S.

When A is a separated set, then

82 10) (t— SOV

AEA

Convergence as for the sampling theorem for f € PW2.
[Lewin & Ljubarskii, 1975]
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2. Irregular sampling and nonharmonic Fourier series

nonharmonic Fourier series

L2[—m, 7]

Fourier
integral transform

Paley-Wiener theorem

_——)

2(A)

irregular
sampling
formula
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3.Case 1 <p< oo

How about LP(R) spaces?

@ The Hausdorff-Young / Hardy / Titchmarsh / Babenko-Beckner
Theorem

| F(f)|lq < const.||f[p
holds for 1 < p < 2,
and fails for p > 2. (5 + 1 = 1).

@ But there is hope:

Denote LJ([—A, A]) the class of functions F with
o Fel9-A A)]

e with Fourier coefficients in ¢P, ,13 + 16 =1.
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3.Case1<p<?2

Fourier transform
L([-AA)) —— #(z)

Shannon
reconstruction
formula

. Fourier
integral transform

[Maergoiz, 2006. All mappings are isomorphisms.]

B. Forster (Universitat Passau) THE commutative diagram TYBIS, March 23 2018

10/21



4. How about less restrictive growth conditions?

@ Entire function of exponential type at most 7:
()| < const. e1?l.
@ Indicator function of f

h¢(6) := lim sup 17 In |f(re’®)).

r—oo
represents the growth exponent in direction 6.
@ Indicator function is the supporting function of a convex set D

ki (6) :== maxRe (ze~"®) = hy(6).
zeK

Note: The analytic growth of these functions is related to the
geometric shape of some convex set!
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4. Less restrictive growth conditions

Nonharmonic

Fourier functionals
Ej(extD*) ——

Borel-Laplace
transform

By(D)

(N

Shannon-type
reconstruction
formula

(Lewin/Ljubarskii 1975 (p = 2), Sedletskii 1978 (1 < p < oo), F./Semmler 2015 (continuity for

1<p<2),F)
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5. Multidimensional Extension

How to extend to higher dimensions?
Which Fourier transform should we choose?

@ Tensoring — no interaction between coordinates

@ For color image processing: Inserting the action of quaternions.

[Sangwine, Bilow/Sommer, .. .]
@ General approach: Clifford algebras — Cauchy-Riemann-type

interaction [Brackx et al. ]
Main ingredient: entire functions — monogenic functions.

= Clifford-Fourier transform, Clifford-sampling, Clifford band-limited
functions, ...

Is there a commutative diagram of signal processing for the
multivariate Clifford setting?
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5. Multidimensional Extension

Clifford algebras
@ Startwith eq, ..., e, orthonormal basis of R”.
@ Just-do-it multiplication in R”:
ejex =—exe and e =-1 (and & =—g).
yields a Clifford algebra R, or C, of dimension 2.

@ Basis elements of the Clifford algebra:

with {ay, ..., agy Cc P{1...., n}),a < a <...<ag.
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5. Multidimensional Extension

L?(Ba(0))

Clifford Fourier
integral transform

Fourier series
—— 22"

Clifford Shannon
reconstruction
formula

WE(R")

[Kou/Qian 2002; Franklin/Hogan/Larkin 2017]
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5. Multidimensional Extension

Fourier transform
L9(Ba(0)) ——— £P(Z")

Clifford Shannon
reconstruction
Clifford Fourier formula
integral transform

WA(R")
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5. Multidimensional Extension

Basis transform
—_—

L?(Ba(0))

Clifford Fourier
integral transform

2(B)

Begsel / Solid harmonics
reconstruction
formula

WE(R")

(3 set of scaled zeros of Bessel functio

ns.

(Sampling: Kou, Qian, Sommen 2007; Basis: F. / Hogan)
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5. Multidimensional Extension

Conijecture:

Basis transform
_—

L3(Ba(0))

_ Clifford Fourier
integral transform

IP(B)

Besgsel / Solid harmonic

[/

reconstruction
formula

Wa

3 set of scaled zeros of Bessel functions.

1<p<2
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Conclusions

@ THE commutative diagram of signal processing has many aspects
@ For 1 < p < 2, ¢P-summability of Fourier coefficients required
@ Multivariate extension via Clifford-valued functions

@ Case 1 < p < 2 needs further characterization of the Fourier
series pre-image

@ Open question: Directional growth for monogenic functions

@ Another open question: Irregular sampling for monogenic
functions
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L ook!
The Earthlings have
found a. woy to
build fowers with
no foundationsy

The Littte green men from outer space |
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r-——t",w .

Comrnoww{
Sﬂwrg

. v ]

Wavelets

]
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